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Vladimir Maz’ya was born on December 31,
1937, in Leningrad (present day, St. Petersburg) in
the former USSR. His first mathematical article was
published in Doklady Akad. Nauk SSSR when he
was a fourth-year student of the Leningrad State
University. From 1961 till 1986 V. Maz’ya held
a senior research fellow position at the Research
Institute of Mathematics and Mechanics of LSU,
and then, during 4 years, he headed the Labora-
tory of Mathematical Models in Mechanics at the
Institute of Engineering Studies of the Academy of
Sciences of the USSR. Since 1990, V. Maz’ya lives in
Sweden. At present, Vladimir Maz’ya is a Professor V. Maz’ya. 1950

Emeritus at Linköping University and Professor at Liverpool University. He
was elected a Member of Royal Swedish Academy of Sciences in 2002. The
list of publications of V. Maz’ya contains 20 books and more than 450 re-
search articles covering diverse areas in Analysis and containing numerous
fundamental results and fruitful techniques. Research activities of Vladimir
Maz’ya have strongly influenced the development of many branches in Anal-
ysis and Partial Differential Equations, which are clearly highlighted by the
contributions to this collection of 3 volumes, where the world-recognized spe-
cialists present recent advantages in the areas I. Function Spaces (Sobolev
type spaces, isoperimetric and capacitary inequalities in different contexts,
sharp constants, traces, extnesion operators etc.) II. Partial Differential
Equations (asymptotic analysis, homogenization, boundary value problems,
boundary integral equations etc.) III. Analysis and Applications (various
problems including the oblique derivative problem, ill-posed problems etc.)

The monograph Theory of Sobolev Multipliers by Vladimir Maz’ya and his
wife Tatyana Shaposhnikova was published in 2009 (Springer). In 2003, the
French Academy of Sciences awarded V. Maz’ya and T. Shaposhnikova the
Verdaguer prize for the book Jacques Hadamard, a universal mathematician.
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Università di Firenze
Piazza Ghiberti 27, 50122 Firenze
ITALY
cianchi@unifi.it

Martin Costabel Vol. I
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Université Lille Nord de France
UVHC, 59313
Valenciennes Cedex 9
FRANCE
snicaise@univ-valenciennes.fr

Dian K. Palagachev Vol. III
Technical University of Bari
Via E. Orabona 4
70125 Bari
ITALY
palaga@poliba.it

Grigory P. Panasenko Vol. II
University Jean Monnet
23, rue Dr Paul Michelon
42023 Saint-Etienne
FRANCE
Grigory.Panasenko@univ-st-etienne.fr
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Analysis and Applications

Contributions of Vladimir Maz’ya

The following should be also included into the long list of influential contri-
butions of Vladimir Maz’ya.
— In 1989, V. Maz’ya and V. Kozlov developed new iterative procedures

for solving ill-posed problems of mathematical physics. Unlike widely used
numerical methods, where the equations are perturbed, they proposed to con-
struct iteratively solutions to problems for the original equation and provide
the convergence by an appropriate choice of the boundary conditions at each
step. In 1994, V. Kozlov, V. Maz’ya, and A. Fomin established the unique-
ness theorem for the inverse problem of coupled thermoelasticity. An inverse
problem connected with a wave motion was also discussed in the paper by
H. Hellsten, V. Maz’ya, and B. Vainberg (2003).
— Explicit criteria of the Lp-contractivity of semigroups generated by el-

liptic equations and systems were obtained by V. Maz’ya and A. Cialdea in
2005–2006.
— In 1972, V. Maz’ya made a breakthrough in the study of the oblique

derivative problem (Poincaré problem). General degenerate elliptic pseudod-
ifferential operators on a compact manifold were studied by V. Maz’ya and
B. Paneyah (1974).
— V. Maz’ya obtained significant results in mathematical elasticity and fluid
mechanics. In 1967, V. Maz’ya and S. Mikhlin published a paper concerning
the Cosserat spectrum associated with the Lamé equations of elastostatics. A
method of computation of stress intensity factors in fracture mechanics was
developed by V. Maz’ya and B. Plamenevskii (1974).
— Several important results concerning Schrödinger and general second

order differential operators were obtained by V. Maz’ya with coauthors. In
particular, two papers with M. Shubin contain necessary and sufficient results
on the discreteness of spectra for the Schrödinger operator.
— Necessary and sufficient conditions ensuring various estimates for gen-

eral differential operators with pseudodifferential coefficients were found by
I. Gelman and V. Maz’ya. These results were collected in their book of 1981.
— Among Maz’ya’s contributions to the complex function theory are sharp
approximation theorems and improvement of Carleson’s uniqueness theorems
obtained together with V. Khavin (1968-1969). A new unified approach to
Hadamard type real part theorems for analytic functions was recently pro-
posed by G. Kresin and V. Maz’ya.
— In the late 1980’s, V. Maz’ya invented the so-called “approximate ap-

proximations,” which deliver a numerical approximation within the desired
accuracy even though the approximation process does not necessarily con-
verge as the grid size tends to zero. On this subject, the book by V. Maz’ya
and G. Schmidt was published in 2007.



xvi Main Topics

Main Topics

In this volume, the following topics are discussed:

• Obstacle type variational inequality with biharmonic differential operator.
/Adams–Hrynkiv–Lenhart/

• The Beurling minimum principle (studied by V. Maz’ya in 1972) is applied
for treating the minimal thinness of nontangentially accessible domains.

/Aikawa/

• The Lp-dissipativity of partial differential operators and the Lp-contracti-
vity of the generated semigroups. Review of results by V. Maz’ya, G. Kresin,
M. Langer, and A. Cialdea. /Cialdea/

• Uniqueness and nonuniqueness in inverse hyperbolic problems and the
existence of black (white) holes. /Eskin/

• Global exponential bounds for Green’s functions for a broad class of dif-
ferential and integral equations with possibly singular coefficients, data,
and boundaries of the domains. /Frazier–Verbitsky/

• Properties of spectral minimal partitions in the case of the sphere.
/Helffer–T.Hoffmann-Ostenhof–Terracini/

• The boundedness of integral operators from Besov spaces on the boundary
of a Lipschitz domain Ω into weighted Sobolev spaces of functions in Ω

/D.Mitrea–M.Mitrea–Monniaux/

• The Cwikel–Lieb–Rozenblum and Lieb–Thirring inequalities for operators
on functions in metric spaces. Applications to spectral problems with the
Schrödinger operator. /Molchanov–Vainberg/

• The Weyl formula for the Laplace operator on a domain under minimal
assumptions on the boundary. Estimates for the remainder.

/Netrusov–Safarov/

• The W 2,p-theory of a degenerate oblique derivative problem for second
order uniformly elliptic operators. /Palagachev/

• The Hardy integral operator. Weighted inequalities in the integral and
supremum forms. /Pick/

• Finite rank Toeplitz operators and applications. /Rozenblum/

• Estimates for the resolvent of a non-selfadjoint pseudodifferential operator.
An approach based on estimates of an associated semigroup.

/Sjostrand/
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Optimal Control of a Biharmonic
Obstacle Problem

David R. Adams, Volodymyr Hrynkiv, and Suzanne Lenhart

Abstract We consider a variational inequality of the obstacle type where
the underlying partial differential operator is biharmonic. We consider an
optimal control problem where the state of the system is given by the solution
of the variational inequality and the obstacle is taken to be a control. For a
given target profile we want to find an obstacle such that the corresponding
solution to the variational inequality is close the target profile while the
norm of the obstacle does not get too large in the appropriate space. We
prove the existence of an optimal control and derive the optimality system
by using approximation techniques. Namely, the variational inequality and
the objective functional are approximated by a semilinear partial differential
equation and the corresponding approximating functional respectively.

1 Introduction

Let Ω ⊂ Rn be a bounded domain with a smooth boundary ∂Ω, and let
z ∈ L2(Ω) be a given target profile. Denote V

def= H3(Ω) ∩ H2
0 (Ω). Given

ψ ∈ V , define the closed convex set
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2 D. R. Adams et al.

K(ψ) = {v ∈ H2
0 (Ω) : v > ψ a.e. in Ω}

and consider the following obstacle problem for the biharmonic operator:

find u ∈ K(ψ) such that
∫

Ω

∆u∆(v − u) dx > 0 ∀ v ∈ K(ψ). (1.1)

The equivalent strong formulation of (1.1) is as follows:

find u ∈ H2
0 (Ω) such that

u > ψ a.e. in Ω,

∆2u > 0 a.e. in Ω,

(∆2u)(u− ψ) = 0 a.e. in Ω.

The bilinear form
a(u, v) def=

∫

Ω

∆u∆(v − u) dx

can be shown to satisfy the coercivity condition and, consequently (cf. [19]),
the problem 1.1 admits a unique solution u ∈ H2

0 (Ω) which is also the mini-
mizer of the functional

v 7→
∫

Ω

|∆v|2 dx

over the set K(ψ). We will show in the next section that if u solves (1.1), then
there exists a nonnegative Borel measure µ ∈ H−2(Ω) such that ∆2u = µ in
the sense of distributions.

We consider an optimal control problem for (1.1) in which we view ψ as the
control and u

def= T (ψ) as the corresponding state. We introduce an objective
functional

J(ψ) =
1
2

∫

Ω

{|T (ψ)− z|2 + |∇∆ψ|2}dx (1.2)

and formulate the following

Problem C. Find ψ∗ ∈ V such that J(ψ∗) = inf
ψ∈V

J(ψ). (1.3)

In other words, for a given target profile z ∈ L2(Ω) we want to find an
obstacle ψ∗ ∈ V such that the corresponding solution u∗ = T (ψ∗) is close to
z in the L2 norm, while ψ∗ is not too large in H3(Ω).

Any ψ∗ satisfying (1.3) is called an optimal control, the corresponding
state u∗ = T (ψ∗) is called an optimal state, and (u∗, ψ∗) is referred to as an
optimal pair.

Theoretical analysis of variational inequalities has received a significant
amount of attention (cf. [6, 8, 13, 15, 19, 26, 27]).

The motivation for this paper is threefold.
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• First, the obstacle problem (1.1) arises in elasticity theory when, for ex-
ample, a two-dimensional plate is bent so that it must stay above the ob-
stacle ψ. More specifically, it concerns the small transverse displacement
of a plate when its boundary is fixed and the whole plate is simultaneously
subject to a pressure to lie on one side of an obstacle.

• Second, use of the obstacle as the control is a novel feature for this oper-
ator.

• Third, a very “rough” obstacle in the framework of the given optimal
control problem leads to the consideration of fine pointwise properties of
functions from the Sobolev spaces, in particular, the need for “capacity of
a set” [2].

The fundamental work on optimal control of variational inequalities was
done by Barbu [8, 9]. Various coefficients and source terms were taken as the
control, but not the obstacle. The first work to consider the obstacle as a
control was by Adams, Lenhart, and Yong [3]. It was found there that the
optimal obstacle is equal to the corresponding state, i.e., ψ∗ = T (ψ∗). The
results from [3] were generalized in [4, 5, 11, 10, 12, 20, 21] to include source
terms, bilateral problems as well as semilinear, quasilinear, and parabolic
operators. Recent work on semilinear elliptic variational inequalities with
control entering in lower order terms can be found in [10, 14]. A general
framework for analysis of optimal control of elliptic variational inequalities
using an augmented Lagrangian technique was developed by Ito and Kunisch
[17, 18]. For results on other types of control of variational inequalities see
[8]–[7].

To derive necessary conditions on an optimal control, we would like to dif-
ferentiate the map ψ 7→ J(ψ), which would require differentiation of the map
ψ 7→ T (ψ). Since the map ψ 7→ T (ψ) is not directly differentiable, an approx-
imation problem with a semilinear PDE is introduced. The approximation
map ψ 7→ Tδ(ψ) will be then differentiable and approximate necessary condi-
tions will be derived. This method of deriving necessary conditions through
this approximation was first used by Barbu [8].

This paper is organized as follows. In Section 2, we review some results
from the theory of Sobolev spaces and derive an estimate that shows explicitly
the dependence of u on ψ in the H2 norm. The existence of an optimal
control is proved in Section 3. Section 4 introduces and deals with a family of
approximation problems which is the main tool in the derivation of optimality
system. These problems have the regularized state equations with the same
cost functional (1.2). We prove that the optimal control for the approximation
problems converges strongly in H2(Ω) to the optimal control for Problem C.
This allows us to obtain necessary conditions for the optimal control which
is given in Section 5.
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2 Preliminaries

For a given compact subset e ⊂ Rn, define the closed convex set

Ke = {v ∈ C∞0 (Ω) : v > 1 on e}.

Then the C2,2-capacity of e is defined by

C2,2(e) = inf
v∈Ke

‖∆v‖2L2(Ω).

For history and relevant information on capacity, the reader is referred to [2,
19, 25, 26]. We will need the following result concerning pointwise comparison
of functions from Sobolev spaces.

Lemma 2.1. Let u, v ∈ H2(Ω). If u > v a.e. (with respect to the Lebesgue
measure), then û > v̂ C2,2-a.e., where û denotes a precise representative for
u defined C2,2-a.e. and

û(x) = lim
R→0

1
|B(x,R)|

∫

B(x,R)

u dy, (2.1)

where the limit exists C2,2-a.e.

Proof. See [2]. ut

In what follows, we will use the precise representatives and for the sake of
notational convenience we drop the “hats” which denote precise representa-
tives.

Lemma 2.2. Let u = T (ψ) solve (1.1). Then there exists a nonnegative
Borel measure µ ∈ H−2(Ω) such that

∆2u = µ in Ω, (2.2)

where u denotes a precise representative defined C2,2-a.e. in Ω, and ∆2u = µ
is understood in the sense of distributions, i.e.,

∫

Ω

∆u∆ξ dx =
∫

Ω

ξ dµ ∀ ξ ∈ H2
0 (Ω). (2.3)

Proof. We follow [13, 19]. Let ξ ∈ C∞0 (Ω), ξ > 0, be arbitrary. It is clear that
for an arbitrary ε > 0 we have v = u + εξ ∈ K(ψ). Substituting this v into
(1.1), we obtain ∫

Ω

∆u∆ξ dx > 0. (2.4)
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This implies that there exists a nonnegative Borel measure µ ∈ H−2(Ω) such
that

µ = ∆2u,

where ∆2u is taken in the sense of distributions. By the density of C∞0 (Ω)
in H2

0 (Ω), (2.3) also holds for any ξ ∈ H2
0 (Ω). ut

Lemma 2.3. Let u = T (ψ) solve (1.1), and let µ ∈ H−2(Ω) be the Borel
measure from Lemma 2.2. Then

(i) there exists a positive constant such that µ(e) 6 const ·C2,2(e) for each set
e ⊂ Ω whose distance from the boundary ∂Ω is positive, and

(ii) u = ψ µ-a.e., where u and ψ are the representatives defined C2,2-a.e.
respectively.

Proof. (i) We follow Kinderlehrer and Stampacchia [19, Theorem 6.11] with
appropriate modifications. Take an arbitrary ζ ∈ C∞0 (Ω) with ζ > 0 on Ω
and ζ > 1 on e. Since ∆2u = µ in Ω in the sense of distributions, we can
write

µ(e) =
∫

Ω

χe dµ 6
∫

Ω

ζ dµ =
∫

Ω

∆ζ∆u dx 6 ‖∆ζ‖L2(Ω)‖∆u‖L2(Ω).

Taking the infimum over all ζ, we obtain

µ(e) 6 const · inf
ζ∈Ke

‖∆ζ‖L2(Ω) = const ·C2,2(e)

with const = ‖∆u‖L2(Ω) < ∞.

(ii) Take v = ψ in (1.1) to get
∫

Ω

∆u∆(ψ − u) dx > 0.

This implies ∫

Ω

(ψ − u) dµ > 0. (2.5)

From (2.5) it follows that

µ{x ∈ Ω : u > ψ a.e.} = 0, (2.6)

and we will show that

µ{x ∈ Ω : u > ψ C2,2-a.e.} = 0. (2.7)

Indeed, to show (2.7), we write

{x ∈ Ω : u > ψ C2,2-a.e.} = {x ∈ Ω : u > ψ a.e.} ∪Q,
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where C2,2(Q) = 0 and Q∩ {x ∈ Ω : u > ψ a.e.} = ∅. Therefore, taking into
account (2.6) and part (i) of Lemma 2.3, we obtain

µ{x ∈ Ω : u > ψ C2,2-a.e.} = µ{x ∈ Ω : u > ψ a.e.}+ µ(Q) = 0.

This proves (2.7), which gives (ii). ut
Remarks. 1. Let N = {x ∈ Ω : u(x) > ψ(x) a.e.} and I = {x ∈ Ω : u(x) =
ψ(x) a.e.} denote the noncoincidence set and the coincidence set respectively.
Then, by Lemma 2.1, we have I = {x ∈ Ω : u(x) = ψ(x) C2,2-a.e.} and
C2,2

(
Ω\(N ∪ I)

)
= 0.

2. Observe that C2,2{x ∈ Ω : u(x) = ψ(x) C2,2-a.e.} > 0 if ψ > 0 on a
set of positive capacity. Indeed, if C2,2{x ∈ Ω : u(x) = ψ(x)C2,2-a.e.} = 0,
then since supp µ ⊂ {u = ψC2,2-a.e.} it follows that C2,2{supp µ} = 0.
Therefore, by part (i) of Lemma 2.3, we get µ{supp µ} = 0. This would
imply that µ ≡ 0, which gives ∆2u = 0 on Ω. Hence u ≡ 0, which implies
ψ 6 0 C2,2-a.e. Thus, if ψ > 0 on a set of positive capacity, u is nonzero and
C2,2{x ∈ Ω : u(x) = ψ(x) C2,2-a.e.} > 0.

3. The class of measures in Lemma 2.3, appeared in Maz’ya’s early works
(with the first order derivatives in [22, 23] and the second order derivatives
in [24]) and turned out to be very important in different areas of PDEs,
analysis, geometry, probability theory etc.

The next lemma gives the key estimate which will be used in the proof of
the existence of a solution to Problem C. Even though this estimate (for a
smooth obstacle) can be found in [1], a more detailed proof is presented here.
Also, in what follows, we denote by ‖ · ‖2, the L2 norm on Ω.

Lemma 2.4. Let u solve (1.1) with obstacle ψ, and let uk solve (1.1) with
obstacle ψk. Then there exists C̃ > 0 such that

‖u− uk‖H2(Ω) 6 C̃‖ψ − ψk‖H2(Ω). (2.8)

Proof. Since u and uk are the solutions to (1.1) in H2
0 (Ω) with obstacles ψ

and ψk respectively, it follows that there exist nonnegative measures µ, µk ∈
H−2(Ω) such that

∆2u = µ in Ω, u = ψ µ-a.e.,

∆2uk = µk in Ω, uk = ψk µk-a.e.
(2.9)

By Lemma 2.1, we have u > ψ C2,2-a.e. Thus, C2,2{x ∈ Ω : u < ψ a.e.} = 0.
By part (i) of Lemma 2.3, we can write

µk{x ∈ Ω : u < ψ a.e.} = 0. (2.10)

Therefore,



Optimal Control of a Biharmonic Obstacle Problem 7

−
∫

Ω

u dµk 6 −
∫

Ω

ψ dµk. (2.11)

Similarly,

−
∫

Ω

uk dµ 6 −
∫

Ω

ψk dµ. (2.12)

Taking into account (2.9), (2.11), (2.12), and that functions involved are of
class H2

0 (Ω), we have

‖u− uk‖2H2(Ω) =
∫

Ω

|∆(u− uk)|2dx =
∫

Ω

(u− uk) d(µ− µk)

=
∫

Ω

u dµ +
∫

Ω

uk dµk −
∫

Ω

uk dµ−
∫

Ω

u dµk

=
∫

Ω

ψ dµ +
∫

Ω

ψk dµk −
∫

Ω

uk dµ−
∫

Ω

u dµk

6
∫

Ω

ψ dµ +
∫

Ω

ψk dµk −
∫

Ω

ψk dµ−
∫

Ω

ψ dµk

=
∫

Ω

(ψ − ψk) d(µ− µk)

=
∫

Ω

∆(ψ − ψk)∆(u− uk) dx

6 C̃‖∆ψ −∆ψk‖2‖∆u−∆uk‖2
6 C̃‖ψ − ψk‖H2(Ω)‖u− uk‖H2(Ω).

The lemma is proved. ut

3 Existence of an Optimal Control

Now we are ready to prove the main theorem of the paper.

Theorem 3.1. There exists a solution to Problem C.

Proof. Since the objective functional J(ψ) > 0 for all ψ ∈ V , there exists a
minimizing sequence {ψn} ⊂ V such that

lim
n→∞

J(ψn) = inf
ψ∈V

J(ψ).

Let un = T (ψn) be the corresponding solutions to the problem
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find un ∈ K(ψn) such that
∫

Ω

∆un ∆(v − un) dx > 0 ∀ v ∈ K(ψn). (3.1)

We have (from (3.1) with v = ψn)

‖un‖H2(Ω)
6 ‖ψn‖H2(Ω)

(3.2)

Since the sequence {ψn} is bounded in H3(Ω), from the format of J(ψ), we
can write

‖un‖H2(Ω)
6 ‖ψn‖H2(Ω)

6 C1‖ψn‖H3(Ω)
6 C2 ∀n. (3.3)

The estimate in (3.3) implies that there exists ψ∗ ∈ V such that, on a subse-
quence, ψn

w
⇀ ψ∗ in H3(Ω). Since H3(Ω) ⊂⊂ H2(Ω), it follows that ψn

s→ ψ∗

in H2(Ω). By Lemma 2.4, for u∗ = T (ψ∗)

‖u∗ − un‖H2(Ω)
6 C̃‖ψ∗ − ψn‖H2(Ω)

. (3.4)

We have

ψn
s→ ψ∗ in H2(Ω),

un
s→ u∗ in H2(Ω).

(3.5)

We show that ψ∗ is optimal. Indeed, since ψn
w
⇀ ψ∗ in H3(Ω) and

H3(Ω) ⊂⊂ L2(Ω), it follows that

lim
n→∞

∫

Ω

|∇∆ψn|2 dx >
∫

Ω

|∇∆ψ∗|2 dx.

Also, T (ψn) = un
s→ u∗ = T (ψ∗) in H2(Ω) implies that

lim
n→∞

∫

Ω

|T (ψn)− z|2 dx

exists and
lim

n→∞

∫

Ω

|T (ψn)− z|2 dx =
∫

Ω

|T (ψ∗)− z|2 dx.

Since

lim
n→∞

1
2

( ∫

Ω

|T (ψn)− z|2 dx +
∫

Ω

|∇∆ψn|2 dx

)

exists and
lim

n→∞

∫

Ω

|T (ψn)− z|2 dx

exists, it follows that

lim
n→∞

∫

Ω

|∇∆ψn|2 dx
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exists. Therefore,

inf
ψ∈V

J(ψ) = lim
n→∞

J(ψn)

= lim
n→∞

1
2

∫

Ω

|T (ψn)− z|2 dx + lim
n→∞

1
2

∫

Ω

|∇∆ψn|2 dx

> lim
n→∞

1
2

∫

Ω

|T (ψn)− z|2 dx + lim
n→∞

1
2

∫

Ω

|∇∆ψn|2 dx

> 1
2

∫

Ω

|T (ψ∗)− z|2 dx +
1
2

∫

Ω

|∇∆ψ∗|2 dx = J(ψ∗).

The theorem is proved. ut

4 Approximation Problems

To derive necessary conditions for the optimal control, we need to differentiate
the map ψ 7−→ J(ψ) which depends on T (ψ). The map ψ 7−→ u = T (ψ) can-
not be differentiated directly thereby necessitating introduction of a family
of approximation problems. Appropriate necessary conditions will be derived
as in [8]. We follow the basic structure of the derivation of the necessary
conditions in [3, 13] with appropriate modifications. We define a nonnegative
function γ by the formula

γ(r) =





0, r ∈ [0,∞),

−1
3r3, r ∈ [− 1

2 , 0],
1
2r2 + 1

4r + 1
24 , r ∈ (−∞,− 1

2 ),

(4.1)

and its derivative β (which is nonpositive)

β(r) def= γ ′(r) =





0, r ∈ [0,∞),

−r2, r ∈ [− 1
2 , 0],

r + 1
4 , r ∈ (−∞,− 1

2 ).

(4.2)

For an arbitrary δ > 0 the problem

minimizev∈H2
0 (Ω)

∫

Ω

[1
2
|∆v|2 +

1
δ
γ(v − ψ)

]
dx (4.3)

has a unique solution uδ. It can be shown that uδ solves the problem
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∆2uδ +
1
δ
β(uδ − ψ) = 0 in Ω,

uδ = 0 on ∂Ω,

∂uδ

∂n
= 0 on ∂Ω.

(4.4)

Taking into account that β(uδ − ψ) ∈ H1
0 (Ω), by the standard elliptic the-

ory for this semilinear case (cf. [16]), it follows that there exists a solution
uδ ∈ H2

0 (Ω) ∩ H4(Ω) to (4.4). We set Tδ(ψ) = uδ and define the following
approximate objective functional:

Jδ(ψ) :=
1
2

∫

Ω

{|Tδ(ψ)− z|2 + |∇∆ψ|2}dx.

Now we can state our approximation problem

Problem Cδ. Find ψδ ∈ V such that Jδ(ψδ) = inf
ψ∈V

Jδ(ψ).

With the help of this approximation, we can derive necessary conditions
for the corresponding optimal controls. As was already mentioned in Section
1, the existence and uniqueness of a solution to the variational inequality
(1.1) follows from the coercivity of the bilinear form

a(u, v) =
∫

Ω

∆u∆(v − u) dx

(cf. [19]). For the sake of completeness, we give a more constructive proof
of the existence of a solution to (1.1) by incorporating approximation tech-
niques. Also, it is used in the proof of Theorem 4.2.

Theorem 4.1. Let ψ ∈ H3(Ω) ∩ H2
0 (Ω) be arbitrary. If uδ = Tδ(ψ) is a

solution to (4.4), then there exists u ∈ H2
0 (Ω) such that

Tδ(ψ) w
⇀ u in H2

0 (Ω)

as δ → 0+, where u = T (ψ). Furthermore, the following estimate holds:

‖∆Tδ(ψ)‖2 6 ‖∆ψ‖2. (4.5)

Proof. First, we derive (4.5). We know that for a given ψ ∈ V there exists a
solution Tδ(ψ) = uδ ∈ H2

0 (Ω) ∩H4(Ω) to (4.4). Let v ∈ K(ψ) be arbitrary.
Multiplying (4.4) by v − uδ, integrating by parts, and using properties of β,
we get

∫

Ω

∆uδ∆(v − uδ) dx = −1
δ

∫

Ω

β(uδ − ψ)(v − uδ) dx > 0.
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Thus, we can write ∫

Ω

∆uδ∆(v − uδ) dx > 0. (4.6)

Now, if we take v = ψ in (4.6), we obtain

‖∆uδ‖22 =
∫

Ω

(∆uδ)2 dx 6
∫

Ω

∆uδ∆ψ dx 6 ‖∆uδ‖2‖∆ψ‖2.

Hence we obtain (4.5).
By the a priori estimate (4.5), there exists u ∈ H2

0 (Ω) such that, on a
subsequence,

uδ w
⇀ u in H2

0 (Ω) (4.7)

as δ → 0+. For an arbitrary ϕ ∈ H2
0 (Ω) we obtain from (4.4)

−1
δ

∫

Ω

β(uδ − ψ)ϕdx =
∫

Ω

∆uδ∆ϕdx

6 ‖∆uδ‖2‖∆ϕ‖2 6 C‖∆ψ‖2‖∆ϕ‖2. (4.8)

First, we show that u > ψ a.e. in Ω. Take an arbitrary ϕ ∈ H2
0 (Ω), ϕ > 0,

a.e. in Ω. Rewrite (4.8) as

0 6 −
∫

Ω

β(uδ − ψ)ϕdx 6 Cδ‖∆ψ‖2‖∆ϕ‖2. (4.9)

Letting δ → 0+ in (4.9), we obtain
∫

Ω

β(u− ψ)ϕdx = 0 ∀ϕ ∈ H2
0 (Ω), ϕ > 0 a.e. in Ω.

This implies u > ψ a.e. in Ω. Hence u ∈ K(ψ). We show that u satisfies
∫

Ω

∆u∆(v − u) dx > 0 ∀ v ∈ K(ψ), (4.10)

i.e., we need to show that u minimizes
∫

Ω

|∆v|2 dx, v ∈ K(ψ).

Indeed, let v ∈ K(ψ) be arbitrary. Taking into account (4.3) and the definition
of γ, we can write

∫

Ω

1
2
|∆v|2 dx =

∫

Ω

[
1
2
|∆v|2 +

1
δ
γ(v − ψ)

]
dx
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>
∫

Ω

[
1
2
|∆uδ|2 +

1
δ
γ(uδ − ψ)

]
dx >

∫

Ω

1
2
|∆uδ|2 dx. (4.11)

Using (4.7), (4.11), and the lower semicontinuity of weak convergence, we get
∫

Ω

|∆v|2 dx > lim
δ→0+

∫

Ω

|∆uδ|2 dx >
∫

Ω

|∆u|2 dx. (4.12)

Hence u satisfies (4.10). Thus, we have shown that u = T (ψ), i.e., u is a
solution to (1.1) associated with the obstacle ψ. ut

Now we prove the following assertion.

Proposition 4.1. Problem Cδ admits an optimal pair (uδ, ψδ), where uδ =
Tδ(ψδ). Moreover,

‖∆uδ‖22 6 C

∫

Ω

|∇∆ψδ|2 dx 6 C‖z‖22. (4.13)

Proof. Let {ψk}∞k=1 ⊂ V be a minimizing sequence for Jδ. Since
∫

Ω

|∇∆ψk|2 dx

is bounded (because {ψk} is a minimizing sequence),

‖ψk‖H3(Ω) 6 C.

This implies that there exists ψδ ∈ V such that, on a subsequence,

ψk
w
⇀ ψδ in H3(Ω).

Let uδ
k = Tδ(ψk) be the corresponding solution to (4.4) (with ψ = ψk). By

(4.5),
‖∆Tδ(ψk)‖2 6 ‖∆ψk‖2 6 C4. (4.14)

Then there exists uδ ∈ H2
0 (Ω) such that, on a subsequence, uδ

k
w
⇀ uδ in

H2
0 (Ω) as k →∞. Thus, on a subsequence,

ψk
w
⇀ ψδ in H3(Ω), uδ

k
w
⇀ uδ in H2

0 (Ω) as k →∞. (4.15)

Note that the convergences in (4.15) imply that, on a subsequence,

ψk
s→ ψδ in H1(Ω), uδ

k
s→ uδ in H1

0 (Ω) as k →∞. (4.16)

Multiplying (4.4) by a test function v ∈ H2
0 (Ω) and integrating by parts, we

get
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∫

Ω

∆uδ
k∆v dx = −1

δ

∫

Ω

β(uδ
k − ψk)v dx. (4.17)

Taking into account (4.16) and the fact that β is continuous, we have
∫

Ω

β(uδ
k − ψk)v dx →

∫

Ω

β(uδ − ψδ)v dx

as k →∞. Now, letting k →∞ in (4.17), we obtain
∫

Ω

∆uδ∆v dx = −1
δ

∫

Ω

β(uδ − ψδ)v dx. (4.18)

This implies that uδ is the solution associated with ψδ, i.e., uδ = Tδ(ψδ). We
show that ψδ is optimal for Jδ. Indeed, we have

inf
ψ∈V

Jδ(ψ) = lim
k→∞

Jδ(ψk)

> 1
2

∫

Ω

(
Tδ(ψδ)− z

)2
dx +

1
2

lim
k→∞

∫

Ω

|∇∆ψk|2 dx

> 1
2

∫

Ω

(
Tδ(ψδ)− z

)2
dx +

1
2

∫

Ω

|∇∆ψδ|2 dx = Jδ(ψδ).

This proves that ψδ is optimal. Now we prove (4.13). Denoting

dµδ def= −1
δ
β(uδ − ψδ) dx,

we estimate
∫

Ω

|∆uδ|2 dx =
∫

Ω

∆uδ∆uδ dx = −
∫

Ω

uδ 1
δ
β(uδ − ψδ) dx

=
∫

Ω

uδ dµδ 6
∫

Ω

ψδ dµδ (4.19)

=
∫

Ω

∆ψδ∆uδ dx = −
∫

Ω

∇uδ · ∇∆ψδ dx

6
∣∣∣∣∣
∫

Ω

∇uδ · ∇∆ψδ dx

∣∣∣∣∣ 6 ‖∇uδ‖2 · ‖∇∆ψδ‖2 (4.20)

6 C5‖∆uδ‖2 · ‖∇∆ψδ‖2
where we used properties of β in (4.19) and the Poincaré inequality in (4.20).
Hence
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‖∆uδ‖22 6 C‖∇∆ψδ‖22 = C

∫

Ω

|∇∆ψδ|2 dx

6 CJδ(ψδ) 6 CJδ(0) = C‖z‖22.

The proposition is proved. ut

Now we prove the main result of this section; namely, the convergence of
the optimal controls for the approximation problems to the minimizer for the
original problem.

Theorem 4.2. Let (uδ, ψδ) be an optimal pair for Problem Cδ. Then there
exist u ∈ H2

0 (Ω) and ψ ∈ V such that, on a subsequence,

ψδ s→ ψ in H2(Ω),

uδ s→ u in H2
0 (Ω),

where u = T (ψ) and (u, ψ) is an optimal pair for Problem C.

Proof. By the a priori estimates (4.13), there exist u ∈ H2
0 (Ω) and ψ ∈ V

such that, on a subsequence,

ψδ w
⇀ ψ in H3(Ω),

uδ w
⇀ u in H2

0 (Ω)
(4.21)

as δ → 0+. Since H3(Ω) ⊂⊂ H2(Ω), it follows that, on a subsequence,

ψδ s→ ψ in H2(Ω). (4.22)

For an arbitrary ϕ ∈ H2
0 (Ω) we obtain from (4.4) (with ψ = ψδ)

−1
δ

∫

Ω

β(uδ − ψδ)ϕdx =
∫

Ω

∆uδ∆ϕdx

6 ‖∆uδ‖2‖∆ϕ‖2 6 C‖z‖2‖∆ϕ‖2. (4.23)

This implies that there exists µ ∈ H−2(Ω) such that

µδ = ∆2uδ ∗
⇀ µ in H−2(Ω). (4.24)

The convergence in (4.24) means that for an arbitrary function f ∈ H2
0 (Ω)

∫

Ω

f dµδ →
∫

Ω

f dµ. (4.25)

First, we show that u > ψ a.e. in Ω. Take an arbitrary ϕ ∈ H2
0 (Ω), ϕ > 0,

a.e. in Ω. We can rewrite (4.23) as follows:
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0 6 −
∫

Ω

β(uδ − ψδ)ϕdx 6 Cδ‖z‖2‖∆ϕ‖2. (4.26)

Letting δ → 0+ in (4.26) we obtain
∫

Ω

β(u− ψ)ϕdx = 0 ∀ϕ ∈ H2
0 (Ω), ϕ > 0 a.e. in Ω.

This implies u > ψ a.e. in Ω. Hence u ∈ K(ψ).
We show that u satisfies

∫

Ω

∆u∆(v − u) dx > 0 ∀ v ∈ K(ψ), (4.27)

i.e., we need to show that u minimizes
∫

Ω

|∆v|2 dx, v ∈ K(ψ).

Indeed, let v ∈ K(ψ) be arbitrary. Taking into account (4.3) and the definition
of γ, we can write

∫

Ω

1
2
|∆v|2 dx =

∫

Ω

[1
2
|∆v|2 +

1
δ
γ(v − ψ)

]
dx

>
∫

Ω

[1
2
|∆uδ|2 +

1
δ
γ(uδ − ψ)

]
dx

>
∫

Ω

1
2
|∆uδ|2 dx. (4.28)

Using (4.21), (4.28), and the lower semicontinuity of weak convergence, we
get ∫

Ω

|∆v|2 dx > lim
δ→0+

∫

Ω

|∆uδ|2 dx >
∫

Ω

|∆u|2 dx. (4.29)

Hence u satisfies (4.27). Thus, we have shown that u = T (ψ). Let us show
that ψ minimizes J(ψ). For this purpose, we denote Tδ(ψ∗) := uδ

∗, where ψ∗

is the optimal control from Theorem 3.1 (cf. formula (3.5)). By Theorem 4.1,

uδ
∗

w
⇀ u∗ = T (ψ∗) in H2

0 (Ω) as δ → 0+, (4.30)

and the optimality of ψδ implies

Jδ(ψδ) 6 Jδ(ψ∗). (4.31)

Taking into account (4.30), the lower semicontinuity of weak convergence,
Theorem 4.1, and (4.31), we can write
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J(ψ) 6 lim
δ→0+

Jδ(ψδ) 6 lim
δ→0+

Jδ(ψδ) 6 lim
δ→0+

Jδ(ψ∗)

=
1
2

lim
δ→0+

∫

Ω

{|Tδ(ψ∗)− z|2 + |∇∆ψ∗|2} dx

=
1
2

∫

Ω

{|T (ψ∗)− z|2 + |∇∆ψ∗|2} dx = J(ψ∗) = inf
ψ∈V

J(ψ).

Thus,
J(ψ) = inf

ψ∈V
J(ψ).

This proves that ψ minimizes J(ψ).
Recall that we obtained (cf. formula (4.24))

µδ ∗
⇀ µ in H−2(Ω).

Taking f ∈ H2
0 (Ω) in (4.25), we get

∫

Ω

f dµ = lim
δ→0+

∫

Ω

f dµδ = lim
δ→0+

∫

Ω

∆f ·∆uδ dx =
∫

Ω

∆f ·∆udx.

This implies
∆2u = µ in Ω. (4.32)

Since µδ is a nonnegative Borel measure for each δ > 0 and the set of all
nonnegative Borel measures supported in Ω is convex and weak-∗ closed in
H−2(Ω), it follows that µ > 0 (as a weak-∗ limit of (µδ)’s).

Before we proceed to the proof of the strong convergence of uδ to u in
H2

0 (Ω), we make the following observation. Since u = T (ψ) solves the varia-
tional inequality (1.1), there exists a nonnegative measure µ† ∈ H−2(Ω) such
that

∆2u = µ† in Ω,

u = ψ µ†-a.e.,

i.e., ∫

Ω

ξ dµ† =
∫

Ω

∆u∆ξ dx ∀ ξ ∈ H2
0 (Ω).

On the other hand, by (4.32), we have
∫

Ω

ξ dµ =
∫

Ω

∆u∆ξ dx ∀ ξ ∈ H2
0 (Ω).

Hence ∫

Ω

ξ dµ =
∫

Ω

ξ dµ† ∀ξ ∈ H2
0 (Ω).

Therefore, we can write



Optimal Control of a Biharmonic Obstacle Problem 17

‖µ† − µ‖H−2(Ω) = sup |(µ† − µ)(ξ)| = 0,

where the supremum is taken over all ξ ∈ H2
0 (Ω) with ‖ξ‖H2

0 (Ω) = 1. Thus,
µ† = µ.

Now we are ready to prove that uδ converges strongly to u in H2
0 (Ω) as

δ → 0+. Indeed,
∫

Ω

(∆uδ −∆u)2dx

=
∫

Ω

∆(uδ − u)∆(uδ − u) dx =
∫

Ω

(uδ − u) d(µδ − µ)

=
∫

Ω

uδ dµδ +
∫

Ω

u dµ−
∫

Ω

u dµδ −
∫

Ω

uδ dµ

=
∫

Ω

(uδ − ψδ) dµδ +
∫

Ω

ψδ dµδ +
∫

Ω

u dµ−
∫

Ω

u dµδ −
∫

Ω

uδ dµ

6
∫

Ω

ψδ dµδ +
∫

Ω

ψ dµ−
∫

Ω

u dµδ −
∫

Ω

uδ dµ (4.33)

where we take into account that
∫

Ω

(uδ − ψδ) dµδ 6 0

(by properties of β) and u = ψ µ-a.e. Letting δ → 0+ in (4.33) and taking
into account convergences in (4.22) and (4.24), we get

lim
δ→0

‖uδ − u‖2H2(Ω) 6
∫

Ω

ψ dµ +
∫

Ω

ψ dµ−
∫

Ω

u dµ−
∫

Ω

u dµ

6
∫

Ω

u dµ +
∫

Ω

u dµ−
∫

Ω

u dµ−
∫

Ω

u dµ = 0.

This shows that uδ s→ u in H2
0 (Ω). The theorem is proved. ut

We use this convergence in the next section (actually, we need only the
strong L2 convergence of uδ to u).

5 Characterization of the Optimal Control

In order to characterize an optimal control, we need to derive necessary condi-
tions which include the original state system coupled with an adjoint system.
We must first obtain necessary conditions for the approximate problems. For
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this purpose, we differentiate the objective functional Jδ(ψ) with respect to
the control. Since the objective functional depends on uδ, we need to differ-
entiate uδ with respect to control ψ. We use the following assertion.

Lemma 5.1 (sensitivity). The map ψ 7−→ uδ ≡ uδ(ψ) is differentiable in
the following sense: given ψ, ` ∈ V , there exists ξδ ∈ H2

0 (Ω) such that

uδ(ψ + ε`)− uδ(ψ)
ε

w
⇀ ξδ in H2

0 (Ω) as ε → 0. (5.1)

Moreover, ξδ solves the problem

∆2ξδ +
1
δ

β′(uδ − ψ)(ξδ − `) = 0 in Ω,

ξδ = 0 on ∂Ω,

∂ξδ

∂n
= 0 on ∂Ω.

(5.2)

Proof. The proof is similar to that of Lemma 5.1 in [3]. Subtracting uδ(ψ+ε`)
PDE from uδ(ψ) PDE gives

∆2(uδ(ψ + ε`)− uδ(ψ))

= −1
δ
β(uδ(ψ + ε`)− ψ − ε`) +

1
δ
β(uδ(ψ)− ψ) in Ω,

uδ(ψ + ε`)− uδ(ψ) = 0 on ∂Ω,

∂(uδ(ψ + ε`)− uδ(xψ))
∂n

= 0 on ∂Ω.

(5.3)

Multiplying (5.3) by the test function φ = uδ(ψ + ε`) − uδ(ψ), integrating
over Ω, and integrating by parts twice, we get

∫

Ω

(
∆[uδ(ψ + ε`)− uδ(ψ)]

)2
dx

= −1
δ

∫

Ω

∫ 1

0

β′[θ(uδ(ψ + ε`)− ψ − ε`) + (1− θ)(uδ(ψ)− ψ)] dθ

× (uδ(ψ + ε`)− uδ(ψ)− ε`)(uδ(ψ + ε`)− uδ(ψ)) dx

6 −1
δ

∫

Ω

∫ 1

0

β′(·) dθ(uδ(ψ + ε`)− uδ(ψ))2 dx

+
ε

δ

∫

Ω

`

∫ 1

0

β′(·) dθ [uδ(ψ + ε`)− uδ(ψ)] dx
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6 ε

δ
‖`‖2‖uδ(ψ + ε`)− uδ(ψ)‖2

6 C ′ε
δ
‖`‖2‖∇(uδ(ψ + ε`)− uδ(ψ))‖2

6 Cε

δ
‖`‖2‖∆(uδ(ψ + ε`)− uδ(ψ))‖2,

where we used the Poincaré inequality twice. Thus,
∥∥∥∥∥∆

(
uδ(ψ + ε`)− uδ(ψ)

ε

)∥∥∥∥∥
2

6 C

δ
‖`‖2,

which gives the desired a priori estimate of the difference quotients, and
therefore justifies the weak convergence on a subsequence to a limit which
we denote ξδ. To see that ξδ satisfies (5.2), we take an arbitrary ϕ ∈ H2

0 (Ω)
and let ε → 0 in the equation below

∫

Ω

∆
(uδ(ψ + ε`)− uδ(ψ)

ε

)
∆ϕdx

= −1
δ

∫

Ω

∫ 1

0

β′(·) dθ
(uδ(ψ + ε`)− uδ(ψ)

ε
− `

)
ϕdx.

The lemma is proved. ut
We prove an assertion which gives necessary conditions for optimal pairs

of Problem Cδ.

Theorem 5.1. Let (uδ, ψδ) be an optimal pair for problem Cδ. Then there
exists an adjoint function pδ ∈ H2

0 (Ω) such that the triple (uδ, pδ, ψδ) satisfies
the following system of equations:

∆2uδ +
1
δ
β(uδ − ψδ) = 0 in Ω,

∆2pδ +
1
δ
β′(uδ − ψδ)pδ = uδ − z in Ω,

−∆3ψδ +
1
δ
β′(uδ − ψδ)pδ = 0 in Ω,

uδ =
∂uδ

∂n
= 0 on ∂Ω,

pδ =
∂pδ

∂n
= 0 on ∂Ω,

ψδ =
∂ψδ

∂n
=

∂(∆ψδ)
∂n

= 0 on ∂Ω.

(5.4)
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Proof. Let (uδ, ψδ) be an optimal pair for problem Cδ. Take an arbitrary
` ∈ V . First, we derive a system which is adjoint to (5.2). Rewrite (5.2) as
follows (with ψ replaced by ψδ):

Lξδ =
1
δ

β′(uδ − ψδ)`, (5.5)

where

Lξδ def= ∆2ξδ +
1
δ

β′(uδ − ψδ)ξδ,

ξδ = 0 on ∂Ω,

∂ξδ

∂n
= 0 on ∂Ω.

(5.6)

Note that the boundary conditions in (5.6) are part of the definition of op-
erator L.

Using the adjoint of the operator L, we see that the adjoint function pδ

satisfies

∆2pδ +
1
δ
β′(uδ − ψδ)pδ = uδ − z in Ω,

pδ =
∂pδ

∂n
= 0 on ∂Ω,

(5.7)

where the right-hand side of (5.7) contains the derivative of the integrand of
the objective functional Jδ(ψδ) with respect to the state uδ. By the standard
elliptic theory (cf., for example, [16]), there exists a solution pδ ∈ H2

0 (Ω) ∩
H4(Ω) satisfying (5.7). We have

Jδ(ψδ + ε`) =
1
2

∫

Ω

{
|uδ(ψδ + ε`)− z|2 + |∇∆(ψδ + ε`)|2

}
dx,

Jδ(ψδ) =
1
2

∫

Ω

{
|uδ(ψδ)− z|2 + |∇∆(ψδ)|2

}
dx.

Hence

0 6 lim
ε→0+

Jδ(ψδ + ε`)− Jδ(ψδ)
ε

= lim
ε→0+

1
2

∫

Ω

{(uδ(ψδ + ε`)− uδ(ψδ)
ε

)(
uδ(ψδ + ε`) + uδ(ψδ)

)

− 2
(uδ(ψδ + ε`)− uδ(ψδ)

ε

)
z + 2∇∆ψδ · ∇∆` + ε|∇∆`|2

}
dx
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=
∫

Ω

{
(uδ − z)ξδ +∇∆ψδ · ∇∆`

}
dx

=
∫

Ω

{(
∆2pδ +

1
δ
β′(uδ − ψδ)pδ

)
ξδ +∇∆ψδ · ∇∆`

}
dx

=
∫

Ω

{
∆pδ∆ξδ +

1
δ
β′(uδ − ψδ)pδξδ +∇∆ψδ · ∇∆`

}
dx

=
∫

Ω

{1
δ
β′(uδ − ψδ) `pδ +∇∆ψδ · ∇∆`

}
dx

where we take into account (5.5) and (5.7). Since ` ∈ V is arbitrary, taking
∂(∆ψδ)/∂n = 0 on ∂Ω and using ` = ∂`

∂n = 0 on ∂Ω, we obtain in the sense
of distributions
∫

Ω

∇∆ψδ · ∇∆`dx =
∫

Ω

n∑

i=1

(∆ψδ)x
i
(∆`)x

i
dx

= −
∫

Ω

n∑

i=1

(∆ψδ)x
i
x

i
∆`dx +

∫

∂Ω

n∑

i=1

(∆ψδ)x
i
(∆`)ηi ds

= −
∫

Ω

(∆2ψδ)∆`dx +
∫

∂Ω

∂(∆ψδ)
∂n

∆` ds

= −
∫

Ω

(∆2ψδ)∆`dx

=
∫

Ω

n∑

i=1

(∆2ψδ)x
i
`x

i
dx−

∫

∂Ω

n∑

i=1

(∆2ψδ)`x
i
ηi ds

=
∫

Ω

n∑

i=1

(∆2ψδ)x
i
`x

i
dx−

∫

∂Ω

(∆2ψδ)
∂`

∂n
ds

=
∫

Ω

n∑

i=1

(∆2ψδ)x
i
`x

i
dx

= −
∫

Ω

n∑

i=1

(∆2ψδ)x
i
x

i
` dx +

∫

∂Ω

n∑

i=1

(∆2ψδ)x
i
`ηi ds

= −
∫

Ω

(∆3ψδ)` dx.

Therefore,



22 D. R. Adams et al.

−∆3ψδ +
1
δ
β′(uδ − ψδ)pδ = 0 in Ω,

ψδ =
∂ψδ

∂n
=

∂(∆ψδ)
∂n

= 0 on ∂Ω.

(5.8)

This completes the proof of the theorem. ut

The following assertion gives necessary conditions for an optimal control
for Problem C.

Theorem 5.2. Let (u, ψ) ∈ H2
0 (Ω) × V be an optimal pair for Problem C.

Then there exist p ∈ H2
0 (Ω) and q ∈ H−2(Ω) such that

u = T (ψ),

∆2p + q = u− z in Ω,

∆3ψ + q = 0 in Ω,

ψ =
∂ψ

∂n
=

∂(∆ψ)
∂n

= 0 on ∂Ω,

u =
∂u

∂n
= 0 on ∂Ω,

p =
∂p

∂n
= 0 on ∂Ω,

〈
q, p

〉
H−2, H2

0
> 0.

(5.9)

Proof. In order to pass to a limit in (5.4), we need to show an a priori
estimate for pδ first. Multiplying (5.7) by a test function v = pδ, integrating
over Ω, and integrating by parts twice, we get

∫

Ω

(∆pδ)2 dx = −1
δ

∫

Ω

β′(uδ − ψδ)(pδ)2 dx +
∫

Ω

(uδ − z)pδ dx.

Since β′(uδ − ψδ) > 0, we can write
∫

Ω

(∆pδ)2 dx = −1
δ

∫

Ω

β′(uδ − ψδ)(pδ)2 dx +
∫

Ω

(uδ − z)pδ dx

6
∫

Ω

(uδ − z)pδ dx. (5.10)

Therefore,

‖∆pδ‖22 =
∫

Ω

(∆pδ)2 dx 6 ‖uδ − z‖2 · ‖pδ‖2. (5.11)

The fact that pδ ∈ H2
0 (Ω) and (4.13) give us the desired H2 estimate on pδ.

By (5.11), there exists p ∈ H2
0 (Ω) such that, on a subsequence,



Optimal Control of a Biharmonic Obstacle Problem 23

pδ w
⇀ p in H2

0 (Ω).

Denote qδ := 1
δ β′(uδ − ψδ)pδ. Let ϕ ∈ H2

0 (Ω) be arbitrary. From (5.7) we
find

|qδ(ϕ)| =
∣∣∣∣∣
1
δ

∫

Ω

β′(uδ − ψδ)pδϕdx

∣∣∣∣∣

=

∣∣∣∣∣−
∫

Ω

(∆2pδ)ϕdx +
∫

Ω

(uδ − z)ϕdx

∣∣∣∣∣

6
∣∣∣∣∣−

∫

Ω

∆pδ∆ϕ dx +
∫

Ω

(uδ − z)ϕdx

∣∣∣∣∣

6
∣∣∣∣∣
∫

Ω

∆pδ∆ϕdx

∣∣∣∣∣ +

∣∣∣∣∣
∫

Ω

(uδ − z)ϕ dx

∣∣∣∣∣

6 ‖∆pδ‖2 · ‖∆ϕ‖2 + ‖uδ − z‖2 · ‖ϕ‖2
6 C‖uδ − z‖2 · ‖ϕ‖H2(Ω).

Hence
‖qδ‖H−2(Ω) = sup |qδ(ϕ)| 6 C‖z‖2,

where the supremum is taken over all ϕ ∈ H2
0 (Ω) such that ‖ϕ‖H2(Ω) = 1.

This implies that there exists q ∈ H−2(Ω) such that

qδ w ∗
⇀ q in H−2(Ω).

By Theorem 4.2, (uδ, ψδ) converges to an optimal pair (u, ψ) as δ → 0+.
Letting δ → 0+ in (5.4), we obtain the first six lines in (5.9). To show that〈
q, p

〉
H−2, H2

0
> 0, we note the following. By the lower semicontinuity of the

L2-norm with respect to weak convergence, from (5.10) we obtain
∫

Ω

(∆p)2 dx 6
∫

Ω

(u− z)p dx. (5.12)

Using p as a test function in the weak formulation of the second equation in
(5.9), we find

∫

Ω

(∆p)2 dx +
〈
q, p

〉
H−2, H2

0
=

∫

Ω

(u− z)p dx. (5.13)

Combining (5.12) and (5.13), we obtain
〈
q, p

〉
H−2, H2

0
> 0. ut
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Minimal Thinness and the Beurling
Minimum Principle

Hiroaki Aikawa

Abstract Every domain with the Green function has the Martin boundary
and every positive harmonic function on the domain is represented as the
integral over the Martin boundary. The classical Fatou theorem concerning
nontangential limits of harmonic functions is extended to this general con-
text by using the notion of the minimal thinnes. The identification of the
Martin boundaries for specific domains is an interesting problem and has at-
tracted many mathematicians. From smooth domains to nonsmooth domains
the study of the Martin boundary has been expanded. It is now known that
the Martin boundary of a uniform domain is homeomorphic to the Euclidean
boundary. On the other hand, the study of the minimal thinnes has been
exploited comparatively a little. The minimal thinnes of an NTA domain
was studied by the author with the aid of the quasiadditivity of capacity,
the Hardy inequality, and the Beurling minimum principle. Maz’ya was one
of the first mathematicians who recognized the significance of the Beurling
minimum principle. This article illustrates the backgrounds of the character-
ization of the minimal thinness and gives a characterization of the minimal
thinness of a uniform domain.

1 Introduction

Every domain with the Green function has the Martin boundary and every
positive harmonic function on the domain is represented as the integral over
the Martin boundary [26]. The classical Fatou theorem concerning nontan-
gential limits of harmonic functions [17] is extended to this general context
by using the notion of the minimal thinnes [30]. The identification of the
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Martin boundaries for specific domains is an interesting problem and has at-
tracted many mathematicians. From smooth domains to nonsmooth domains
the study of the Martin boundary has been developed and a number of pa-
pers have been published. It is now known that the Martin boundary of a
uniform domain is homeomorphic to the Euclidean boundary [4].

On the other hand, the study of the minimal thinnes has been exploited
comparatively a little (cf., for example, [1, 2, 3, 5, 6, 14, 15, 19, 25, 28, 29, 35]).
The minimal thinnes of an NTA domain was studied by the author [2, 3]. The
quasiadditivity of capacity, the Hardy inequality and the Beurling minimum
principle played important roles [2, 3, 7, 11, 32]

Maz’ya [27] was one of the first mathematicians who recognized the signif-
icance of the Beurling minimum principle. The term “Beurling theorem” was
introduced by Maz’ya. Unfortunately, Maz’ya’s work [27] was buried in the
literature; Dahlberg [13] independently proved the same results four years
later.

The author is grateful to Professor Vladimir Maz’ya for drawing his atten-
tion to the paper [27] on the Beurling minimum principle. Professor Maz’ya
informed the author for this paper on the occasion of the international con-
ference on potential theory in Amersfort (ICPT91), and this information was
very fruitful for the author.

Starting with a heuristic introduction of the Martin boundary, this arti-
cle illustrates the backgrounds of the minimal thinness and gives some new
results, i.e., characterizations of the minimal thinness in a uniform domain.

2 Martin Boundary

Throughout the paper, D is a proper domain in Rn with n > 2. Let δD(x) =
dist(x, ∂D). We write B(x, r) and S(x, r) for the open ball and sphere of
center at x and radius r respectively. We denote by M an absolute positive
constant which value is unimportant and may change. Sometimes, we write
M0,M1, . . . to specify such constants. If two positive quantities f and g
satisfies the inequality M−1 6 f/g 6 M with some constant M > 1, we say
f and g are comparable and write f ≈ g.

2.1 General Martin boundary theory

We begin with a heuristic introduction of the Martin boundary [26]. Let
GD(x, y) be the normalized Green function for D, i.e.,

1) For each x ∈ D fixed, GD(x, ·) = 0 on ∂D except for a polar set.
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2) For each y ∈ D fixed, ∆GD(·, y) = −δy, where ∆ and δy stand for the
distributional Laplacian and Dirac measure at y respectively.

For the sake of simplicity, we write G(x, y) for GD(x, y).
If D is sufficiently smooth, we have the Poisson integral formula: every

harmonic function h on D with continuous boundary values is represented as

h(x) =
∫

∂D

∂G(x, y)
∂ny

h(y)dσ(y), (2.1)

where ny and σ stand for the inward normal and surface measure on ∂D.

The kernel
∂G(x, y)

∂ny
is called the Poisson kernel.

Let us try to generalize (2.1) as far as possible. First, let us extend the
representation to an arbitrary positive harmonic function, so that the Pois-
son kernel itself can be represented. For this purpose, we extend the measure
h(y)dσ(y) to a general measure on ∂D. We have the following Herglotz theo-
rem: every nonnegative harmonic function h on D has a measure µh on ∂D
such that

h(x) =
∫

∂D

∂G(x, y)
∂ny

dµh(y) for x ∈ D. (2.2)

Next, we extend (2.2) to more general domains which may not have
normals. For this purpose, we need to understand the normal derivative
∂G(x, y)/∂ny in an appropriate way. Recall that ∂/∂ny is decomposed into
two operations:

1) divide by the distance δD(z) for z ∈ D,
2) take the limit as z → y, i.e.,

lim
z→y

G(x, z)
δD(z)

.

We fix x0 ∈ D. It is known that

G(x0, z) ≈ δD(z) for y ∈ D close to the boundary ∂D,

provided that D is a smooth domain, say a C1,α-domain (0 < α < 1) or a
Lyapunov–Dini domain [34].

Thus, the limit of the ratio of the Green functions

lim
z→y

G(x, z)
G(x0, z)

would be a substitute of the normal derivative. This limit can be considered
if the domain has the Green function, whereas the regularity of the boundary
has no influence. This limit is called the Martin kernel K(x, y). Formula (2.2)
will be generalized to the Martin integral representation:
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h(x) =
∫

K(x, y)dµh(y) for x ∈ D.

More exactly, let us consider the ratio of the Green functions

K(x, y) = Ky(x) =
G(x, y)
G(x0, y)

for y ∈ D \ {x0}.

Note that Ky is a positive harmonic function on D\{y}. Suppose that {yj}j ⊂
D is a sequence without accumulation points in D. On any relatively compact
subdomain, {Kyj

}j becomes a sequence of positive harmonic functions with
Kyj

(x0) = 1 for large j. Hence the Harnack principle implies that they are
locally uniformly bounded, so that there is a subsequence converging to a
positive harmonic function h∗. For the sake of simplicity, we assume that
Kyj itself converges to h∗. We regard that {yj}j defines the boundary point
ξ and write

h∗ = K(·, ξ).
Considering all sequences {yj}j , we obtain a compactification D̂ of D, called
the Martin compactification of D. The boundary D̂\D = ∆ is called the Mar-
tin boundary. Note that K(x, ·) is continuous on D̂ \{x0} for each x ∈ D and
{K(x, ·) : x ∈ D} separates the boundary point in ∆. These two properties
characterize the Martin compactification, known as Q-compactification [12].

For a nonnegative superharmonic function u on D and E ⊂ D we denote
by R̂E

u the regularized reduced function of u on E (cf., for example, [22]).
Note that if E is a compact subset of D, then R̂E

u = u in the interior of E

and v = R̂E
u is the Dirichlet solution to the equation ∆v = 0 on D\E with

boundary data v = u on ∂E and v = 0 on ∂D.
The Martin compactification is closely related to the integral representa-

tion of positive harmonic functions h on D. Using the exhaustion of D and
regularized reduced functions, we easily find that there is a measure µ on ∆
such that (cf. [22, Chapter 12])

h(x) =
∫

∆

K(x, ξ)dµ(ξ) for x ∈ D.

Unfortunately, the measure µ is not necessarily unique: if there is a point
ξ0 ∈ ∆ such that

K(x, ξ0) =
∑

αjK(x, ξj),

where ξj ∈ ∆ \ {ξ0} and positive numbers αj are such that
∑

αj = 1, then
the measures µ and

µ + µ({ξ0})(δξ0 −
∑

αjδξj )

define the same harmonic function h, but these measures do not coincide
unless µ({ξ0}) = 0. Thus, we eliminate such points ξ0.
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A positive harmonic function h on D is said to be minimal if any other
positive harmonic function less than h coincides with a constant multiple of
h. Let

∆1 = {y ∈ ∆ : K(·, ξ) is a minimal harmonic function}.

The set ∆1 is called the minimal Martin boundary. The complement ∆\∆1 is
the nonminimal Martin boundary and is denoted by ∆0. We state the Martin
representation theorem.

Theorem 2.1 (Martin representation theorem). For a positive harmonic
function h there exists a unique measure µh on ∆1 such that

h(x) =
∫

∆1

K(x, ξ)dµh(ξ) for x ∈ D.

Combining with the Riesz decomposition theorem, we obtain the following
assertion.

Theorem 2.2 (Riesz–Martin representation theorem). For a nonnegative
superharmonic function u on D there exists a unique measure µu on D ∪∆1

such that
u(x) =

∫

D∪∆1

K(x, ξ)dµu(ξ) for x ∈ D.

For the sake of simplicity, we write Kµ for
∫

D∪∆1

K(·, y)dµ(y)

if µ is a measure on D ∪∆1.

2.2 Identification of the Martin boundary

We present some facts of the abstract Martin theory. Identification of the
Martin boundaries of specific domains is an interesting independent problem
attracting the attention of many mathematicians. As one may expect, if D
possesses geometrical smoothness, then ∆ = ∆1 = ∂D.

Definition 2.1 (cf. [23]). A domain is called an NTA domain if there exist
positive constants M and r1 such that

(i) Corkscrew condition. For any ξ ∈ ∂D and small positive r there exists
a point Aξ(r) ∈ D ∩ S(ξ, r) such that δD(Aξ(r)) ≈ r. A point Aξ(r) is
referred to as a nontangential point at ξ.

(ii) The complement of D satisfies the corkscrew condition.
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(iii)Harnack chain condition. If ε > 0 and x, y ∈ D, δD(x) > ε, δD(y) > ε,

length is independent of ε.

We introduce a larger class of uniform domains. Roughly speaking, D is a
uniform domain if D satisfies (i) and (iii).

Definition 2.2 (cf. [20]). A domain D is said to be uniform if there exist
constants M and M ′ such that each pair of points x1, x2 ∈ D can be joined
by a rectifiable curve γ ⊂ D such that

`(γ) 6 M |x1 − x2|,
min{`(γ(x1, y)), `(γ(x2, y))} 6 M ′δD(y) for all y ∈ γ.

Here, `(γ) and γ(xj , y) denote the length of γ and the subarc of γ connecting
xj and y respectively.

Remark 2.1. Let D be a uniform domain, and let ξ ∈ ∂D. For small r > 0
we have a nontangential point Aξ(r) ∈ D ∩ S(ξ, r) at ξ.

Note that a uniform domain need not satisfy the exterior condition (ii),
hence it may be irregular for the Dirichlet problem. However, even in this
nasty situation, the following assertion holds.

Theorem 2.3 (cf. [4]). Let D be a uniform domain. Then the Martin bound-
ary of D is homeomorphic to its Euclidean boundary ∂D; and each boundary
point is minimal, which is symbolically written as

∆ = ∆1 = ∂D.

3 Minimal Thinness

3.1 Minimal thinness and the Fatou–Näım–Doob
theorem

We consider the boundary behavior of nonnegative superharmonic functions.
For this purpose, the notion of the minimal thinness is important.

Definition 3.1. Let ξ ∈ ∆1 and E ⊂ D. We say that E is minimally thin
at ξ if

R̂E
Kξ
6= Kξ.

This is equivalent to the fact that R̂E
Kξ

is a Green potential. We say that a
function f on D has the minimal fine limit l at ξ if there is a set E minimally
thin at ξ such that

and |x− y| 6 Mε, then there exists a Harnack chain from x and y whose
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lim
x→ξ,x∈D\E

u(x)
Kξ(x)

= l.

We write

mf limx→ξ
u(x)

Kξ(x)
= l

if f has the minimal fine limit l at ξ.
Using the notion of minimal thinness, we extend the classical Fatou theo-

rem. The extension is referred to as the Fatou–Näım–Doob theorem (cf. [30]).

Theorem 3.1 (Fatou–Näım–Doob theorem). Let u and v be positive har-
monic functions on D, and let v = Kµv with the Martin representation mea-
sure µv. Then the ratio u/v has the minimal fine limit at µv-a.e. boundary
points in ∆1.

This theorem is rather abstract. The identification of the minimal thinness
for specific domains is of interest, but there are only a few papers dealing with
this problem.

3.2 Wiener type criteria for the minimal thinness

For the upper half-space a Wiener type criterion for the minimal thinness
can be found in [25]. In the rest of this section, for D we consider the upper
half-space Rn

+ = {x : xn > 0}. Following [16, Definition 2.2], we define the
Green energy. For the sake of simplicity, let n > 3. Observe that the Martin
kernel at y ∈ ∂D has the form

K(x, y) =





xn

|x− y|n if y ∈ ∂D

xn if y = ∞

up to a positive continuous function of y. Introduce the Green energy, a kind
of capacity, as follows. Let E be a compact set. Consider the regularized
reduced function R̂E

xn
which can be represented as the Green potential GµE

of a measure µE on E, i.e.,

R̂E
xn

=
∫

E

G(x, y)dµE(y).

By the Green energy of E we mean

γ(E) =
∫∫

G(x, y)dµE(x)dµE(y).

In a standard way, γ(E) is extended to open sets, and then to general sets (cf.
Definition 3.2 below). We write γ(E) for the extension as well. Observe that
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γ(E) is homogeneous of degree n, i.e., γ(rE) = rnγ(E) for r > 0 because

the kernel
G(x, y)
xnyn

is homogeneous of degree −n. Taking into account of the

homogeneity, we set Ii = {x : 2−i−1 6 |x| < 2−i} and consider the series

∞∑

i=1

2inγ(E ∩ Ii).

Then we obtain the following characterization.

Theorem 3.2 (cf. [25]). Let E ⊂ Rn
+. Then the following assertions are

equivalent:

(i) E is minimally thin at 0,

(ii)
∑∞

i=1 2inγ(E ∩ Ii) < ∞.

This theorem provides us with a complete characterization of minimal
thinness for the upper half-space. It can be generalized to uniform domains.
For such a generalization, we need to generalize the notion of Green energy.

Definition 3.2. Let u be a nonnegative superharmonic function on D. For
a compact subset K of D denote by R̂K

u the regularized reduced function of
u with respect to K. Observe that R̂K

u is a Green potential of a measure λK
u

on K. The energy

γu(K) =
∫∫

G(x, y)dλK
u (x)dλK

u (y)

is called the Green energy of K relative to u. We set

γu(V ) = sup{γu(K) : K is compact, K ⊂ V }

for an open subset V of D and

γu(E) = inf{γu(V ) : V is open, E ⊂ V }

for a general subset E of D. The quantity γu(E) is also called the Green
energy relative to u.

Remark 3.1. If u ≡ 1, then γu(E) is the usual Green capacity CG(E) (cf.
[24, pp.174–177]). If D = {x = (x1, . . . , xn) : xn > 0} and u(x) = xn, then
γu(E) is the Green energy in the sense of Essén and Jackson [16, Definition
2.2].

Let u(x) = g(x) = min{G(x, x0), 1} in Definition 3.2. Then

R̂E
g (x0) = γg(E) for E ⊂ {x ∈ D : g(x) < 1}. (3.1)
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Theorem 3.3. Let D be a uniform domain. Suppose that E ⊂ D and ξ ∈ ∂D.
Let Aξ(r) ∈ D ∩S(ξ, r) be a nontangential point for small r > 0 (cf. Remark
2.1). Then the following assertions are equivalent:

(i) E is minimally thin at ξ,

(ii) for some i0 > 1

∞∑

i=i0

2i(n−2)g(Aξ(2−i))−2γg(E ∩B(ξ, 21−i)\B(ξ, 2−i)) < ∞. (3.2)

Since g(x) ≈ δD(x) for a smooth domain D, say a C1,α-domain (0 < α < 1)
or a Lyapunov–Dini domain [34], this theorem generalizes Theorem 3.2.

3.3 Proof of Theorem 3.3

Let Θ(x, y) = G(x, y)/(g(x)g(y)). In view of Theorem 2.3, Θ(x, y) admits
a continuous extension to D × D. We preserve the same notation for the
continuous extension. The kernel Θ is referred to as the Näım’s kernel for D
(cf. [30]). By definition, Θ is symmetric.

Lemma 3.1. Let ξ ∈ ∂D. For small r > 0 we set θξ(r) = Θ(Aξ(r), ξ), where
Aξ(r) ∈ D ∩ S(ξ, r) (cf. Remark 2.1). Then

θξ(r) ≈ g(Aξ(r))−2r2−n. (3.3)

Moreover, if x ∈ S(ξ, r) ∩ D, then Θ(x, ξ) ≈ θξ(r). Furthermore, if r ≈ R,
then θξ(r) ≈ θξ(R).

Proof. This assertion is an easy consequence of the scale-invariant boundary
Harnack principle. More directly, Lemma 3 in [4] yields the following esti-
mates (note that the Green function for D ∩ B(ξ, Mr) is comparable with
the original Green function for D near ξ provided that D satisfies the capacity
density condition):

G(x, y)
G(x′, y)

≈ G(x, y′)
G(x′, y′)

for x, x′ ∈ D\B(ξ, r) and y, y′ ∈ D ∩B(ξ, r/6).

An elementary calculation shows that

Θ(x, y)
g(x)g(y)

G(x′, y)G(x, y′)
≈ 1

G(x′, y′)
,

where Θ(x, y) is the continuous extension of G(x, y)/(g(x)g(y)). Setting x′ =
Aξ(r) and y′ = Aξ(r/6), we find that G(x′, y′) ≈ r2−n, so that
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Θ(x, y)
g(x)g(y)

G(Aξ(r), y)G(x,Aξ(r/6))
≈ rn−2.

Hence

Θ(x, y) ≈ rn−2G(Aξ(r), y)G(x,Aξ(r/6))
g(x)g(y)

.

Setting x = Aξ(r), we obtain

Θ(Aξ(r), y) ≈ rn−2G(Aξ(r), y)G(Aξ(r), Aξ(r/6))
g(Aξ(r))g(y)

≈ G(Aξ(r), y)
g(Aξ(r))g(y)

= g(Aξ(r))−1 G(Aξ(r), y)
g(y)

.

The last term tends to

g(Aξ(r))−1K(Aξ(r), ξ) ≈ g(Aξ(r))−2r2−n

as y → ξ. Thus, (3.3) follows. The remaining can be easily proved by the
Harnack inequality. ut
Proof of Theorem 3.3. As in [1], we can show that E is minimally thin at ξ
if and only if

∞∑

i=i0

R̂Ei

Kξ
(x0) < ∞ for some i0 > 1, (3.4)

where Ei = {x ∈ E : 2−i 6 |x − ξ| < 21−i}. By Lemma 3.1, Kξ ≈ θξ(2−i)g
on {x ∈ D : 2−i 6 |x− ξ| < 21−i}. Hence (3.4) is equivalent to

∑

i

θξ(2−i)γg(Ei) < ∞. (3.5)

The proof is complete. ut

3.4 Whitney decomposition and the minimal thinness

The Green energy in Theorem 3.3 involves the Green function, which means
that the above Wiener type criterion is not so clear as the classical Wiener
criterion.

Is it possible to characterize the minimal thinness by a usual (or Newtonian)
capacity? This question was posed by Hayman. Several results were obtained
by Aikawa, Essén, Jackson, Rippon, Miyamoto, Yanagishita, Yoshida, and
others. It turned out that the key role is played by the Whitney decomposi-
tion, which is finer than the usual dyadic spherical decomposition.
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A family of closed cubes {Qj} with sides parallel to the coordinate axes is
called the Whitney decomposition of an open set D with ∂D 6= ∅ if (cf., for
example, [33, Chapter VI] for details)

(i) ⋃
j Qj = D,

(ii) the interiors of Qj are mutually disjoint,
(iii) for each Qj

diam(Qj) 6 dist(Qj , ∂D) 6 4 diam(Qj).

The necessity of considering the Whitney decomposition can be justified
as follows. In a Whitney cube Qj , the Green function and Newtonian kernel
are comparable for n > 3, i.e.,

G(x, y) ≈ |x− y|2−n

diam(Qj)2
for x, y ∈ Qj ,

and the Green energy is estimated as

γ(E) ≈ diam(Qj)2Cap(E) for E ⊂ Qj ,

where Cap stands for the Newtonian capacity. If n = 2, then Rn is recur-
rent and the fundamental harmonic function − log |x − y| takes both signs.
Hence the logarithmic capacity, the counterpart of the Newtonian capacity,
is defined in a special fashion (cf. [10, p. 150] for the logarithmic capacity).
This fact illustrates the difference between the cases n = 2 and n > 3. Using
the same symbol Cap for the logarithmic capacity, we summarize: if E ⊂ Qj ,
then

γ(E) ≈




diam(Qj)2

log(4 diam(Qj)/Cap(E))
for n = 2,

diam(Qj)2Cap(E) for n > 3

provided that D is sufficiently smooth.
We return to this question after introducing the Beurling minimum prin-

ciple. It will turn out that the Beurling minimum principle and the minimal
thinness are inextricably related.

4 The Beurling Minimum Principle

Beurling [11] proved the following theorem. Assume, for a moment, that D
is a simply connected planar domain with Green function GD and ξ ∈ ∂D.
Let K(·, ξ) be the Martin kernel at ξ in D. Suppose that S = {zj}∞1 ⊂ D is
a sequence of points in D converging to ξ as j →∞.

Definition 4.1. We say that S is an equivalence sequence for ξ if
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h(zj) > λK(zj , ξ) for j = 1, 2, . . . , =⇒ h(z) > λK(z, ξ) for all z ∈ D,

whenever λ > 0 and h is a positive harmonic function on D.

Theorem 4.1 (Beurling minimum principle). Let D, ξ, and S be as above.
Then S is an equivalence sequence for ξ if and only if it contains a subse-
quence {zjk

}∞k with the following two properties:

(i) supk GD(zjk
, zjl

) < ∞ if k 6= l,

(ii)
∑∞

k=1 GD(z, zjk
)K(zjk

, ξ) = ∞ for z ∈ D.

This beautiful theorem has attracted many mathematicians (cf. [2, 3, 9,
15, 19, 27, 28, 31, 32]).

Recall that if D is the unit disk with center 0, the Green function is

GD(z, w) = log
∣∣∣∣
1− zw

z − w

∣∣∣∣ for z, w ∈ D,

where z is the complex conjugate of z. This explicit form gives

GD(z, w) ≈ δD(z)δD(w)
|z − w|2

whenever
|z − w| > 1

2
min{δD(z), δD(w)}. (4.1)

In fact, for z, w ∈ D

GD(z, w) = log
(
1+

(2δD(z)− δD(z)2)(2δD(w)− δD(w)2)
|z − w|2

)
6 4δD(z)δD(w)

|z − w|2 ,

where the last inequality follows from the elementary inequality log(1+t) 6 t
for t > 0. If, in addition, z and w satisfy (4.1), then

4δD(z)δD(w)
|z − w|2 6 32,

so that the concavity of log(1 + t) yields

GD(z, w) > log 33
32

· 4δD(z)δD(w)
|z − w|2 .

Similar estimates hold in the higher dimensional case. Let D be a C1,α-
domain or a Lyapunov–Dini domain in Rn with n > 2. Then

G(x, y) ≈ δD(x)δD(y)
|x− y|n
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provided that |x − y| > 1
2 min{δD(x), δD(y)} (cf. [34]). Here, the constant 1

2
is not important, we can take any positive number less than 1. It is easy to
see that G(x, y) 6 c if and only if |x− y| > M min{δD(x), δD(y)}, where M
depends only on c. So, we give the following definition.

Definition 4.2. A sequence {xj} ⊂ D is said to be separated if |xj − xk| >
MδD(xj) for j 6= k with some positive constant M independent of j and k.

It is easy to see that the Poisson kernel satisfies

P (x, ξ) ≈ δD(x)
|x− ξ|n for ξ ∈ ∂D and x ∈ D

if D is a C1,α-domain or a Lyapunov-Dini domain. Since the Martin kernel
is the multiple of the Poisson kernel and a positive continuous function of
ξ ∈ ∂D, we can generalize Theorem 4.1 as follows.

Theorem 4.2 (cf. [27, 13]). Let D be a C1,α-domain or a Lyapunov–Dini
domain in Rn with n > 2. Suppose that ξ ∈ ∂D and a sequence S converges
to ξ. Then S is an equivalence sequence for ξ if and only if it contains a
separated subsequence {xj}j such that

∑

j

( δD(xj)
|xj − ξ|

)n

= ∞.

This theorem was proved by hard calculus with the help of estimates for the
Green function and its derivatives [34]. The author [2, 3] proved the theorem
by using the quasiadditivity of capacity. This approach will be illustrated in
the following sections.

5 Quasiadditivity of Capacity (General Theory)

Following [3], we state the quasiadditivity of capacity in a general setting.
The quasiadditivity will play a crucial role for refined Wiener type criteria.

Let X be a locally compact Hausdorff space, and let k be a nonnegative
lower semicontinuous function on X ×X. For a measure µ on X we write

k(x, µ) =
∫

X

k(x, y)dµ(y) for x ∈ X.

Define the capacity Ck with respect to k by

Ck(E) = inf{‖µ‖ : k(·, µ) > 1 on E},

where ‖µ‖ stands for the total mass of µ. It is well known that Ck is countably
subadditive, i.e.,
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Ck(E) 6
∑

j

Ck(Ej) if E = ⋃
j

Ej .

This section is devoted to a reverse inequality, up to a multiplicative constant,
for some decomposition of E.

Definition 5.1. Let {Qj} and {Q∗
j} be families of Borel subsets of X such

that

(i) Qj ⊂ Q∗
j ,

(ii) X = ⋃
j Qj ,

(iii) Q∗j do not overlap so often, i.e.,
∑

χQ∗j 6 N .

Then {Qj , Q
∗
j} is called a quasidisjoint decomposition of X. If Q∗

j is clear
from the context, we write simply {Qj}.

We note that Qj and Q∗
j need not be disjoint.

Definition 5.2. A (Borel) measure σ on X is said to be comparable to Ck

with respect to {Qj} if

σ(Qj) ≈ Ck(Qj) for every Qj , (5.1)
σ(E) 6 MCk(E) for every Borel set E ⊂ X. (5.2)

Definition 5.3. We say that a kernel k has the Harnack property with
respect to {Qj , Q

∗
j} if

k(x, y) ≈ k(x′, y) for x, x′ ∈ Qj and y ∈ X\Q∗j
with the comparison constant independent of Qj .

Now, we formulate and prove Theorem 1 in [3].

Theorem 5.1. Let {Qj , Q
∗
j} be a quasidisjoint decomposition of X. Suppose

that the kernel k has the Harnack property with respect to {Qj , Q
∗
j}. If there

is a measure σ comparable to Ck with respect to {Qj , Q
∗
j}, then for every

E ⊂ X
Ck(E) ≈

∑

j

Ck(E ∩Qj). (5.3)

We say that Ck is quasiadditive with respect to {Qj , Q
∗
j} if (5.3) holds.

Proof. Let E ⊂ X. We can assume that Ck(E) < ∞. By definition, we can
find a measure µ such that k(·, µ) > 1 on E and ‖µ‖ 6 2Ck(E). For each Qj

we have the following two cases:

(i) k(x, µ|Q∗j ) > 1
2 for all x ∈ E ∩Qj ,

(ii) k(x, µ|Q∗j ) > 1
2 for some x ∈ E ∩Qj .
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If (i) holds, then Ck(E ∩ Qj) 6 2‖µ|Q∗j ‖ by definition. Since Q∗j do not
overlap so often, we obtain

∑′
Ck(E ∩Qj) 6 2

∑′ ‖µj‖ 6 M‖µ‖ 6 MCk(E), (5.4)

where
∑′ denotes the summation over all Qj for which (i) holds.

If (ii) holds, then the Harnack property of k yields k(·, µ) > k(·, µ|X\Q∗j ) >
M on Qj , so that

k(·, µ) > M on
⋃′′

Qj ,

where
⋃′′

denotes the union over all Qj for which (ii) holds. Hence

Ck

( ⋃′′

Qj

)
6 M‖µ‖.

Since σ is comparable to Ck, from the countable additivity of σ it follows
that

∑′′

Ck(E ∩Qj) 6
∑′′

Ck(Qj) 6 M
∑′′

σ(Qj)

6 Mσ
(⋃′′

Qj

)
6 MCk

( ⋃′′

Qj

)
6 M‖µ‖ 6 MCk(E).

This, together with (5.4), completes the proof. ut

6 Quasiadditivity of the Green Energy

In general, it is difficult to find a measure comparable to a given capacity.
In [2], we found such a measure for the Riesz capacity by using a certain
weighted norm inequality. Following [3], we show that the Hardy inequality
yields a measure comparable to the Green energy.

We begin with the capacity density condition. Recall that Cap stands for
the logarithmic capacity if n = 2 and the Newtonian capacity if n > 3.

Definition 6.1. We say that D satisfies the capacity density condition if
there exist constants M > 1 and r0 > 0 such that

Cap(B(ξ, r) \D) >
{

M−1r if n = 2,

M−1rn−2 if n > 3,

whenever ξ ∈ ∂D and 0 < r < r0.
Ancona [7] proved the most general Hardy inequality for domains pos-

sessing the capacity density condition. We note that a domain satisfies the
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capacity density condition if and only if it is uniformly ∆-regular in the sense
of [7].

Lemma 6.1 (Hardy inequality). Assume that D satisfies the capacity density
condition. Then there is a positive constant M depending only on D such that

∫

D

∣∣∣∣
ψ(x)
δD(x)

∣∣∣∣
2

dx 6 M

∫

D

|∇ψ(x)|2dx for all ψ ∈ W 1,2
0 (D),

where W 1,2
0 (D) stands for the usual Sobolev space, namely the completion of

C∞0 (D) with the norm

(∫

D

(|ψ|2 + |∇ψ|2)dx

)1/2

.

Let u be a positive superharmonic function on D. Define the measure σu

on D by

σu(E) =
∫

E

(
u(x)
δD(x)

)2

dx for E ⊂ D.

Let k(x, y) = G(x, y)/(u(x)u(y)). It is easy to see that γu(E) = Ck(E) (cf.
[18]). Let {Qj} be the Whitney decomposition of D. For each Whitney cube
Qj we denote by xj and Q∗j the center and double of Qj respectively. Suppose
that u satisfies the Harnack property with respect to {Qj , Q

∗
j}. It is easy to

see that for x, y ∈ Qj

k(x, y) ≈




u(xj)−2 log
4 diam(Qj)
|x− y| if n = 2,

u(xj)−2|x− y|2−n if n > 3.

Hence the following assertion holds.

Lemma 6.2. Let {Qj} be the Whitney decomposition of D with doubles
{Q∗j}. Suppose that u is a positive superharmonic function on D satisfying
the Harnack property with respect to {Qj , Q

∗
j}. If E ⊂ Qj, then

γu(E) ≈




u(xj)2

log(4 diam(Qj)/Cap(E))
for n = 2,

u(xj)2Cap(E) for n > 3.

In particular,

γu(Qj) ≈ σu(Qj) ≈ u(xj)2 diam(Qj)n−2 for n > 2.

The Hardy inequality leads to the following assertion.
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Lemma 6.3. Let D satisfy the capacity density condition, and let {Qj} be the
Whitney decomposition of D with doubles {Q∗j}. Suppose that u is a positive
superharmonic function on D satisfying the Harnack property with respect to
{Qj , Q

∗
j}. Then

σu(E) 6 Mγu(E) for Borel sets E ⊂ D.

Proof. For a compact subset K of E we write vK = R̂K
u = GλK

u . Then

γu(K) =
∫∫

G(x, y)dλK
u (x)dλK

u (y) =
∫

D

|∇vK |2dx

(cf., for example, [12, Section 7.2]). Since vK = u on K except for a polar
set, the same equality holds a.e. on K. By Lemma 6.1, we have

γu(E) > γu(K) =
∫

D

|∇vK |2dx

> M

∫

D

(
vK(x)
δD(x)

)2

dx > M

∫

K

(
u(x)
δD(x)

)2

dx = Mσu(K).

Since K ⊂ E is an arbitrary compact subset of E, we obtain the required
inequality. ut

Theorem 6.1. Let D satisfy the capacity density condition, and let {Qj}
be the Whitney decomposition of D with doubles Q∗

j . Suppose that a positive
superharmonic function u satisfies

sup
Q∗j

u 6 M1 inf
Q∗j

u (6.1)

with M1 independent of Qj. Then σu is comparable to γu with respect to {Qj},
and hence γu is quasiadditive with respect to {Qj}, i.e., γu(E) ≈ ∑

j γu(E ∩
Qj) for E ⊂ D.

Proof. Lemmas 6.2 and 6.3 show (5.1) and (5.2) respectively. By Theorem
5.1, we obtain the required assertion. ut

Let h be a positive harmonic function. Then the Harnack inequality shows
that u(x) = min{h(x)a, b}, where 0 < a 6 1 and b > 0, satisfies (6.1). Hence
the following assertion holds.

Corollary 6.1. Let D and {Qj} be as in Theorem 6.1. Let x0 ∈ D, and let
g(x) = min{G(x, x0), 1}. Then γg is quasiadditive with respect to {Qj}, i.e.,

γg(E) ≈
∑

j

γg(E ∩Qj) ≈





∑
j

g(xj)2

log(4 diam(Qj)/Cap(E ∩Qj))
if n = 2,

∑
j
g(xj)2Cap(E ∩Qj) if n > 3.
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7 Refined Wiener Type Criteria for the Minimal
Thinness

In this section, D is a uniform domain possessing the capacity density con-
dition. Let {Qj}j be the Whitney decomposition of D. For each Whitney
cube Qj we denote by xj the center. Recall that Aξ(r) ∈ S(ξ, r) ∩ D is a
nontangential point for ξ ∈ ∂D (cf. Remark 2.1). The quasiadditivity of the
Green energy leads to the following Wiener type criteria which is finer than
Theorem 3.3.

Theorem 7.1. Let D be a uniform domain possessing the capacity density
condition. Suppose that ξ ∈ ∂D and E ⊂ D. Then E is minimally thin at ξ
if and only if

∑

j

(
g(xj)

g(Aξ(|xj − ξ|))
)2 1

log(4 diam(Qj)/Cap(E ∩Qj))
< ∞ if n = 2,

∑

j

(
g(xj)

g(Aξ(|xj − ξ|))
)2

|xj − ξ|2−nCap(E ∩Qj) < ∞ if n > 3.

Proof. By Corollary 6.1 we can write (3.2) as
∑

j

θξ(|xj − ξ|)γg(E ∩Qj) < ∞,

where xj is the center of a Whitney cube Qj . Thus, the Wiener type condition
(3.5) is refined as in Theorem 7.1. ut

Corollary 7.1. Let D be a uniform domain possessing the capacity density
condition. Suppose that ξ ∈ ∂D and E ⊂ D. If E is measurable and minimally
thin at ξ, then

∫

E

(
g(x)

g(Aξ(|x− ξ|))
)2 |x− ξ|2−n

δD(x)2
dx < ∞. (7.1)

Proof. The refined Wiener criterion and Lemma 6.2 imply that

∑

j

g(Aξ(|xj − ξ|))−2|xj − ξ|2−n g(xj)2

diam(Qj)2

∫

E∩Qj

dx < ∞. ut

Remark 7.1. Essén [14] introduced first the refined Wiener criterion for the
half-space. He used the weak L1-estimate due to Sjögren [32]. We note that
the weak L1-estimate need not hold for a uniform domain.
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Definition 7.1. Suppose that ξ ∈ ∂D and E ⊂ D. We say that E is min-
imally thin at ξ for harmonic functions if there is a finite measure µ con-
centrated on ∂D such that µ({ξ}) = 0 and Kξ 6 Kµ on E. We say that E
determines the point measure at ξ ∈ ∂D if

Kµ > Kξ on E =⇒ µ({ξ}) > 0

for every finite measure µ concentrated on ∂D (cf. [11, 13, 27, 32]).

Remark 7.2. We note that E is minimally thin at ξ for harmonic functions
if and only if E does not determine the point measure at ξ. A sequence S is
equivalent for ξ in the sense of Beurling (cf. Definition 4.1) if and only if S is
not minimally thin at ξ for harmonic functions. Obviously, if E is minimally
thin at ξ for harmonic functions, then it is minimally thin; but the converse
is not necessarily true.

Remark 7.3. Hayman and Kennedy [21, p. 481 and Theorem 7.37] defined
sets “rarefied for harmonic functions.” Note that the term “rarefied sets” was
introduced by Essén and Jackson [16]. A set is “rarefied” in the terminology
of Lelong–Ferrand [25] if and only if it is “semirarefied” in the terminology
of Essén and Jackson. A set rarefied for harmonic functions corresponds to a
rarefied set defined by Essén and Jackson (cf. [15] for further details).

Theorem 7.2. Let D be a uniform domain possessing the capacity density
condition. Suppose that ξ ∈ ∂D and E ⊂ D. Then E is minimally thin at ξ
for harmonic functions if and only if

∑

E∩Qj 6=∅

(
g(xj)

g(Aξ(|xj − ξ|))
)2 (

diam(Qj)
|xj − ξ|

)n−2

< ∞.

Proof. It is not difficult to see that E is minimally thin at ξ for harmonic
functions if and only if Ẽ = ∪E∩Qj 6=∅Qj is minimally thin at ξ. Hence Lemma
3.1 and Theorem 7.2 readily imply the required assertion. ut

Remark 7.4. It is easy to see that {xi} is separated if and only if the number
of points xi included in a Whitney cube Qj is bounded by a positive constant
independent of Qj . Thus, Theorem 7.2 coincides with the Ancona criterion
[8, Theorem 7.4] for a sequence to determine a point measure.

Corollary 7.2. Let D be a uniform domain possessing the capacity density
condition. Suppose that ξ ∈ ∂D and 0 < ρ < 1. If E is minimally thin at ξ
for harmonic functions, then Eρ =

⋃
x∈E B(x, ρδD(x)) satisfies

∫

Eρ

(
g(x)

g(Aξ(|x− ξ|))
)2 |x− ξ|2−n

δD(x)2
dx < ∞.
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If D is a C1,α-domain or a Lyapunov–Dini domain, then g(x) ≈ δD(x)
[34], so that the above theorems and corollaries are generalizations of the
results of Beurling [11], Dahlberg [13], Essén [15, Section 2], Maz’ya [27], and
Sjögren [32]. For the sake of completeness, we formulate the results in the
form of corollaries.

Corollary 7.3. Let D be a C1,α-domain or a Lyapunov–Dini domain. Sup-
pose that ξ ∈ ∂D and E ⊂ D. Then E is minimally thin at ξ if and only if

∑

j

diam(Qj)2

|xj − ξ|2 log(4 diam(Qj)/Cap(E ∩Qj))
< ∞ if n = 2,

∑

j

diam(Qj)2Cap(E ∩Qj)
|xj − ξ|n < ∞ if n > 3.

Corollary 7.4. Let D be a C1,α-domain or a Lyapunov–Dini domain. Sup-
pose that ξ ∈ ∂D and E ⊂ D. If E is measurable and minimally thin at ξ,
then ∫

E

dx

|x− ξ|n < ∞.

Corollary 7.5. Let D be a C1,α-domain or a Lyapunov–Dini domain. Sup-
pose that ξ ∈ ∂D and E ⊂ D. Then E is minimally thin at ξ for harmonic
functions if and only if

∑

E∩Qj 6=∅

(
diam(Qj)
|xj − ξ|

)n

< ∞.

Corollary 7.6. Let D be a C1,α-domain or a Lyapunov–Dini domain. Let
ξ ∈ ∂D, and let 0 < ρ < 1. If E is minimally thin at ξ for harmonic functions,
then Eρ =

⋃
x∈E B(x, ρδD(x)) satisfies

∫

Eρ

dx

|x− ξ|n < ∞.

8 Further Remarks

We conclude the paper by raising some open problems:

1. In our argument, we used the geometric assumption of the domain to char-
acterize the minimal thinness. However, there might be a direct extension
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of the Beurling minimum principle to the higher dimensional case; such an
extension allows us to give complete understanding of the minimal thinnes
within the framework of the general Martin boundary theory.

2. The boundary Harnack principle holds for a uniform domain without any
exterior condition [4]. Is the capacity density condition necessary for the
refined Wiener criterion (cf. Theorem 7.1)?

3. Essén and Jackson [16] gave the covering properties of minimally thin sets
in a half-space. Such covering properties of minimally thin sets in a uniform
domain remain open.
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Progress in the Problem of the
Lp-Contractivity of Semigroups for
Partial Differential Operators

Alberto Cialdea

Abstract This is a survey of results concerning the Lp-dissipativity of partial
differential operators and the Lp-contractivity of the generated semigroups,
mostly obtained by V. Maz’ya, G. Kresin, M. Langer, and A. Cialdea. Neces-
sary and sufficient conditions are discussed for scalar second order operators
with complex coefficients and some systems, including the two-dimensional
elasticity. The case of higher order operators is reviewed as well.

1 Introduction

The classical theorems of Hille–Yosida (1948) and Lumer–Phillips (1962) play
a central role in the theory of semigroups of linear operators. They give two
different characterizations of generators of a strongly continuous semigroup
of contractions.

Maz’ya and Sobolevskii [26] obtained independently of Lumer and Phillips
the same result under the assumption that the norm of the Banach space is
Gâteaux-differentiable. Applications to second order elliptic operators were
also given in [26]. It is interesting to note that the paper [26] was sent to the
journal in 1960, before the paper [22] by Lumer and Phillips appeared.

During the last half a century, various aspects of the Lp-theory of semi-
groups generated by linear differential operators were studied (cf., for exam-
ple, [3, 7, 1, 34, 8, 14, 32, 16, 9, 10, 19, 20, 17, 18, 2, 6, 13, 21, 33, 29, 4, 27, 5]).
An account of the subject can be found in the book [30] which contains also
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In the present paper, we survey results mostly obtained by Vladimir
Maz’ya with his coauthors G. Kresin, M. Langer, and A. Cialdea about the
Lp-dissipativity of partial differential operators and the related contractivity
of the generated semigroup. Special attention is paid to the possibility of
giving algebraic necessary and sufficient conditions.

The paper is organized as follows. In Section 2, we consider necessary
and sufficient conditions for the Lp-dissipativity of the Dirichlet problem for
second order scalar operators with complex coefficients.

Section 3 is devoted to weakly coupled systems.
Systems which are uniformly parabolic in the sense of Petrovskii are the

topic of Section 4. We discuss necessary and sufficient conditions for the
validity of maximum principles with respect to different norms.

The goal of Section 5 is to give necessary and sufficient conditions for
the Lp-dissipativity of the two-dimensional elasticity system in terms of the
Poisson ratio.

In the first part of Section 6, some auxiliary results for ordinary differential
systems are considered. In the second part, these results are applied to obtain
necessary and sufficient conditions for the Lp-dissipativity of the Dirichlet
problem for a class of systems of partial differential equations.

Section 7 is concerned with higher order partial differential operators.

2 Scalar Second Order Operators with Complex
Coefficients

A linear operator A : D(A) ⊂ X = Lp(Ω) → X = Lp(Ω) (Ω is a domain of
Rn, 1 < p < ∞) is said to be Lp-dissipative if

Re
∫

Ω

〈Au, u〉|u|p−2dx 6 0 (2.1)

for any u ∈ D(A), where 〈·, ·〉 denotes the scalar product in C. Hereinafter,
the integrand is extended by zero on the set where u vanishes.

The case of a scalar second order operator in divergence form with real
coefficients is well known (cf., for example, [31, p. 215]). Here, we have the
Lp-dissipativity for any p. If 2 6 p < ∞, this can be deduced easily by
integration by parts. If A = ∂i(aij∂j) (aji = aij ∈ C1(Ω)), we can write

∫

Ω

〈Au, u〉|u|p−2dx = −
∫

Ω

aij∂ju ∂i(u |u|p−2) dx .

If we suppose that aijξiξj > 0 for any ξ ∈ Rn, an easy calculation shows that

Re
∫

Ω

aij∂ju ∂i(u |u|p−2) dx > 0,



Lp-Contractivity of Semigroups 49

and the Lp-dissipativity of A follows. Some extra arguments are necessary in
the case 1 6 p < 2.

Necessary and sufficient conditions for the L∞-contractivity for general
second order strongly elliptic systems with smooth coefficients were given
in [16] (cf. also Subsection 4.1), where scalar second order elliptic operators
with complex coefficients were handled as a particular case. Such operators
generating L∞-contractive semigroups were later characterized in [2] under
the assumption that the coefficients are measurable and bounded.

These results imply the Lp-dissipativity for any p ∈ [1,+∞), but recently
Maz’ya and the author of the present paper characterized the Lp-dissipativity
individually, for each p. In the next subsections, we describe these results
which are contained in [4] and are related to the Lp-dissipativity of a scalar
second order operator with complex coefficients.

2.1 Generalities

Let Ω be a domain in Rn, and let A be the operator

Au = ∇t(A∇u) + b∇u +∇t(cu) + au

where ∇t is the divergence operator and the coefficients satisfy the following
very general assumptions:

— A is an n × n matrix whose entries are complex-valued measures
ahk belonging to (C0(Ω))∗. This is the dual space of C0(Ω), the space of
complex-valued continuous functions with compact support contained in Ω;

— b = (b1, . . . , bn) and c = (c1, . . . , cn) are complex-valued vectors with
bj , cj ∈ (C0(Ω))∗;

— a is a complex-valued scalar distribution in (C0
1(Ω))∗, where C0

1(Ω) =
C1(Ω) ∩ C0(Ω).

Consider the related sesquilinear form L (u, v)

L (u, v) =
∫

Ω

(〈A∇u,∇v〉 − 〈b∇u, v〉+ 〈u, c∇v〉 − a〈u, v〉)

on C0
1(Ω)× C0

1(Ω).
The operator A acts from C0

1(Ω) to (C0
1(Ω))∗ through the relation

L (u, v) = −
∫

Ω

〈Au, v〉

for any u, v ∈ C0
1(Ω). The integration is understood in the sense of distri-

butions.
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The following definition was given in [4]. Let 1 < p < ∞. A form L is
called Lp-dissipative if for all u ∈ C0

1(Ω)

ReL (u, |u|p−2u) > 0 if p > 2,

ReL (|u|p′−2u, u) > 0 if 1 < p < 2,

where p′ = p/(p − 1) (we use here that |u|q−2u ∈ C0
1(Ω) for q > 2 and

u ∈ C0
1(Ω)).

The following lemma is basic and provides a necessary and sufficient con-
dition for the Lp-dissipativity of the form L .

Lemma 2.1 ([4]). A form L is Lp-dissipative if and only if for all w ∈
C0

1(Ω)

Re
∫

Ω

[
〈A∇w,∇w〉 − (1− 2/p)〈(A −A ∗)∇(|w|), |w|−1w∇w〉

− (1− 2/p)2〈A∇(|w|),∇(|w|)〉
]

+
∫

Ω

〈 Im(b + c), Im(w∇w)〉

+
∫

Ω

Re(∇t(b/p− c/p′)− a)|w|2 > 0.

From this lemma we obtain the following assertion.

Corollary 2.1 ([4]). If a form L is Lp-dissipative, then

〈Re A ξ, ξ〉 > 0 ∀ξ ∈ Rn.

This condition is not sufficient for the Lp-dissipativity if p 6= 2. Lemma
2.1 implies the following sufficient condition.

Corollary 2.2 ([4]). Let α and β be two real constants. If

4
p p′

〈ReA ξ, ξ〉+ 〈ReA η, η〉+ 2〈(p−1 Im A + p′−1 ImA ∗)ξ, η〉
+ 〈 Im(b + c), η〉 − 2〈Re(αb/p− βc/p′), ξ〉
+ Re

[∇t ((1− α)b/p− (1− β)c/p′)− a
]

> 0
(2.2)

for any ξ, η ∈ Rn, then the form L is Lp-dissipative.

Putting α = β = 0 in (2.2), we find that if

4
p p′

〈ReA ξ, ξ〉+ 〈ReA η, η〉+ 2〈(p−1 Im A + p′−1 ImA ∗)ξ, η〉
+〈 Im(b + c), η〉+ Re

[∇t (b/p− c/p′)− a
]

> 0 (2.3)

for any ξ, η ∈ Rn, then the form L is Lp-dissipative.
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Generally speaking, this condition (and the more general condition in
Corollary 2.2) is not necessary.
Example 2.1. Let n = 2 and

A =
(

1 iγ
−iγ 1

)
,

where γ is a real constant, b = c = a = 0. In this case, the polynomial (2.3)
is given by

(η1 + γξ2)2 + (η2 − γξ1)2 − (γ2 − 4/(pp′))|ξ|2.

For γ2 > 4/(pp′) the condition (2.2) is not satisfied, whereas the Lp-
dissipativity holds because the corresponding operator A is the Laplacian.

Note that the matrix ImA is not symmetric. Below (after Corollary 2.6),
we give another example showing that the condition (2.3) is not necessary
for the Lp-dissipativity even for symmetric matrices Im A .

Corollary 2.3 ([4]). If a form L is simultaneously Lp- and Lp′-dissipative,
it is also Lr-dissipative for any r between p and p′, i.e., for any r such that

1/r = t/p + (1− t)/p′ (0 6 t 6 1). (2.4)

Corollary 2.4 ([4]). Suppose that either

ImA = 0, Re∇tb = Re∇tc = 0

or
Im A = Im A t, Im(b + c) = 0, Re∇tb = Re∇tc = 0.

If L is Lp-dissipative, it is also Lr-dissipative for any r satisfying (2.4).

2.2 The operator ∇t(A ∇u). The main result

In this subsection, the operator A is supposed to be without lower order
terms, i.e.,

Au = ∇t(A∇u). (2.5)

The following assertion gives a necessary and sufficient condition for the
Lp-dissipativity of the operator (2.5).

The coefficients ahk belong to (C0(Ω))∗, as in the previous subsection.

Theorem 2.1 ([4]). Let Im A be symmetric, i.e., Im A t =Im A . The form

L (u, v) =
∫

Ω

〈A∇u,∇v〉
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is Lp-dissipative if and only if

|p− 2| |〈 Im A ξ, ξ〉| 6 2
√

p− 1 〈Re A ξ, ξ〉 (2.6)

for any ξ ∈ Rn, where | · | denotes the total variation.

The condition (2.6) is understood in the sense of comparison of measures.
Note that from Theorem 2.1 we immediately derive the following well

known results.

Corollary 2.5. Let A be such that 〈ReA ξ, ξ〉 > 0 for any ξ ∈ Rn. Then

1) A is L2-dissipative,

2) if A is an operator with real coefficients, then A is Lp-dissipative for
any p.

The condition (2.6) is equivalent to the positivity of some polynomial in ξ
and η. More exactly, (2.6) is equivalent to the following condition:

4
p p′

〈Re A ξ, ξ〉+ 〈ReA η, η〉 − 2(1− 2/p)〈 ImA ξ, η〉 > 0 (2.7)

for any ξ, η ∈ Rn.
Let us assume that either A has lower order terms or it has no lower order

terms and Im A is not symmetric. Then the (2.6) is still necessary for the
Lp-dissipativity of A, but not sufficient, which will be shown in Example 2.2
(cf. also Theorem 2.2 below for the case of constant coefficients). In other
words, for such general operators the algebraic condition (2.7) is necessary
but not sufficient, whereas the condition (2.3) is sufficient, but not necessary.
Example 2.2. Let n = 2, and let Ω be a bounded domain. Denote by σ a
real function of class C0

2(Ω) which does not vanish identically. Let λ ∈ R.
Consider the operator (2.5) with

A =
(

1 iλ∂1(σ2)
−iλ∂1(σ2) 1

)
,

i.e.,
Au = ∂1(∂1u + iλ∂1(σ2) ∂2u) + ∂2(−iλ∂1(σ2) ∂1u + ∂2u),

where ∂i = ∂/∂xi (i = 1, 2). By definition, we have L2-dissipativity if and
only if

Re
∫

Ω

((∂1u + iλ∂1(σ2) ∂2u)∂1u + (−iλ∂1(σ2) ∂1u + ∂2u)∂2u) dx > 0

for any u ∈ C0
1(Ω), i.e., if and only if
∫

Ω

|∇u|2dx− 2λ

∫

Ω

∂1(σ2) Im(∂1u ∂2u) dx > 0
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for any u ∈ C0
1(Ω). Taking u = σ exp(itx2) (t ∈ R), we obtain, in particular,

t2
∫

Ω

σ2dx− tλ

∫

Ω

(∂1(σ2))2dx +
∫

Ω

|∇σ|2dx > 0. (2.8)

Since ∫

Ω

(∂1(σ2))2dx > 0,

we can choose λ ∈ R so that (2.8) is impossible for all t ∈ R. Thus, A is not
L2-dissipative, although (2.6) is satisfied. Since A can be written as

Au = ∆u− iλ(∂21(σ2) ∂1u− ∂11(σ2) ∂2u),

this example shows that (2.6) is not sufficient for the L2-dissipativity of an
operator with lower order terms, even if Im A is symmetric.

2.3 General equation with constant coefficients

Generally speaking, it is impossible to obtain an algebraic characterization
for an operator with lower order terms. Indeed, let us consider, for example,
the operator

Au = ∆u + a(x)u

in a bounded domain Ω ⊂ Rn with zero Dirichlet boundary data. Denote by
λ1 the first eigenvalue of the Dirichlet problem for the Laplace equation in Ω.
A sufficient condition for the L2-dissipativity of A has the form Re a 6 λ1,
and we cannot give an algebraic characterization of λ1.

Consider, as another example, the operator

A = ∆ + µ

where µ is a nonnegative Radon measure on Ω. The operator A is Lp-
dissipative if and only if

∫

Ω

|w|2dµ 6 4
pp′

∫

Ω

|∇w|2dx (2.9)

for any w ∈ C0
∞(Ω) (cf. Lemma 2.1). Maz’ya [23, 24, 25] proved that the

following condition is sufficient for (2.9):

µ(F )
capΩ(F )

6 1
pp′

(2.10)

for all compact set F ⊂ Ω and the following condition is necessary:
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µ(F )
capΩ(F )

6 4
pp′

(2.11)

for all compact set F ⊂ Ω. Here, capΩ(F ) is the capacity of F relative to Ω,
i.e.,

capΩ(F ) = inf
{∫

Ω

|∇u|2dx : u ∈ C0
∞(Ω), u > 1 on F

}
.

The condition (2.10) is not necessary and the condition (2.11) is not sufficient.
However. it is possible to find necessary and sufficient conditions in the

case of constant coefficients. In this subsection, we consider such equations.
Consider the operator

Au = ∇t(A∇u) + b∇u + au (2.12)

with constant complex coefficients. Without loss of generality, we can assume
that the matrix A is symmetric.

The following assertion provides a necessary and sufficient condition for
the Lp-dissipativity of the operator A.

Theorem 2.2 ([4]). Suppose that Ω is an open set in Rn which contains
balls of arbitrarily large radius. The operator (2.12) is Lp-dissipative if and
only if there exists a real constant vector V such that

2Re A V + Imb = 0,

Re a + 〈Re A V, V 〉 6 0

and for any ξ ∈ Rn

|p− 2| |〈 ImA ξ, ξ〉| 6 2
√

p− 1 〈ReA ξ, ξ〉. (2.13)

If the matrix Re A is not singular, the following assertion holds.

Corollary 2.6 ([4]; cf. also [16]). Suppose that Ω is an open set in Rn which
contains balls of arbitrarily large radius. Assume that the matrix Re A is not
singular. The operator A is Lp-dissipative if and only if (2.13) holds and

4Re a 6 −〈(Re A )−1 Imb, Imb〉. (2.14)

Now, we can show that the condition (2.2) is not necessary for the Lp-
dissipativity, even if the matrix ImA is symmetric.
Example 2.3. Let n = 1, and let Ω = R1. Consider the operator

(
1 + 2

√
p− 1

p− 2
i

)
u′′ + 2iu′ − u,

where p 6= 2 is fixed. The conditions (2.13) and (2.14) are satisfied, and this
operator is Lp-dissipative in view of Corollary 2.6.
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On the other hand, the polynomial in (2.3) has the form

(
2
√

p− 1
p

ξ − η

)2

+ 2η + 1,

i.e., it is not nonnegative for any ξ, η ∈ R.

2.4 Smooth coefficients

In this subsection, we consider the operator

Au = ∇t(A∇u) + b∇u + a u (2.15)

with coefficients ahk, bh ∈ C1(Ω), a ∈ C0(Ω). Here, Ω is a bounded domain
in Rn with boundary of class C2,α for some α ∈ [0, 1). Let A be defined on
the set

D(A) = W 2,p(Ω) ∩W0
1,p(Ω).

We can compare the classical concept of the Lp-dissipativity of the operator
A (cf. (2.1)) with the Lp-dissipativity of the corresponding form L .

Theorem 2.3 ([4]). The operator A is Lp-dissipative if and only if the form
L is Lp-dissipative.

If the operator A has smooth coefficients and no lower order terms, one
can determine the best interval of p’s where the operator A is Lp-dissipative.

Define

λ = inf
(ξ,x)∈M

〈ReA (x)ξ, ξ〉
|〈 ImA (x)ξ, ξ〉|

where M is the set of (ξ, x) with ξ ∈ Rn, x ∈ Ω such that 〈 Im A (x)ξ, ξ〉 6= 0.

Theorem 2.4 ([4]). Let A be an operator of the form

Au = ∇t(A∇u). (2.16)

Suppose that the matrix Im A is symmetric and

〈Re A (x)ξ, ξ〉 > 0

for any x ∈ Ω, ξ ∈ Rn. If Im A (x) = 0 for any x ∈ Ω, then A is Lp-
dissipative for any p > 1. If Im A does not vanish identically in Ω, then A
is Lp-dissipative if and only if

2 + 2λ(λ−
√

λ2 + 1) 6 p 6 2 + 2λ(λ +
√

λ2 + 1).

This theorem leads to a characterization of operators that are Lp-dissipative
only for p = 2.
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Corollary 2.7 ([4]). Let A be the same as in Theorem 2.4. The operator A is
Lp-dissipative only for p = 2 if and only if ImA does not vanish identically
and λ = 0.

We know that the condition (2.6) is necessary and sufficient for the Lp-
dissipativity of the operator (2.16) provided that Im A is symmetric and
lower order terms are absent, but this is not true for a more general oper-
ator (2.15). The next result shows that the condition (2.6) is necessary and
sufficient for the operator (2.15) to be Lp-quasidissipative, i.e., there exists
ω > 0 such the operator A− ωI is Lp-dissipative:

Re
∫

Ω

〈Au, u〉|u|p−2dx 6 ω ‖u‖p
p

for any u ∈ D(A).
In the next theorem, the operator A is assumed to be strongly elliptic, i.e.,

〈ReA (x)ξ, ξ〉 > 0

for any x ∈ Ω, ξ ∈ Rn \ {0}.
Theorem 2.5 ([4]). A strongly elliptic operator (2.15) is Lp-quasidissipative
if and only if

|p− 2| |〈 Im A (x)ξ, ξ〉| 6 2
√

p− 1 〈ReA (x)ξ, ξ〉 (2.17)

for any x ∈ Ω, ξ ∈ Rn.

We emphasize that the symmetry of Im A is not required here.

2.5 Contractivity and quasicontractivity of the
generated semigroup

From the results of the previous subsection we can obtain some information
about the semigroup generated by A.

Theorem 2.6 ([4]). Let A be a strongly elliptic operator of the form (2.16)
with ImA = Im A t. The operator A generates a contraction semigroup on
Lp if and only if

|p− 2| |〈 Im A (x)ξ, ξ〉| 6 2
√

p− 1 〈Re A (x)ξ, ξ〉

for any x ∈ Ω, ξ ∈ Rn.

This theorem holds if the operator A has no lower order terms and
ImA = Im A t. For a more general operator (2.15) we have the following
criterion, where the notion of quasicontraction semigroup is used. We say
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that an operator A generates a quasicontraction semigroup if there exists
ω > 0 such that A− ωI generates a contraction semigroup.

Theorem 2.7 ([4]). Let A be a strongly elliptic operator of the form (2.15).
The operator A generates a quasicontraction semigroup on Lp if and only if
(2.17) holds for any x ∈ Ω, ξ ∈ Rn.

2.6 Dissipativity angle

Consider the operator
A = ∇t(A (x)∇),

where A (x) = {aij(x)} (i, j = 1, . . . , n) is a matrix with complex locally
integrable entries defined in a domain Ω ⊂ Rn. In this subsection, we consider
the problem of determining the angle of dissipativity of A, i.e., necessary and
sufficient conditions for the Lp-dissipativity of the Dirichlet problem for the
differential operator zA, where z ∈ C. If A is a real matrix, it is well known
(cf., for example, [11, 12, 28]) that the dissipativity angle is independent of
the operator and is given by

| arg z| 6 arctan
(

2
√

p− 1
|p− 2|

)
. (2.18)

If the entries of the matrix A are complex, the situation is different because
the dissipativity angle depends on the operator, as the next theorem shows.

Theorem 2.8 ([5]). Let a matrix A be symmetric. Suppose that the operator
A is Lp-dissipative. Let

Λ1 = ess inf
(x,ξ)∈Ξ

〈 ImA (x)ξ, ξ〉
〈ReA (x)ξ, ξ〉 , Λ2 = ess sup

(x,ξ)∈Ξ

〈 Im A (x)ξ, ξ〉
〈ReA (x)ξ, ξ〉 ,

where
Ξ = {(x, ξ) ∈ Ω × Rn | 〈Re A (x)ξ, ξ〉 > 0}.

The operator zA is Lp-dissipative if and only if

ϑ− 6 arg z 6 ϑ+ ,

where 1

1 Here, 0 < arccoty < π, arccot(+∞) = 0, arccot(−∞) = π, and

ess inf
(x,ξ)∈Ξ

〈 Im A (x)ξ, ξ〉
〈Re A (x)ξ, ξ〉 = +∞, ess sup

(x,ξ)∈Ξ

〈 Im A (x)ξ, ξ〉
〈Re A (x)ξ, ξ〉 = −∞

if Ξ has zero measure.
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ϑ− =

{
arccot

(
2
√

p−1
|p−2| − p2

|p−2|
1

2
√

p−1+|p−2|Λ1

)
− π if p 6= 2,

arccot(Λ1)− π if p = 2,

ϑ+ =

{
arccot

(
− 2

√
p−1

|p−2| + p2

|p−2|
1

2
√

p−1−|p−2|Λ2

)
if p 6= 2

arccot(Λ2) if p = 2.

Note that for a real matrix A we have Λ1 = Λ2 = 0 and, consequently,

2
√

p− 1
|p− 2| −

p2

2
√

p− 1|p− 2| = − |p− 2|
2
√

p− 1
.

Theorem 2.8 asserts that zA is dissipative if and only if

arccot
(
− |p− 2|

2
√

p− 1

)
− π 6 arg z 6 arccot

( |p− 2|
2
√

p− 1

)
,

i.e., if and only if (2.18) holds.

3 Lp-Contractivity for Weakly Coupled Systems

In this section, we consider the operator

Apu = ∂i(aij∂ju) + ai∂iu + Au, u ∈ (W 2,p(Ω) ∩W 1,p
0 (Ω))N , (3.1)

where aij and ai are real C1(Ω) functions and A is an N × N -matrix with
complex C0(Ω) entries. We assume that the matrix {aij} is pointwise sym-
metric.

With the operator (3.1) we associate the operator

Au =
4

pp′
∂i(aij∂ju) +

1
2p

(
p(A + A∗)− 2∂iaiI

)
u, (3.2)

where u ∈ (H2(Ω) ∩H1
0 (Ω))N .

The following result due to Langer and Maz’ya [17] shows that the Lp-
contractivity of the operator Ap is connected with the L2-contractivity of
the operator A.

Theorem 3.1 ([17]). Let Ω ⊂ Rn be a bounded domain with C2,α boundary
(0 < α 6 1), and let Ap be an elliptic operator of the form (3.1). If the opera-
tor (3.2) generates a contraction semigroup on (L2(Ω))N , then Ap generates
a contraction semigroup on (Lp(Ω))N . Conversely, if there exists a basis of
constant eigenvectors of A+A∗, then A generates a contraction semigroup on
(L2(Ω))N provided that Ap generates a contraction semigroup on (Lp(Ω))N .
In particular, the converse assertion holds in the scalar case.
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To prove this theorem, the following functionals were introduced:

J(w) =
∫

Ω

( 4
pp′

aij〈∂iw, ∂jw〉+ Re
〈
(p−1∂iaiI −A)w, w

〉)
dx,

Jp(w) =
∫

Ω

(
aij〈∂iw, ∂jw〉+ Re

〈
(p−1∂iaiI −A)w, w

〉)
dx

− (p− 2)2

p2

∫

{w 6=0}
aij Re 〈∂iw, w〉Re 〈∂jw, w〉|w|−2 dx,

and the related constants

µ = inf{J(w) : w ∈ (H1
0 (Ω))N , ‖w‖2 = 1},

µp = inf{Jp(w) : w ∈ (H1
0 (Ω))N , ‖w‖2 = 1}.

Lemma 3.1 ([17]). An operator Ap is dissipative in (Lp(Ω))N if and only
if µp > 0.

Lemma 3.2 ([17]). Let 1 < p < ∞. Assume that the principal part of Ap is
positive. Then A and Ap generate the semigroups T on (L2(Ω))N and Tp on
(Lp(Ω))N respectively, and the following inequalities hold:

‖T (t)‖ 6 e−µt, ‖Tp(t)‖ 6 e−µpt, t > 0,

where µ and µp are the best possible constants.

By Lemma 3.2, in the case µ = µp, the operator Ap generates a contraction
semigroup on (Lp)N if and only if the operator A generates a contraction
semigroup on (L2)N . Therefore, it is of interest to clarify relations between
µ and µp.

Lemma 3.3 ([17]). Let 1 < p < ∞. Assume that the principal part of Ap

is positive. Then µ = µp if and only if at least one of nonzero generalized
solutions of the equation

− 4
pp′

∂i(aij∂jw) +
1
2p

(2∂iaiI − p(A + A∗))w = µw, w ∈ (H1
0 (Ω))N

has the form
w = fc ,

where f is a real-valued scalar function and c ∈ CN . Moreover, µ is the least
eigenvalue of the left-hand side of the equation.

Corollary 3.1 ([17]). Suppose that the principal part of Ap is positive. Then
µ 6 µp. If µ = µp, then there is a constant eigenvector of A + A∗ in Ω.

Based on these results, Langer and Maz’ya proved Theorem 3.1 above.
The following example concerns the equality µ = µp which is always sat-

isfied for N = 1 in view of Lemma 3.3.
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Example 3.1. Let A be the matrix

A(x) =
(

1 |x|
|x| −1

)
, x ∈ Ω.

Since A has no constant eigenvectors, µ < µp (cf. Corollary 3.1). Therefore,
it is possible to choose a suitable constant c such that Ap + cI generates
a contraction semigroup on (Lp(Ω))2, whereas A + cI does not generate a
contraction semigroup on (L2(Ω))2.

4 Parabolic Systems

4.1 The maximum modulus principle for a parabolic
system

In this subsection, we discuss the L∞ case. This case was investigated by
Kresin and Maz’ya (cf. [15] for a survey of their results). In particular, they
proved that for a uniformly parabolic system in the sense of Petrovskii with
coefficients independent of t the maximum modulus principle holds if and
only if the principal part of the system is scalar and the coefficients of the
system satisfy a certain algebraic inequality (cf. Theorem 4.1 below). Kresin
and Maz’ya also considered the case where the coefficients depend on t and
found necessary and, separately, sufficient conditions for the validity of the
maximum modulus principle. They studied also maximum principles where
the norm is understood in a generalized sense, i.e., as the Minkowski func-
tional of a compact convex body in Rn containing the origin. In this general
case, they obtained necessary and (separately, if the coefficients depend on
t) sufficient conditions for the validity of the maximum norm principle.

Let Ω ⊂ Rn be a bounded domain with C2,α boundary (0 < α 6 1).
Denote by QT the cylinder Ω × (0, T ). Consider the differential operator A

Au = ∂i(Aij∂ju) + Ai∂iu + Au,

where Aij , Ai, and A are N ×N matrices with complex-valued entries. The
entries of Aij , Ai, and A belong to C2,α(Ω), C1,α(Ω), and C0,α(Ω) respec-
tively. Moreover, we assume that Aij = Aji and there exists δ > 0 such that
for any x ∈ Ω and ξ = (ξ1, . . . , ξN ) ∈ RN the zeros of the polynomial

λ 7→ det(ξiξjAij + λI)

satisfy the inequality
Reλ 6 −δ|ξ|2.

Consider the problem
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∂tu−Au = 0 in QT ,

u(·, 0) = ϕ on Ω,

u|∂Ω×[0,T ] = 0,

(4.1)

where ϕ ∈ (C2,α(Ω))N vanishes on ∂Ω.

Theorem 4.1 ([16]). Let u be the solution to the problem (4.1). The solution
u satisfies the estimate

‖u(·, t)‖∞ 6 ‖ϕ‖∞, ∀t ∈ [0, T ],

for all ϕ ∈ (C2,α(Ω))N vanishing on ∂Ω if and only if
(a) there are real-valued scalar functions aij in Ω such that Aij = aijI for

every i, j, and the n× n matrix {aij} is positive definite,

(b) for all ηi, ζ ∈ CN , i = 1, . . . , n, such that Re 〈ηi, ζ〉 = 0

Re
{
aij〈ηi, ηj〉 − 〈Aiηi, ζ〉 − 〈Aζ, ζ〉} > 0 on Ω.

In the scalar case n = 1, condition (b) is reduced to the inequality

−4 ReA > bij Im Ai Im Aj on Ω,

where {bij} = {aij}−1 (cf. (2.14)).
Now, consider the problem

∂tw +A∗w = 0 in QT ,

w(·, T ) = ψ on Ω,

w|∂Ω×[0,T ] = 0,

(4.2)

where A∗ is the formally adjoint operator of A:

A∗w = ∂i(A∗ij∂jw)−A∗i ∂iw + (A∗ − ∂iA
∗
i )w.

Theorem 4.1 implies the following assertion.

Corollary 4.1. Let w be the solution to the problem (4.2). The solution u
satisfies the inequality

‖w(·, t)‖∞ 6 ‖ψ‖∞ ∀t ∈ [0, T ],

for all ψ ∈ (C2,α(Ω))N vanishing on ∂Ω if and only if

(a) there are real-valued scalar functions aij on Ω such that Aij = aijI for
every i, j and the n× n matrix {aij} is positive definite,

(b) for all ηi, ζ ∈ CN , i = 1, . . . , n, such that Re 〈ηi, ζ〉 = 0

Re
{
aij〈ηi, ηj〉+ 〈Aiζ, ηi〉 − 〈(A− ∂iAi)ζ, ζ〉} > 0 on Ω.
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Based on Theorem 4.1 and Corollary 4.1 and using interpolation, it is
possible to obtain necessary and sufficient conditions for the validity of the
Lp maximum principle for all p ∈ [1,∞] simultaneously.

Corollary 4.2 ([17]). Let u be the solution to the problem (4.1). The solution
u satisfies the inequality

‖u(·, t)‖p 6 ‖ϕ‖p, ∀t ∈ [0, T ],

for all ϕ ∈ (C2,α(Ω))N vanishing on ∂Ω and for all p ∈ [1,∞] if and only if

(a) there are real-valued scalar functions aij on Ω such that Aij = aijI for
every i, j and the n× n matrix {aij} is positive definite,

(b) for all ηi, ζ ∈ CN , i = 1, . . . , n, such that Re 〈ηi, ζ〉 = 0 the following
inequalities hold on Ω:

Re
{
aij〈ηi, ηj〉 − 〈Aiηi, ζ〉 − 〈Aζ, ζ〉} > 0,

Re
{
aij〈ηi, ηj〉+ 〈Aiζ, ηi〉 − 〈(A− ∂iAi)ζ, ζ〉} > 0.

4.2 Applications to semigroup theory

From Theorem 4.2 we obtain the following contractivity property of the semi-
group generated by Ap, where Ap is the extension of A to the space

D(Ap) = (W 2,p(Ω) ∩W 1,p
0 (Ω))N , 1 < p < ∞

and A1 is the (L1(Ω))N closure of the operator A defined on the set of
functions in (C2,α(Ω))N vanishing on ∂Ω.

Theorem 4.2 ([17]). Operators Ap generate contraction semigroups on
(Lp(Ω))N for all p ∈ [1,∞) and on (C0(Ω))N for p = ∞ simultaneously
if and only if

(a) there are real-valued scalar functions aij on Ω such that Aij = aijI for
every i, j and the n× n matrix {aij} is positive definite,

(b) for all ηi, ζ ∈ CN , i = 1, . . . , n, such that Re 〈ηi, ζ〉 = 0 the following
inequalities hold on Ω :

Re
{
aij〈ηi, ηj〉 − 〈Aiηi, ζ〉 − 〈Aζ, ζ〉} > 0,

Re
{
aij〈ηi, ηj〉+ 〈Aiζ, ηi〉 − 〈(A− ∂iAi)ζ, ζ〉} > 0.

Example 4.1. Consider the Schrödinger operator with magnetic field

−(i∇+ m)t(i∇+ m)− V,
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where m is an Rn-valued function on Ω and V is complex-valued. Theorem
4.2 shows that this operator generates contraction semigroups on Lp(Ω) for
all p ∈ [1,∞] simultaneously if and only if

−4Re A >
n∑

j=1

(ImAj)2, −4Re(A− ∂jAj) >
n∑

j=1

(− ImAj)2,

which is equivalent to the condition Re V > 0 on Ω.

5 Two-Dimensional Elasticity System

Consider the classical operator of two-dimensional elasticity

Eu = ∆u + (1− 2ν)−1∇∇tu, (5.1)

where ν is the Poisson ratio. As is known, E is strongly elliptic if and only
if either ν > 1 or ν < 1/2. To obtain a necessary and sufficient condition for
the Lp-dissipativity of this elasticity system, we formulate some facts about
systems of partial differential equations of the form

A = ∂h(A hk(x)∂k), (5.2)

where A hk(x) = {ahk
ij (x)} are m × m matrices whose entries are complex

locally integrable functions defined in an arbitrary domain Ω of Rn (1 6
i, j 6 m, 1 6 h, k 6 n).

Lemma 5.1 ([5]). An operator A of the form (5.2) is Lp-dissipative in Ω ⊂
Rn if and only if

∫

Ω

(
Re 〈A hk∂kw, ∂hw〉

− (1− 2/p)2|w|−4 Re 〈A hkw, w〉Re〈w, ∂kw〉Re 〈w, ∂hw〉
− (1− 2/p)|w|−2 Re

(〈A hkw, ∂hw〉Re 〈w, ∂kw〉
− 〈A hk∂kw, w〉Re 〈w, ∂hw〉)

)
dx > 0

for any w ∈ (C0
1(Ω))m.

In the case n = 2, Lemma 5.1 yields a necessary algebraic condition.

Theorem 5.1 ([5]). Let Ω be a domain of R2. If an operator A of the form
(5.2) is Lp-dissipative, then
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Re 〈(A hk(x)ξhξk)λ, λ〉 − (1− 2/p)2 Re 〈(A hk(x)ξhξk)ω, ω〉(Re〈λ, ω〉)2

− (1− 2/p)Re(〈(A hk(x)ξhξk)ω, λ〉 − 〈(A hk(x)ξhξk)λ, ω〉)Re 〈λ, ω〉 > 0

for almost every x ∈ Ω and for any ξ ∈ R2, λ, ω ∈ Cm, |ω| = 1.

Based on Lemma 5.1 and Theorem 5.1, it is possible to obtain the following
criterion for the Lp-dissipativity of the two-dimensional elasticity system.

Theorem 5.2 ([5]). The operator (5.1) is Lp-dissipative if and only if

(
1
2
− 1

p

)2

6 2(ν − 1)(2ν − 1)
(3− 4ν)2

.

By Theorems 5.1 and 5.2, it is easy to compare E and ∆ from the point
of view of Lp-dissipativity.

Corollary 5.1 ([5]). There exists k > 0 such that E − k∆ is Lp-dissipative
if and only if (

1
2
− 1

p

)2

<
2(ν − 1)(2ν − 1)

(3− 4ν)2
.

There exists k < 2 such that k∆− E is Lp-dissipative if and only if

(
1
2
− 1

p

)2

<
2ν(2ν − 1)
(1− 4ν)2

.

6 A Class of Systems of Partial Differential Operators

In this section, we consider systems of partial differential operators of the
form

Au = ∂h(A h(x)∂hu), (6.1)

where A h(x) = {ah
ij(x)} (i, j = 1, . . . , m) are matrices with complex locally

integrable entries defined in a domain Ω ⊂ Rn (h = 1, . . . , n). Note that the
elasticity system is not a system of this kind.

To characterize the Lp-dissipativity of such operators, one can reduce the
consideration to the one-dimensional case. Auxiliary facts are given in the
following two subsections.

6.1 Dissipativity of systems of ordinary differential
equations

In this subsection, we consider the operator



Lp-Contractivity of Semigroups 65

Au = (A (x)u′)′, (6.2)

where A (x) = {aij(x)} (i, j = 1, . . . ,m) is a matrix with complex locally
integrable entries defined in a bounded or unbounded interval (a, b). The
corresponding sesquilinear form L (u,w) takes the form

L (u,w) =
∫ b

a

〈A u′, w′〉 dx.

Theorem 6.1 ([5]). The operator A is Lp-dissipative if and only if

Re 〈A (x)λ, λ〉 − (1− 2/p)2 Re 〈A (x)ω, ω〉(Re〈λ, ω〉)2
− (1− 2/p) Re(〈A (x)ω, λ〉 − 〈A (x)λ, ω〉)Re 〈λ, ω〉 > 0

for almost every x ∈ (a, b) and for any λ, ω ∈ Cm, |ω| = 1.

This theorem implies the following assertion.

Corollary 6.1 ([5]). If the operator A is Lp-dissipative, then

Re 〈A (x)λ, λ〉 > 0

for almost every x ∈ (a, b) and for any λ ∈ Cm.

We can precisely determine the angle of dissipativity of the matrix ordinary
differential operator (6.2) with complex coefficients.

Theorem 6.2 ([5]). Let the operator (6.2) be Lp-dissipative. The operator
zA is Lp-dissipative if and only if

ϑ− 6 arg z 6 ϑ+

where

ϑ− = arccot
(

ess inf
(x,λ,ω)∈Ξ

(Q(x, λ, ω)/P (x, λ, ω))
)
− π,

ϑ+ = arccot

(
ess sup

(x,λ,ω)∈Ξ

(Q(x, λ, ω)/P (x, λ, ω))

)
,

P (x, λ, ω) = Re 〈A (x)λ, λ〉 − (1− 2/p)2 Re 〈A (x)ω, ω〉(Re〈λ, ω〉)2
− (1− 2/p)Re(〈A (x)ω, λ〉 − 〈A (x)λ, ω〉)Re 〈λ, ω〉,

Q(x, λ, ω) = Im 〈A (x)λ, λ〉 − (1− 2/p)2 Im 〈A (x)ω, ω〉(Re〈λ, ω〉)2
− (1− 2/p) Im(〈A (x)ω, λ〉 − 〈A (x)λ, ω〉) Re 〈λ, ω〉
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and Ξ is the set

Ξ = {(x, λ, ω) ∈ (a, b)× Cm × Cm | |ω| = 1, P 2(x, λ, ω) + Q2(x, λ, ω) > 0}.

Another consequence of Theorem 6.1 is the possibility to compare the
operators A and I(d2/dx2).

Corollary 6.2 ([5]). There exists k > 0 such that A − kI(d2/dx2) is Lp-
dissipative if and only if

ess inf
(x,λ,ω)∈(a,b)×Cm×Cm

|λ|=|ω|=1

P (x, λ, ω) > 0.

There exists k > 0 such that kI(d2/dx2)−A is Lp-dissipative if and only if

ess sup
(x,λ,ω)∈(a,b)×Cm×Cm

|λ|=|ω|=1

P (x, λ, ω) < ∞.

There exists k ∈ R such that A− kI(d2/dx2) is Lp-dissipative if and only if

ess inf
(x,λ,ω)∈(a,b)×Cm×Cm

|λ|=|ω|=1

P (x, λ, ω) > −∞.

6.2 Criteria in terms of eigenvalues of A (x)

If the coefficients aij of the operator (6.2) are real, it is possible to give a
necessary and sufficient condition for the Lp-dissipativity of A in terms of
eigenvalues of the matrix A .

Theorem 6.3 ([5]). Let A be a real matrix {ahk} with h, k = 1, . . . ,m.
Suppose that A = A t and A > 0 (in the sense that 〈A (x)ξ, ξ〉 > 0 for
almost every x ∈ (a, b) and for any ξ ∈ Rm). The operator A is Lp-dissipative
if and only if

(
1
2
− 1

p

)2

(µ1(x) + µm(x))2 6 µ1(x)µm(x)

almost everywhere, where µ1(x) and µm(x) are the smallest and largest eigen-
values of the matrix A (x) respectively. In the particular case m = 2, this
condition is equivalent to

(
1
2
− 1

p

)2

(trA (x))2 6 det A (x)

almost everywhere.
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Corollary 6.3 ([5]). Let A be a real symmetric matrix. Let µ1(x) and µm(x)
be the smallest and largest eigenvalues of A (x) respectively. There exists
k > 0 such that A− kI(d2/dx2) is Lp-dissipative if and only if

ess inf
x∈(a,b)

[
(1 +

√
p p′/2)µ1(x) + (1−

√
p p′/2) µm(x)

]
> 0. (6.3)

In the particular case m = 2, the condition (6.3) is equivalent to

ess inf
x∈(a,b)

[
trA (x)−

√
p p′

2

√
(trA (x))2 − 4 det A (x)

]
> 0.

Under an extra condition on the matrix A , the following assertion holds.

Corollary 6.4 ([5]). Let A be a real symmetric matrix. Suppose that A > 0
almost everywhere. Denote by µ1(x) and µm(x) the smallest and largest eigen-
values of A (x) respectively. If there exists k > 0 such that A− kI(d2/dx2) is
Lp-dissipative, then

ess inf
x∈(a,b)

[
µ1(x)µm(x)−

(
1
2
− 1

p

)2

(µ1(x) + µm(x))2
]

> 0. (6.4)

If, in addition, there exists C such that

〈A (x)ξ, ξ〉 6 C|ξ|2 (6.5)

for almost every x ∈ (a, b) and for any ξ ∈ Rm, the converse assertion is also
true. In the particular case m = 2, the condition (6.4) is equivalent to

ess inf
x∈(a,b)

[
det A (x)−

(
1
2
− 1

p

)2

(trA (x))2
]

> 0.

Generally speaking, the assumption (6.5) cannot be removed even if A >
0.
Example 6.1. Consider (a, b) = (1,∞), m = 2, A (x) = {aij(x)}, where

a11(x) = (1− 2/
√

pp′)x + x−1, a12(x) = a21(x) = 0,

a22(x) = (1 + 2/
√

pp′)x + x−1.

Then

µ1(x)µ2(x)−
(

1
2
− 1

p

)2

(µ1(x) + µ2(x))2 = (8 + 4x−2)/(p p′)

and (6.4) holds. But (6.3) is not satisfied because
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(1 +
√

p p′/2) µ1(x) + (1−
√

p p′/2)µ2(x) = 2x−1.

Corollary 6.5 ([5]). Let A be a real symmetric matrix. Let µ1(x) and µm(x)
be the smallest and largest eigenvalues of A (x) respectively. There exists
k > 0 such that kI(d2/dx2)−A is Lp-dissipative if and only if

ess sup
x∈(a,b)

[
(1−

√
p p′/2)µ1(x) + (1 +

√
p p′/2)µm(x)

]
< ∞. (6.6)

In the particular case m = 2, the condition (6.6) is equivalent to

ess sup
x∈(a,b)

[
trA (x) +

√
p p′

2

√
(trA (x))2 − 4 det A (x)

]
< ∞.

If A is positive, the following assertion holds.

Corollary 6.6 ([5]). Let A be a real symmetric matrix. Suppose that A > 0
almost everywhere. Let µ1(x) and µm(x) be the smallest and largest eigen-
values of A (x) respectively. There exists k > 0 such that kI(d2/dx2) − A is
Lp-dissipative if and only if

ess sup
x∈(a,b)

µm(x) < ∞.

6.3 Lp-dissipativity of the operator (6.1)

We represent necessary and sufficient conditions for the Lp-dissipativity of
the system (6.1), obtained in [5].

Denote by yh the (n − 1)-dimensional vector (x1, . . . , xh−1, xh+1, . . . , xn)
and set ω(yh) = {xh ∈ R | x ∈ Ω}.
Lemma 6.1 ([5]). The operator (6.1) is Lp-dissipative if and only if the
ordinary differential operators

A(yh)[u(xh)] = d(A h(x)du/dxh)/dxh

are Lp-dissipative in ω(yh) for almost every yh ∈ Rn−1 (h = 1, . . . , n). This
condition is void if ω(yh) = ∅.

Theorem 6.4 ([5]). The operator (6.1) is Lp-dissipative if and only if

Re〈A h(x0)λ, λ〉 − (1− 2/p)2 Re〈A h(x0)ω, ω〉(Re〈λ, ω〉)2

− (1− 2/p)Re(〈A h(x0)ω, λ〉 − 〈A h(x0)λ, ω〉) Re 〈λ, ω〉 > 0 (6.7)

for almost every x0 ∈ Ω and for any λ, ω ∈ Cm, |ω| = 1, h = 1, . . . , n.



Lp-Contractivity of Semigroups 69

In the scalar case (m = 1), the operator (6.1) can be considered as an
operator from Section 2.

In fact, if Au =
∑n

h=1 ∂h(ah∂hu), ah is a scalar function, then A can be
written in the form (2.5) with A = {chk}, chh = ah, chk = 0 if h 6= k.
The conditions obtained in Section 2 can be directly compared with (6.7).
We know that the operator A is Lp-dissipative if and only if (2.7) holds.
In this particular case, it is clear that (2.7) is equivalent to the following n
conditions:

4
p p′

(Re ah) ξ2 + (Re ah) η2 − 2(1− 2/p)(Im ah) ξη > 0 (6.8)

almost everywhere and for any ξ, η ∈ R, h = 1, . . . , n. On the other hand, in
this case, (6.7) reads as

(Re ah)|λ|2 − (1− 2/p)2(Re ah)(Re(λω)2

− 2(1− 2/p)(Im ah)Re(λω) Im(λω) > 0 (6.9)

almost everywhere and for any λ, ω ∈ C, |ω| = 1, h = 1, . . . , n. Setting
ξ + iη = λω and observing that |λ|2 = |λω|2 = (Re(λω))2 + (Im(λω))2, we
see that the conditions (6.8) (hence (2.7)) are equivalent to (6.9).

Theorem 6.4 allows us to determine the angle of dissipativity of the oper-
ator (6.1).

Theorem 6.5 ([5]). Let A be Lp-dissipative. The operator zA is Lp-dissipative
if and only if

ϑ− 6 arg z 6 ϑ+,

where

ϑ− = max
h=1,...,n

arccot
(

ess inf
(x,λ,ω)∈Ξh

(Qh(x, λ, ω)/Ph(x, λ, ω))
)
− π,

ϑ+ = min
h=1,...,n

arccot

(
ess sup

(x,λ,ω)∈Ξh

(Qh(x, λ, ω)/Ph(x, λ, ω))

)

and

Ph(x, λ, ω) = Re 〈A h(x)λ, λ〉 − (1− 2/p)2 Re 〈A h(x)ω, ω〉(Re〈λ, ω〉)2

− (1− 2/p) Re(〈A h(x)ω, λ〉 − 〈A h(x)λ, ω〉)Re 〈λ, ω〉,

Qh(x, λ, ω)=Im 〈A h(x)λ, λ〉 − (1− 2/p)2Im 〈A h(x)ω, ω〉(Re〈λ, ω〉)2

− (1− 2/p) Im(〈A h(x)ω, λ〉 − 〈A h(x)λ, ω〉)Re 〈λ, ω〉,
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Ξh = {(x, λ, ω) ∈ Ω × Cm × Cm | |ω| = 1, P 2
h (x, λ, ω) + Q2

h(x, λ, ω) > 0}.

If A has real coefficients, we can characterize the Lp-dissipativity in terms
of the eigenvalues of the matrices A h(x).

Theorem 6.6 ([5]). Let A be an operator of the form (6.1), where A h are real
matrices {ah

ij} with i, j = 1, . . . ,m. Suppose that A h = (A h)t and A h > 0
(h = 1, . . . , n). The operator A is Lp-dissipative if and only if

(
1
2
− 1

p

)2

(µh
1 (x) + µh

m(x))2 6 µh
1 (x)µh

m(x)

for almost every x ∈ Ω, h = 1, . . . , n, where µh
1 (x) and µh

m(x) are the smallest
and largest eigenvalues of the matrix A h(x) respectively. In the particular
case m = 2, this condition is equivalent to

(
1
2
− 1

p

)2

(trA h(x))2 6 det A h(x)

for almost every x ∈ Ω, h = 1, . . . , n.

7 Higher Order Differential Operators

The contractivity of semigroups generated by second order partial differential
operators, scalar or vector, was studied in many papers by different authors.
The case of higher order operators is quite different because of peculiarities
explained below. Apparently, only the paper [18] by Langer and Maz’ya dealt
with similar questions for higher order differential operators.

7.1 Noncontractivity of higher order operators

The following simple example shows that it is not reasonable to expect the
L1-contractivity for higher order operators even in the one-dimensional case.
Consider the problem

∂

∂t
u(x, t) + (−1)m ∂2m

∂x2m
u(x, t) = 0 x ∈ R, t > 0.

The solution u is expressed as

u(x, t) =
∫

R
Kt(x− y)u(y, 0) dy
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with the kernel Kt such that

K̂t(ξ) = e−ξ2mt, ξ ∈ R, t > 0,

where K̂t is the Fourier transform of Kt. Since for m > 1

1 = K̂t(0) =
∫

R
Kt(x) dx, 0 = K̂ ′′

t (0) = −
∫

R
x2Kt(x) dx,

we have ‖Kt‖L1 > 1. Consequently, the semigroup generated by the operator

(−1)m+1 d2m

dx2m

cannot be contractive.
Maz’ya and Langer [18] considered multidimensional operators with locally

integrable coefficients. In the case 1 6 p < ∞, p 6= 2, they proved that, in
the class of linear partial differential operators of order higher than two, with
the domain containing (C0

∞(Ω))N , there are no generators of a contraction
semigroup on (Lp(Ω))N . In the one-dimensional case, they found necessary
and sufficient conditions.

Theorem 7.1 ([18]). Let k ∈ N and p ∈ [1,∞). The integral
∫

w(k)|w|p−1sgnw dx

preserves the sign as w runs over the real-valued functions in C0
∞(Ω) if and

only if p = 2 or k ∈ {0, 1, 2}.
Consider a linear partial differential operator A of the form

A =
∑

|α|6k

aαDα (7.1)

where aα belong to L1
loc(Ω), and Ω is a domain in Rn.

Theorem 7.2 ([18]). Let p ∈ [1,∞), p 6= 2. If

Re
∫

Ω

〈Au, u〉 |u|p−2 dx

preserves the sign as u runs over C0
∞(Ω), then A is of order 0, 1, or 2.

If u runs over not C0
∞(Ω), but only (C0

∞(Ω))+ (i.e., the class of nonnega-
tive functions of C0

∞(Ω)), then the result for operators with real coefficients
becomes quite different.

Theorem 7.3 ([18]). Let p ∈ (1,∞), p 6= 2. Let A be a linear partial differ-
ential operator with real-valued coefficients. Assume that
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∫

Ω

(Au)up−1 dx

preserves the sign as u runs over (C0
∞(Ω))+. Then either A is of order 0,

1, or 2 or A is of order 4 and 3
2 6 p 6 3.

Theorem 7.2 means the nondissipativity of higher order operators of the
form (7.1), where aα are N × N matrices with entries in L1

loc(Ω) (N is a
positive integer). For such operators the following assertion holds.

Theorem 7.4 ([18]). If 1 6 p < ∞, p 6= 2, then there are no linear partial
differential operator of order higher than two, with the domain containing
(C0

∞(Ω))N , that generates a contraction semigroup on (Lp(Ω))N .

7.2 The cone of nonnegative functions

In some cases, it is known that a solution to the Cauchy problem

s′(t) = A[s(t)]
s(0) = s0

(7.2)

is nonnegative on some interval. Hence the question about the contractivity
on the cone of nonnegative functions arises.

As is known, the norms of the solutions to the Cauchy problem decrease if
the corresponding semigroup is contractive. In the case of a cone of nonneg-
ative functions, when the semigroup theory cannot be applied, the following
lemma can be regarded as a parallel result.

Note that the spaces Lp are assumed to be real in this subsection.

Lemma 7.1 ([18]). Suppose that the Cauchy problem (7.2) has a unique
solution of class C1(R+, Lp) for every s0 ∈ D(A).

In the case 1 < p < ∞,

d

dt
‖s(t)‖p

∣∣∣∣
t=0+

6 0

for every s(0) ∈ (D(A))+ if and only if
∫

Ω

(Au)up−1 dx 6 0 (7.3)

for every u ∈ (D(A))+.
In the case p = 1, the inequality (7.3) holds for every u ∈ (D(A))+ if

lim inf
t→0+

t−1(‖s(t)‖1 − ‖s(0)‖1) 6 0 (7.4)
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for every s(0) ∈ (D(A))+.

Lemma 7.1 and Theorem 7.3 lead to the following assertion.

Theorem 7.5 ([18]). Let 1 < p < ∞, p 6= 2. Consider a linera partial
differential operator A such that the domain D(A) of A contains C0

∞(Ω),
the coefficients of A belong to L1

loc(Ω), and the Cauchy problem (7.2) has a
unique solution for every nonnegative initial data in D(A). If

d

dt
‖s(t)‖p

∣∣∣∣
t=0+

6 0

for every s(0) ∈ (D(A))+, then either A is of order 0, 1, or 2 or A is of order
4 and 3

2 6 p 6 3.

This theorem does not cover the case p = 1. In this special case, it is
possible to show that under the assumptions of Theorem 7.5 and the condition
(7.4), the distribution

−
∑

|α|6k

(−1)|α|∂αaα

is a positive measure.
The following theorem is related to the case where the operator has con-

stant coefficients and the domain Ω has smooth boundary.

Theorem 7.6 ([18]). Let 1 < p < ∞. Suppose that Ω ⊂ Rn is an open
bounded domain with C∞-boundary. Suppose that {aijk`} are real constants
such that

aijk` = ajki` = aj`ik

for all i, j, k, ` and ∑

16i,j,k,`6n

aijk`ξijξk` > 0

for all real symmetric n× n matrices ξ = {ξij}. Then
∫

Ω

(aijk`∂i∂j∂k∂`u)up−1 dx > 0

for all nonnegative functions u ∈ W 4,p(Ω)∩W 2,p
0 (Ω) if and only if 3

2 6 p 6 3.

Corollary 7.1 ([18]). Let 3
2 6 p 6 3. Suppose that Ω and the coefficients of

an operator
A = −aijk`∂ijk`,

with the domain W 4,p(Ω)∩W 2,p
0 (Ω), satisfy the assumptions of Theorem 7.6.

Then any differentiable solution s to the Cauchy problem (7.2) with nonneg-
ative initial value s(0) ∈ D(A) satisfies the estimate

d

dt
‖s(t)‖p

∣∣∣∣
t=0+

6 0.
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In particular, A = −∆2 satisfies the assumptions of Corollary 7.1.
In conclusion, we mention two open questions. The first one concerns nec-

essary and sufficient conditions for the Lp-dissipativity of the operator (2.5)
when the matrix Im A is not necessarily symmetric. The second question is
to find exact conditions for an Lp-dissipative operator to generate a contrac-
tion semigroup in Lp, without the smoothness assumptions of Sections 2.4
and 2.5.
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erated by the differential expression d+b·∇. Theor. Probab. Appl. 35, 443–453
(1990)

15. Kresin, G.: Sharp constants and maximum principles for elliptic and parabolic
systems with continuous boundary data. In: The Maz’ya Anniversary Collec-
tion 1m pp. 249–306. Birkhäuser, Basel (1999)

16. Kresin, G., Maz’ya, V.: Criteria for validity of the maximum modulus principle
for solutions of linear parabolic systems. Ark. Mat. 32, 121–155 (1994)



Lp-Contractivity of Semigroups 75

17. Langer, M.: Lp-contractivity of semigroups generated by parabolic matrix dif-
ferential operators. In: The Maz’ya Anniversary Collection, 1, pp. 307–330.
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Uniqueness and Nonuniqueness in
Inverse Hyperbolic Problems and the
Black Hole Phenomenon

Gregory Eskin

Abstract We review recent results on inverse problems for the wave equation
in an (n + 1)-dimensional space equipped with a pseudo-Riemannian met-
ric with Lorentz signature and discuss conditions for the existence of black
(white) holes for these wave equations. We prove energy type estimates on a
finite time interval in the presence of black or white holes. These estimates
are used to prove the nonuniqueness in inverse problems.

1 Introduction

Inverse problems form an important field of mathematical research. The pa-
per [14] by V. Kozlov, V. Maz’ya, and A. Fomin is one of the excellent contri-
butionts to the subject. An important development in the theory of inverse
problems occured on more than twenty years ago, when M. Belishev sug-
gested a powerful method, called the Boundary Control method, for solving
the inverse hyperbolic problem for equations

∂2u

∂t2
+ Au = 0,

where A is the Laplace–Beltrami operator with time independent coefficients.
The method was further developed by different authors (cf., for example,
[1, 13] and the references therein). An important role in the solution of the
hyperbolic inverse problem is played by the unique continuation theorem due
to Tataru [16].
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In [3, 4], the author, based on some ideas of the Boundary Control method,
proposed a new approach to the study of inverse hyperbolic problems. This
approach allowed one to solve some inverse hyperbolic problems that were
not covered by the Boundary Control method. In particular, the case of hy-
perbolic equations with time-dependent coefficients was considered in [5], and
the case of the hyperbolic equation with general pseudo-Riemannian time-
independent metric was treated in [6]. We describe the main results of [6, 7]
in the following sections.

An interesting phenomenon discussed in [7] is the appearance of black
holes, called artificial (acoustic or optical) black holes in order to distinguish
them from black holes in the general relativity theory. Artificial black holes
attracted a great interest of physicists (cf. [15, 17] and the references therein)
because the physisists believe that the study of artificial black holes will be
useful for understanding the black holes in the universe.

In the last two sections, we prove energy type estimates on a finite time
interval in the presence of black or white holes. These estimates are used to
prove nonuniqueness in inverse problems.

2 Inverse Hyperbolic Problems

Let Ω be a bounded domain in Rn with smooth boundary ∂Ω, and let Γ ⊂
∂Ω be an open subset of ∂Ω. Consider the following hyperbolic equation in
the cylinder Ω ×R:

n∑

j,k=0

1√
(−1)ng(x)

∂

∂xj

(√
(−1)ng(x)gjk(x)

∂u(x0, x)
∂xk

)
= 0, (2.1)

where x = (x1, . . . , xn) ∈ Ω, x0 ∈ R is the time variable, the coefficients
in (2.1) are smooth and independent of x0, [gjk(x)]nj,k=0 = ([gjk(x)]nj,k=0)

−1

is a pseudo-Riemannian metric with Lorentz signature, i.e., the quadratic
form

∑n
j,k=0 gjk(x)ξjξk has signature (1,−1,−1, . . . ,−1) for all x ∈ Ω. Here,

g(x) = (det[gjk(x)]nj,k=0)
−1. Note that (−1)ng(x) > 0 for all x ∈ Ω.

We assume that
g00(x) > 0, x ∈ Ω, (2.2)

i.e., (1, 0, . . . , 0) is not a characteristic direction, and that

n∑

j,k=1

gjk(x)ξjξk < 0 ∀(ξ1, . . . , ξn) 6= (0, . . . , 0), ∀x ∈ Ω, (2.3)

i.e., the quadratic form (2.3) is negative definite. Note that (2.3) is equivalent
to the condition

g00(x) > 0, x ∈ Ω, (2.4)
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i.e., (1, 0, . . . , 0) is a time-like direction.
We consider the initial-boundary value problem for Equation (2.1) in the

cylinder Ω ×R:
u(x0, x) = 0, x ∈ Ω, x0 ¿ 0, (2.5)

u(x0, x) |∂Ω×R = f(x0, x
′), x′ ∈ ∂Ω, (2.6)

where f(x0, x
′) has compact support in ∂Ω ×R.

Let Λf be the Dirichlet-to-Neumann (DN) operator, i.e.,

Λf =
n∑

j,k=0

gjk(x)
∂u

∂xj
νk(x)

(
−

n∑
p,r=1

gjk(x)νpνr

)− 1
2
∣∣∣
∂Ω×R

, (2.7)

where ν0 = 0, (ν1, . . . , νn) is the outward unit normal vector to ∂Ω ⊂ Rn,
u(x0, x) is a solution of the problem (2.1), (2.5), (2.6).

Consider a smooth change of variables of the form:

x̂0 = x0 + a(x), (2.8)
x̂ = ϕ(x),

where ϕ(x) is a diffeomorphism from Ω onto some domain Ω̂ such that Γ ⊂
∂Ω̂, ϕ(x) = x on Γ , and a(x) = 0 on Γ . Note that (2.8) is the identity map
on Γ ×R. Note also that the map (2.8) transforms (2.1) to an equation of
the same form in Ω̂ ×R.

Theorem 2.1 (cf. [6]). Let L and L̂ be two operators of the form (2.1) in
Ω ×R and Ω̂ ×R respectively. Consider initial-boundary value problems of
the form (2.5), (2.6) for L and L̂. Suppose that Λf = Λ̂f on Γ ×R for all
f ∈ C∞0 (Γ ×R), where Λ and Λ̂ are DN operators for L and L̂ respectively.
Suppose that the conditions (2.2) and (2.3) hold for L and L̂. Then there
exists a map of the form (2.8) such that

[ĝjk(x̂)]nj,k=0 = JT (x)[gjk(x)]nj,k=0J(x), (2.9)

where ([ĝjk(x̂)]nj,k=0)
−1 is the metric tensor for L̂ and J(x) is the Jacobi

matrix of (2.8).

Remark 2.1. It is enough to know the DN operator on Γ × (0, T0) for some
T0 > 0 instead of Γ ×R. More precisely, let T+ be the smallest number such
that

D+(Γ × {x0 = 0}) ⊃ Ω × {x0 = T+},
where D+(Γ ×{x0 = 0}) is the forward domain of influence of Γ ×{x0 = 0}
corresponding to (2.1). Similarly, let T− be the smallest number such that

D−(Γ × {x0 = T−}) ⊃ Ω × {x0 = 0},
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where D−(Γ ×{x0 = T−}) is the backward domain of influence of Γ ×{x0 =
T−}. If T0 > T− + T+, then Λ = Λ̂ on Γ × (0, T0) implies (2.9), i.e., the
metrics [gjk(x)] and [ĝjk(x̂)] are isometric.

3 Equation of Light Propagation in a Moving Dielectric
Medium

In this section, we apply Theorem 2.1 to the equation of light propagation in
a moving medium.

It was discovered by Gordon [10] that the light propagation in a moving
medium is described by a hyperbolic equation of the form (2.1) with the
metric tensor

gjk(x) = ηjk + (n2(x)− 1)vj(x)vk(x), (3.1)

0 6 j, k 6 n, n = 3, where [ηjk] = [ηjk]−1 is the Lorentz metric tensor ηjk = 0
if j 6= k, η00 = 1, ηjj = −1, 1 6 j 6 n, x0 = t is the time, n(x) =

√
ε(x)µ(x)

is the refraction index, w(x) = (w1(x), w2(x), w3(x)) is the velocity of flow,

v(0) =
(

1− |w|2
c2

)− 1
2

, v(j) =
(

1− |w|2
c2

)− 1
2 wj(x)

c
, 1 6 j 6 3,

is the four-velocity field of the flow, c is the speed of light in the vacuum.
Equation (2.1) with metric (3.1) is called the Gordon equation.

Let Ω be a smooth domain in Rn of the form Ω = Ω0 \
⋃m

j=1 Ωj , where
Ω0 is simply connected, Ωj , 1 6 j 6 m, are smooth domains called obstacles,
Ωj ⊂ Ω0, 1 6 j 6 m, Ωj

⋂
Ωk = ∅ if j 6= k.

For the Gordon equation we consider the initial-boundary value problem

u(x0, x) = 0, x0 ¿ 0, x ∈ Ω,

u(x0, x)|∂Ωj×R = 0, 1 6 j 6 m,

u(x0, x)|∂Ω0×R = f(x0, x),

i.e., ∂Ω0 = Γ in the notation of Theorem 2.1.
Note that the condition (2.2) is always satisfied since

g00 = 1 + (n2 − 1)(v0)2 > 0.

The condition that any direction (0, ξ1, . . . , ξn) is not characteristic (cf.
(2.3)) holds if

|w(x)|2 <
c2

n2(x)
. (3.2)

We impose some restrictions on the flow w(x). Let x = x(s) be the trajectory
of the flow, i.e.,
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dx

ds
= w(x(s)), 0 6 s 6 1,

where w(x(s)) 6= 0 for 0 6 s 6 1. We assume the following condition:

(A) The trajectories that start and end on ∂Ω0 or are closed curves in Ω
are dense in Ω.

Theorem 3.1 (cf. [7]). Let [gjk(x)]nj,k=0 and [ĝjk(y)]nj,k=0 be two Gordon
metrics in domains Ω and Ω̂ respectively. Consider two initial-boundary value
problems of the form (3.2) in Ω × R and Ω̂ × R respectively, where Ω =

Ω0 \
⋃m

j=1 Ωj and Ω̂ = Ω0 \
⋃m̂

j=1 Ω̂j. Assume that the refraction indexes n
and n̂ are constant and the flow w(x) satisfies condition (A). Assume also
that (3.2) holds for both metrics. Then Λ = Λ̂ on ∂Ω0×R implies that n̂ = n,
Ω̂ = Ω, and the flows ŵ(x) and w(x) are equal.

4 Light Propagation in a Slowly Moving Medium

In this case, one drops the terms of order |w|2
c2 . Then the metric tensor has

the form:

gjk(x) = ηjk, 1 6 j, k 6 n, n = 3, (4.1)

g00(x) = n2(x), g0j(x) = gj0(x) = (n2(x)− 1)wj(x)
c , 1 6 j 6 n.

The wave equation with metric (4.1) describes the light propagation in a
slowly moving medium. We shall see that the inverse problem for such an
equation exhibits some nonuniqueness.

Denote vj(x) = g0j = gj0. We say that a flow v = (v1, . . . , vn) is a gradient
flow if v(x) = ∂b(x)

∂x , where b(x) ∈ C∞(Ω), b(x) = 0 on ∂Ω0.

Theorem 4.1 (cf. [6]). Consider two initial-boundary value problems in do-
mains Ω×R and Ω̂×R for operators of the form (2.1) with metrics [gjk(x)]
and [ĝjk(x̂)] of the form (4.1). Assume that DN operators Λ and Λ̂ are equal
on ∂Ω0×R. Assume that there exists an open connected dense set O ⊂ Ω such
that v(x) does not vanish on O. Then Ω̂ = Ω, n̂(x) = n(x), and v̂(x) = v(x)
if v(x) is not a gradient flow. Otherwise, there are two solutions of the inverse
problem:

v̂(x) = v(x), v̂(x) = −v(x).

Remark 4.1 (cf. [6]). Suppose that an open set O, where v(x) 6= 0, consists
of several open components O1, . . . , Or. Suppose that there exists bj(x) ∈
C∞(Ω) such that bj(x) = 0 on ∂Ω0,

∂bj

∂x
= v(x) on Oj , bj = 0 in Ω \ Oj ,
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j = 1, 2, . . . , r. Then we have 2r solutions of the inverse problem; moreover,

each of these solutions is equal to either
∂bj

∂x
or −∂bj

∂x
on Oj .

5 Artificial Black Holes

Let S(x) = 0 be a smooth closed surface in Rn such that the surface S×R ⊂
Rn+1 is a characteristic surface for Equation (2.1), i.e.,

n∑

j,k=1

gjk(x)Sxj (x)Sxk
(x) = 0 if S(x) = 0. (5.1)

Let Ωint and Ωext be the interior and exterior of S respectively. A domain
Ωint ×R is called an artificial black hole if no signal emanating from it can
reach Ωext×R. Similarly, Ωint×R is an artificial white hole if no signal from
Ωext ×R can penetrate the interior of S ×R.

Let y be any point of S, i.e., S(y) = 0.

Lemma 5.1. If S ×R is a characteristic surface, then

n∑

j=1

gj0(y)Sxj (y) 6= 0.

Proof. Since (2.1) is hyperbolic, the equation

n∑

j,k=0

gjk(y)ξjξk = 0

has two distinct real roots ξ
(1)
0 (ξ) and ξ

(2)
0 (ξ) for any ξ = (ξ1, . . . , ξn) 6= 0.

Taking ξ = Sx(y) and using (5.1), we get

g00(y)ξ2
0 + 2

n∑

j=1

g0j(y)ξ0Sxj (y) = 0.

Therefore,

ξ
(1)
0 = 0, ξ

(2)
0 = −2(g00(y))−1

n∑

j=1

gjk(y)Sxj (y) 6= 0. ut

From Lemma 5.1 it follows that either
n∑

j=1

gj0(y)Sxj (y) > 0, S(y) = 0 (5.2)
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or
n∑

j=1

gj0(y)Sxj (y) < 0, S(y) = 0. (5.3)

Denote by K+(y) ⊂ Rn+1 the half-cone

K+(y) =
{

(ξ0, ξ1, . . . , ξn) :
n∑

j,k=0

gjk(y)ξjξk > 0
}

(5.4)

containing (1, 0, . . . , 0) and by K+(y) the dual half-cone

K+(y) =
{

(ẋ0, ẋ1, . . . , ẋn) ∈ Rn+1 :
n∑

j,k=0

gjk(y)ẋj ẋk > 0, ẋ0 > 0
}

. (5.5)

Since K+(y) and K+(y) are dual, we have

n∑

j=0

ẋjξj > 0 (5.6)

for any (ẋ0, . . . , ẋn) ∈ K+(y) and any (ξ0, . . . , ξn) ∈ K+(y). We choose Sx(y)
to be the outward normal to S. Assuming (5.2), we have (ε, Sx(y)) ∈ K+(y)
for any ε > 0. Using (5.6) and taking the limit as ε → 0, we find that∑n

j=1 ẋjSxj (y) > 0 for all (ẋ0, . . . , ẋn) ∈ K+(y), i.e., K+(y) is contained in
the half-space

P+(y) =
{

(α0, α1, . . . , αn) :
n∑

j=1

αjSxj
(y) > 0

}
.

In particular, K+(y) is contained in the open half-space P+.
A ray x0 = x0(s), x = x(s), s > 0, is called a forward time-like if

(dx0(s)
ds

,
dx(s)

ds

)
∈ K+(x(s))

for all s. As is known [2], the domain of influence of a point (y0, y) is the
closure of all forward time-like rays starting at (y0, y). Therefore, since K+(y)
is contained in the open half-space P+(y) for all (y0, y) ∈ S ×R, the domain
of influence of Ωext ×R is contained in Ωext ×R, i.e., Ωint ×R is a white
hole because no signal from Ωext ×R may reach Ωint ×R.

Consider the case where (5.3) holds. Then (ε,−Sx(y)) ∈ K+(y) for any
ε > 0, y ∈ S. Therefore, passing to the limit as ε → 0, we see that K+(y) is
contained in the half-space
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P−(y) =
{

(α0, α1, . . . , αn) :
n∑

j=1

αjSxj (y) < 0
}

.

Since Sx(y) is the outward normal to S, y ∈ S, the domain of influence of
Ωint × R is contained in Ωint × R, i.e., Ωint × R is a black hole. We have
proved the following theorem.

Theorem 5.1 (cf. [7]). Let S×R be a characteristic surface for (2.1). Then
Ωint ×R is a white hole if (5.2) holds and a black hole if (5.3) holds.

In Sections 8 and 9, we give another proof of this theorem.
Let ∆(x) = det[gjk(x)]nj,k=1. We assume that S∆ = {x : ∆(x) = 0} is a

smooth closed surface. Let Ωint be the interior of S∆ and Ωext the exterior of
S∆. We assume that ∆(x) > 0 in Ω

⋂
Ωext and ∆(x) < 0 in Ω

⋂
Ωint. Bor-

rowing the terminology from the general relativity, we call S∆ an ergosphere.
If S∆×R is a characteristic surface for (2.1), then Ωint×R is a black hole if
(5.3) holds or a white hole if (5.2) holds. In the case of the Gordon equation,
the ergosphere has the form

S∆ =
{

x : |w(x)|2 =
c2

n2

}
,

and

g0j(x) =
(n2(x)− 1)cwj(x)

c2 − |w|2 .

If S∆ ×R is a characteristic surface, then the normal to S∆ is collinear to
w(y) and Ωint ×R is a black hole if w(y) is pointed inside Ωint and a white
hole if w(y) is pointed inside Ωext.

Note that the black or white holes with boundary S∆ ×R are not stable:
If we perturb slightly the metric [gjk(x)]nj,k=0, then the ergosphere changes
slightly. However, it is not necessary remain a characteristic surface, and the
black or the white hole will disappear (cf. [8]). In the next section, we find
stable black and white holes.

6 Stable Black and White Holes

Consider the case n = 2, i.e., the case of two spatial variables x = (x1, x2).
Let S∆ be an ergosphere, i.e.,

∆(x) = g11(x)g22(x)− (g12(x))2 = 0

on S∆. Suppose that S∆ is a closed smooth curve. Let S1 be a smooth closed
curve inside S∆. Denote by Ωe the domain between S∆ and S1 and assume
that Ωe ⊂ Ω. We call Ωe the ergoregion. We assume that ∆(x) < 0 on Ωe\S∆
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and S∆ is not characteristic at any y ∈ S∆, i.e.,

2∑

j,k=1

gjk(y)νj(y)νk(y) 6= 0 ∀y ∈ S∆, (6.1)

where (ν1(y), ν2(y)) is the normal to S∆. Since ∆(x) < 0 in Ωe, we can define
(locally) two families of characteristic curves S±(x) = const satisfying

2∑

j,k=1

gjk(x)S±xj
(x)S±xk

(x) = 0, x ∈ Ωe. (6.2)

As is shown in [7], there are two families f±(x) of vector fields such that
f±(x) 6= (0, 0) for all x ∈ Ωe, f+(x) 6= f−(x) for x ∈ Ωe \S∆, f+(y) = f−(y)
on S∆, and f±(x) are tangent to S±(x) = const.

Consider two systems of differential equations

dx̂+(σ)
dσ

= f+(x̂+(σ)), σ > 0, x̂+(0) = y ∈ S∆, (6.3)

dx̂−(σ)
dσ

= f−(x̂−(σ)), σ > 0, x̂+(0) = y ∈ S∆. (6.4)

Note that x = x̂±(σ) = y, σ > 0, are parametric equations of characteristics
(6.2). From (6.1) it follows that f+(y) = f−(y) is not tangent to S∆ for all
y ∈ S∆. Since the rank of [gjk(y)]2j,k=1 on S∆ is 1, one can choose a smooth
vector b(y), y ∈ S∆, such that

2∑

k=1

gjk(y)bk(y) = 0, j = 1, 2. (6.5)

Note that f±(y) · b(y) = 0. We choose f±(y) to be pointed inside S∆.
Consider the equations for the null-bicharacteristics:

dxj(s)
ds

= 2
2∑

k=0

gjk(x(s))ξk(s), xj(0) = yj , 0 6 j 6 2, (6.6)

dξp(s)
ds

= −
2∑

j,k=0

gjk
xp

((s))ξj(s)ξk(s), ξp(0) = ηp, 0 6 p 6 2. (6.7)

Here, x(s) = (x1(s), x2(s)). Since gjk(x) are independent of x0, we have
ξ0(s) = η0 for all s and choose η0 = 0.

The bicharacteristic (6.6), (6.7) is a null-bicharacteristic if
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2∑

j,k=0

gjk(y)ηjηk = 0.

Choosing ηj = ±b(y), 1 6 j 6 2, η0 = 0, we get two null-bicharacteristics
x0 = x±0 (s), x = x±(s), ξ0 = 0, ξ = ξ±(s) such that the projection of these
null-bicharacteristics on the (x1, x2)-plane coincide with solutions x = x̂±(σ)
of the systems (6.3), (6.4), i.e., x = x̂±(σ), σ > 0 and x = x±(s) are equal

after a re-parametrization σ = σ±(s),
dσ±(s)

ds
> 0 for s > 0. We consider

forward null-bicharacteristics, i.e.,
dx±0 (s)

ds
> 0 for all s. Therefore, one can

take the time variable x0 as a parameter on x = x±(σ).
The key observation in [7] is that for one of x = x̂±(σ), say for x =

x̂+(σ), σ = σ+(s+(x0)) increases when x0 increases, and for x = x̂−(σ),
σ = σ−(s−(x0)) decreases when x0 increases.

Now we impose conditions on S1 that will guarantee the existence of black
and white holes in Ωe. We assume that S1 is not characteristic.

Let N(y) be the outward unit normal to S1, y ∈ S1. Suppose that either

(a) K+(y) is contained in the open half-space

Q+ = {(α0, α1, α2) : (α0, α1, α2) · (0, N(y)) > 0

or

(b) K+(y) is contained in the open half-space

Q− = {(α0, α1, α2) : (α0, α1, α2) · (0, N(y)) < 0.

Remark 6.1. There are equivalent forms of conditions (a) and (b). Since

n∑

j,k=0

gjk(x(s))
dxj(s)

ds

dxk(s)
ds

= 0

for null-bicharacteristics, we have
(

dx0(s)
ds

,
dx1(s)

ds
,
dx2(s)

ds

)
∈ K+(y)

for forward null-bicharacteristic if x(s1) = y ∈ S1. Therefore, condition (a)
is equivalent to the following condition.

(a1) The projection on (x1, x2)-plane of all forward null-characteristics
passing through y ∈ S1 leave Ωe when x0 increases.

Further, (a1) is equivalent to the following simpler condition.
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Let x = x±(s) be the projection onto the (x1, x2)-plane of two forward
null-bicharacteristics such that x = x±(s) are the parametric equations of the
characteristics S±(x) = const, i.e., x = x±(s) are solutions of the differential
equations (6.3), (6.4) after re-parametrization. Assume that

(a2)
dx±(s1)

ds
·N(y) > 0 if x±(s1) = y.

Condition (a2) follows from (a1). The converse implication is also true since
the set of directions of the projections of all forward null-bicharacteristics

passing through y is bounded by
dx+(s1)

ds
and

dx−(s1)
ds

.

Conditions (b1) and (b2) are similar to (a1) and (a2) when the sign of the
inner product in (a) is negative.

Theorem 6.1 (cf. [7]). Let ∂Ωe = S∆ ∪S1, where S∆ is an ergosphere, i.e.,
∆(y) = 0 on S∆. Suppose that (6.1) holds on S∆ and either (a) or (b) holds
on S1. Then there exists a closed Jordan curve S0(x) = 0 inside ∆e such that
S0 ×R is the boundary of either a black hole or a white hole.

The proof of Theorem 6.1 is based on the Poincaré–Bendixson theorem
[11]. Suppose that (a) holds. Then the solution of (6.4) cannot reach S1.
Indeed, suppose that x̂−(σ1) = y1 ∈ S1 for some σ1 > 0. Then x̂−(σ) leaves
Ωe if σ > σ1. On the other hand, when σ increases, x0 decreases. Therefore,
x = x̂−(σ−(x0)) leaves Ωe when x0 decreases, which contradicts (a1). Since
x = x̂−(σ) never reaches S1, the limit set of the trajectory x = x̂−(σ) is
contained inside Ωe. Then, by the Poincaré–Bendixson theorem, there exists
a limit cycle S0(x) = 0, i.e., a Jordan curve that is a periodic solution of

dx̂

dσ
= f−(x̂(σ)).

Therefore, S0 ×R is a characteristic surface and is the boundary of a black
hole or a white hole. If (b) holds, then the solution of (6.3) never reach S1.
Therefore, again by the Poincaré–Bendixson theorem, there exists a black
hole or a white hole.

Applying Theorem 6.1 to the Gordon equation, we get the following as-
sertion.

Theorem 6.2. Let S∆ be an ergosphere, i.e., |w|2 =
c2

n2(x)
. Suppose that

w(x) is not collinear with the normal to S∆ for any x ∈ S∆. Suppose that
either

(n2(x)− 1)
1
2 (v(x) ·N(x)) > 1 on S1 (6.8)

or
(n2(x)− 1)

1
2 (v(x) ·N(x)) < −1 on S1, (6.9)

where
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v(x) =
(

1− |w|2
c2

)− 1
2 w(x)

c

and N(x) is the outward unit normal to S1.
Then there exists a limit cycle S0(x) = 0 and S0 ×R is the boundary of a

black hole or a white hole.

Remark 6.2. Note that black or white holes obtained by Theorems 6.1 and
6.2 are stable since the assumptions remain valid under slight deformations
of the metric.

7 Rotating Black Holes. Examples

Example 7.1 (acoustic black hole [17]). Consider a fluid flow with velocity

v = (v1, v2) =
A

r
r̂ +

B

r
θ̂, (7.1)

where

r = |x|, r̂ =
(

x1

|x| ,
x2

|x|
)

, θ̂ =
(
− x2

|x| ,
x1

|x|
)

,

A and B are constants. The inverse of the metric tensor has the form

g00 =
1
ρc

, goj = gj0 =
1
ρc

vj , 1 6 j 6 2,

gjk =
1
ρc

(−c2δij + vjvk), 1 6 j, k 6 2,

(7.2)

where c is the sound speed and ρ is the density.
Consider the case A > 0, B > 0. Assume that ρ = c = 1. Then r =√

A2 + b2 is an ergosphere. Consider the domain Ωe = {r1 6 r 6
√

A2 + B2},
where r1 < A. In the polar coordinates (r, θ), the differential equations (6.3)
and (6.4) have the form

dr

ds
= A2 − r2,

dθ

ds
=

AB

r
+

√
A2 + B2 − r2 (7.3)

and
dr

ds
= −1,

dθ

ds
=

1− B2

r2

AB
r +

√
A2 + B2 − r2

. (7.4)

Then r = A is a limit cycle and {r = A}×R is the boundary of a white hole
(cf. [7]).

Example 7.2. Consider a fluid flow with velocity
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v = A(r)r̂ + B(r)θ̂,

where r1 6 r 6 r0, A(r), B(r) are smooth, B(r) > 0, A2(r0) + B2(r0) = 1,
A2(r)+B2(r) > 1 on [r1, r0), A(r)+1 has simple zeros α1, . . . , αm1 on (r1, r0),
A(r) − 1 has simple zeros β1, . . . , βm2 on (r1, r0), αj 6= βk for all j, k, and
|A(r1)| > 1. Here, r = r0 is an ergosphere. In the polar coordinates (r, θ), the
differential equations (6.3) and (6.4) have the form

dr

ds
= A(r)− 1,

dθ

ds
=

A(r)B(r) +
√

A2(r) + B2(r)− 1
A(r) + 1

(7.5)

and
dr

ds
= A(r) + 1,

dθ

ds
=

A(r)B(r)−
√

A2(r) + B2(r)− 1
A(r)− 1

. (7.6)

Here, r = αj , 1 6 j 6 m1, and r = βn, 1 6 k 6 m2, are limit cycles and
there are m1 + m2 black and white holes.

Axially symmetric metrics. Consider Equation (2.1) in Ω ×R, where Ω is a
three-dimensional domain. Let (r, θ, ϕ) be the spherical coordinates in R3.
Suppose that gjk are independent of ϕ.

Consider a characteristic surface S independent of ϕ and x0, i.e., S depends
on r and θ only. Then S satisfies the equation

a11(r, θ)
(

∂S

∂r

)2

+ 2a12(r, θ)
∂S

∂r

∂S

∂θ
+ a22(r, θ)

(
∂S

∂θ

)2

= 0. (7.7)

We assume that aij(r, θ) are also independent of ϕ, 1 6 j, k 6 2.
Consider Equation (7.7) in a two-dimensional domain ω, where δ1 6 r 6

δ2, 0 < δ3 < θ < π − δ4 if (r, θ) ∈ ω. Here, δj > 0, 1 6 j 6 4.
Assuming that ω and ajk(r, θ), 1 6 j, k 6 2, satisfy the assumption of The-

orem 6.1, we can prove the existence of black or white holes with boundary
S0 × S1 ×R, where ϕ ∈ S1, x0 ∈ R, and S0 is a Jordan curve in ω.

Such black (white) holes are called rotating black (white) holes.

8 Black Holes and Inverse Problems I

In this section, we consider the black or white hole bounded by S∆×R, where
S∆ is an ergosphere. Suppose that Ωint is a black hole, i.e., (5.3) holds. Let
L be the operator (2.1). Consider u(x0, x) in (Ω

⋂
Ωext)× (0, T ) such that

Lu = f, (x0, x) ∈ (Ω
⋂

Ωext)× (0, T ), (8.1)

u(0, x) = 0,
∂u(0, x)

∂x0
= 0, x ∈ (Ω

⋂
Ωext), (8.2)
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u
∣∣
∂Ω0×(0,T )

= g. (8.3)

We impose no boundary conditions on S∆ × (0, T ) and, for the sake of sim-
plicity, assume that there is no obstacles between ∂Ω0 and S∆. We estimate
u(x0, x) in terms of g and f .

Denote Hu =
∑n

j=1 g0j(x)uxj
. Consider the equality

(Lu, g00ux0 + Hu) = (f, g00ux0 + Hu),

where (u, v) is the inner product in L2((Ω
⋂

Ωint) × (0, T )). We denote by
Qp(u, v)), p > 1, the expressions

(Qpu, v) =
∫ T

0

∫

Ω
⋂

Ωint

n∑

j,k=0

qjkp(x)uxj
vxk

dxdx0. (8.4)

Denote

I1 =
( n∑

j=1

1√
|g|

∂

∂xj

(√
|g|g0j ∂u

∂x0

)

+
n∑

j=0

1√
|g|

∂

∂x0

(√
|g|g0j ∂u

∂xj

)
, g00ux0 + Hu

)

def
= I11 + I12 + I13. (8.5)

We have

I11 =
( n∑

j=0

1√
|g|

∂

∂x0

(√
|g|g0j ∂u

∂xj

)
, g00ux0 + Hu

)

=
1
2

∫

Ω
⋂

Ωint

( n∑

j=0

g0juxj

)2

dx +
∣∣∣
T

0
Q1(u, u), (8.6)

where a
∣∣T
0

means a(T )− a(0). Note that

I12 =
( n∑

j=1

1√
|g|

∂

∂xj

(√
|g|g0j ∂u

∂x0

)
,Hu

)

=
1
2

∫

Ω∩Ωext

(Hu)2dx
∣∣T
0 + Q2(u, u). (8.7)

Furthermore,

I13 =
( 1√

|g|
n∑

j=1

∂

∂xj

(√
|g|g0j ∂u

∂x0

)
, g00ux0

)
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=
1
2

∫

Ω∩Ωext

n∑

j=1

∂

∂xj
(g0jg00u2

x0
)dxdx0 + Q3(u, u). (8.8)

By the divergence theorem,

I13 = −
∫ T

0

∫

S∆

1
2

( n∑

j=1

g0j(x)νj(x)
)
g00u2

x0
dsdx0

+
∫ T

0

∫

∂Ω0

1
2

( n∑

j1

g0j(x)Nj(x)
)
g00u2

x0
dsdx0 + Q3(u, u), (8.9)

where ds is the area element on S∆ and ∂Ω0 respectively, N(x) = (N1, . . . , Nn)
is the outward unit normal to ∂Ω0, and ν = (ν1, . . . , νn) is the outward normal
to S∆. Note that ν is the inward normal with respect to Ω

⋂
Ωext. Therefore,

I1 = I11 + I12 + I13

=
1
2

∫

Ω
⋂

Ωext

[( n∑

j=0

gjuxj

)2

+ (Hu)2
]
dx

∣∣T
0

−
∫ T

0

∫

S∆

1
2

( n∑

j=1

g0j(x)νj(x)
)
g00u2

x0
dsdx0

+
∫ T

0

∫

∂Ω0

1
2

( n∑

j=1

g0j(x)Nj(x)
)
g00u2

x0
dsdx0 + Q4(u, u). (8.10)

Now, consider

I2 =
( n∑

j,k=1

1√
|g|

∂

∂xj

(√
|g|gjk ∂u

∂xk

)
, g00ux0

)
.

Integrating by parts in xj and taking into account that

−
∑

gjkuxk
ux0xj = −1

2
∂

∂x0

( n∑

j,k=1

gjkuxj uxk

)
,

we get

I2 = −1
2

∫

Ω
⋂

Ωext

g00
n∑

j,k=1

gjk(x)uxj uxk
dx

∣∣T
0

−
∫ T

0

∫

S∆

( n∑

j,k=1

gjkuxj
(x)νk(x)g00ux0

)
dsdx0
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+
∫ T

0

∫

∂Ω0

( n∑

j,k=1

gjk(x)uxj Nk(x)g00ux0

)
dsdx0 + Q5(u, u). (8.11)

Since S∆ is an ergosphere and a characteristic surface, we have (cf. (6.5))

n∑

k=1

gjk(x)νk(x) = 0 on S∆, j = 1, . . . , n. (8.12)

Let

I3 =
( n∑

j,k=1

1√
|g|

∂

∂xj

(√
|g|gjk ∂u

∂xk

)
,Hu

)
. (8.13)

Integrating by parts in xj , 1 6 j 6 n, we find

I3 = −
( n∑

j,k=1

gjkuxk
,Huxj

)
−

∫ T

0

∫

S∆

n∑

j,k=1

gjkνjuxk
Hu dsdx0

+
∫ T

0

∫

∂Ω0

n∑

j,k=1

gjkNjuxk
Hudsdx0 + Q6(u, u). (8.14)

We have
∫ T

0

∫

Ω
⋂

Ωext

∂

∂xp
g0p

n∑

j,k=1

gjkuxj uxk
dxdx0

= −
∫ T

0

∫

S∆

g0pνp

n∑

j,k=1

gjkuxj uxk
dsdx0

+
∫ T

0

∫

∂Ω0

g0pNp

n∑

j,k=1

gjkuxj
uxk

dsdx0. (8.15)

Using (8.15), we find

−
( n∑

j,k=1

gjkuxk
,Huxj

)
=

∫ T

0

∫

S∆

( n∑
p=1

g0pνp

) n∑

j,k=1

gjkuxj
uxk

dsdx0

−
∫ T

0

∫

∂Ω0

( n∑
p=1

g0pNp

) n∑

j,k=1

gjkuxj
uxk

dsdx0 + Q7(u, u). (8.16)

Note that the first integral in (8.16) is nonnegative since

n∑
p=1

g0pνp < 0
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on S∆ and
n∑

j,k=1

gjkuxj uxk
6 0

in Ω
⋂

Ωint since the matrix [gjk]nj,k=1 has one zero eigenvalue and n − 1
negative eigenvalues on S∆.

Now, we estimate the integrals over ∂Ω0 × (0, T ). Let α(x) ∈ C∞0 (Rn) be
such that α(x) = 1 near ∂Ω0 and α(x) = 0 near S∆. By (8.1), (8.2), and
(8.3), v = αu satisfies

Lv = αf + L1u in Ω0 × (0, T ), (8.17)

v|x0=0 = 0, vx0 |x0=0 = 0, x ∈ Ω0, (8.18)

v|∂Ω0×(0,T ) = g. (8.19)

Here, g is the same as in (8.3) and ord L1 6 1.
Since L is strictly hyperbolic and ∂Ω0 is not characteristic, the following

estimate for the solution of the problem (8.17), (8.18), (8.19) holds (cf. for
example, [12]):

‖vx0(T, ·)‖20 + ‖v(T, ·)‖21 +
[ ∂v

∂N

]2

0

6 CT

(
[g]21 +

∫ T

0

‖f(x0, ·)‖20dx0

+
∫ T

0

(‖u(x0, ·)‖21 + ‖ux0(x0, ·)‖20)dx0

)
, (8.20)

where [w]m is the norm in Hm(∂Ω0 × (0, T )) and ‖w(x0, ·)‖m is the norm in
Hm(Ω0), x0 is fixed. All the integrals over ∂Ω0× (0, T ) in I2 and I3 have the
form

I4 =
∫ T

0

∫

∂Ω0

n∑

j,k=0

pjkuxj
uxk

dsdx0.

Therefore,

|I4| 6 C
(
[g]21 +

[ ∂v

∂N

]2

0

)

6 C
(
[g]21 +

∫ T

0

‖f(x0, ·)‖20dx0

+
∫ T

0

(‖u(x0, ·)‖21 + ‖ux0(x0, ·)‖20)dx0

)
, (8.21)

where we used (8.20) to estimate
[

∂v

∂N

]2

0

. Note that the norm
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∫

Ω
⋂

Ωext

[
(ux0 + Hu)2 + (Hu)2 −

n∑

j,k=1

gjkuxj uxk

]
dx (8.22)

is equivalent to ‖u(x0, ·)‖21 + ‖ux0(x0, ·)‖20. Furthermore,

|(f, g00ux0 + Hu)|

6 1
2

∫ T

0

‖f(y0, ·)‖20dy0 + C

∫ T

0

(‖ux0‖20 + ‖u(y0, ·)‖21)dy0. (8.23)

Combining (8.10), (8.11), (8.14), (8.16), and (8.21), taking into account
(8.12), and applying all the estimates to the interval (0, t0) instead of (0, T ),
t0 6 T , we get

C(‖u(t0, ·)‖21 + ‖ux0(t0, ·)‖20)

−
∫ t0

0

∫

S∆

( n∑

j=1

g0jνj(x)
)(

g00u2
x0
−

n∑

j,k=1

gjkuxj uxk

)
dsdx0

6 C

∫ T

0

‖f(y0, ·)‖20dy0 + C

∫ t0

0

(‖u(y0, ·)‖21 + ‖ux0(y0, ·)‖20)dy0 + C[g]21.

(8.24)

Note that the inequality

b(t) 6 C

∫ t

0

b(τ)dτ + d

implies b(t) 6 ectd. Therefore,

C(‖u(t0, ·)‖21 + ‖ux0(t0, ·)‖20)

−
∫ t0

0

∫

S∆

( n∑

j=1

g0jνj(x)
)(

g00u2
x0
−

n∑

j,k=1

gjkuxj
uxk

)
dsdx0

6 C

∫ T

0

‖f(y0, ·)‖20dy0 + C[g]21, (8.25)

where 0 6 t0 6 T .
We have proved the following assertion.

Theorem 8.1. Let u(x0, x) be a solution of the problem (8.1), (8.2), (8.3)
in Ω

⋂
Ωext. Let the ergosphere S∆ be a characteristic surface, and let (5.3)

hold. Then u(x0, x) satisfies (8.25).

Note that

g00u2
x0
−

n∑

j,k=1

uxj
uxk

> 0
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on S∆ × [0, T ] since S∆ is an ergosphere.
Theorem 8.1 implies that the domain of dependence of (Ω

⋂
Ωext) × R

is contained in (Ω
⋂

Ωext) × R. Suppose that u is a solution of (2.1) and
supp u ⊂ Ωint for x0 6 t0, i.e., u = 0 for x ∈ (Ωext

⋂
Ω) × (−∞, t0). Then

Theorem 8.1 implies that u = 0 for (Ω
⋂

Ωext) × [t0, +∞), i.e., supp u ⊂
Ωint × R. Therefore, the domain of influence of Ωint × R is contained in
Ωint)×R, i.e., is a black hole.

Now, we discuss nonuniqueness for the inverse problem in the presence
of a black hole. Consider two initial-boundary value problems (2.1), (2.5),
(2.6) for operators L1 and L2 that differ only in Ωint. Since L1 = L2 in
Ωext and we assume that f is the same for L1 and L2, from Theorem 8.1
it follows that u1 = u2 in (Ω

⋂
Ωext)

⋂
R, where u1 and u2 are solutions

of the corresponding initial-boundary value problems. Therefore, Λ1 = Λ2

on ∂Ω0 ×R. Since L1 6= L2 in Ωint, we obtain nonuniquenes in the inverse
problem.

Consider the case where S∆ is a characteristic surface and (5.2) holds.
Suppose that Ωint

⋂
Ω contains an obstacle Ω1 (it is possible that there are

not obstacles or there are more than one obstacle, but for the sake of defi-
niteness we discuss the case of one obstacle). Integrating by parts as in the
proof of Theorem 8.1 and using (5.2) instead of (5.3), we get the following
assertion.

Theorem 8.2. Consider the initial-boundary value problem

Lu = f in (Ωint

⋂
Ω)× (0, T ), (8.26)

u|∂Ω1×(0,T ) = g, u(0, x) = 0, ux0(0, x) = 0 in Ω
⋂

Ωint. (8.27)

Suppose that the ergosphere S∆ is a characteristic surface and (5.2) holds.
Then an estimate of the form (8.25) holds in (Ωint

⋂
Ω) × (0, T ) with the

following modifications: the integral over S∆ × (0, T ) is taken with the
sign “plus,” ‖u‖s are the norms in Hs(Ωint

⋂
Ω), and [g]1 is the norm in

H1(∂Ω1 × (0, T )).

From Theorem 8.2 it follows that the domain of dependence of (Ωint

⋂
Ω)×

R is contained in (Ωint

⋂
Ω)×R. Therefore, if u(x0, x) is a solution of (2.1)

and supp u ⊂ Ωext

⋂
Ω for x0 6 t0, then supp u ⊂ Ωext

⋂
Ω for all x0 > t0,

i.e., Ωint ×R is a white hole. If u(x0, x) is a solution of the problem (2.1),
(2.5), (2.6), then u(0, x) = 0 in Ωint

⋂
Ω, u|∂Ω1×R = 0. Then, by Theorem

8.2, u = 0 in (Ωint

⋂
Ω)×R. Therefore, we can change the coefficients of L in

Ωint

⋂
Ω without changing the solution of (2.1), (2.5), (2.6), i.e., in the case

of a white hole, we again have the nonuniqueness of a solution of the inverse
problem.

Let u(x0, x) be a solution of the problem

Lu = f in Ωext × (0, T ), (8.28)
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u(0, x) = ϕ0(x), ux0(0, x) = ϕ1(x), x ∈ Ωext, (8.29)

i.e., we consider (8.28), (8.29) in unbounded domain Ωext = Rn \ Ωint. We
assume that [gjk(x)]nj,k=1 are smooth and have bounded derivatives of any
order, g00(x) > C0 > 0,

n∑

j,k=1

gjk(x)ξjξk 6 −C0

n∑

j=1

ξ2
j , x ∈ Ωext,

is large, and (5.3) holds. Repeating the proof of Theorem 8.1 (with simpli-
fications since we do not have the boundary condition (8.3)), for any T > 0
we get

max
06x06T

(‖u(x0, ·)‖21,Ωext
+ ‖ux0(x0, ·)‖20,Ωext

)

−
∫ T

0

∫

S∆

(
u2

x0
−

n∑

j,k=1

gjkuxj uxk

)( n∑

j=1

gj0νj

)
dsdy0

6 C([ϕ0]21,Ωext
+ [ϕ1]20,Ωext

) + C

∫ T

0

‖f(x0, ·)‖20,Ωext
dx0. (8.30)

Therefore, the following assertion holds.

Theorem 8.3. Let u(x0, x) satisfy (8.28) and (8.29). Suppose that the er-
gosphere S∆ is a characteristic surface and (5.3) holds. Then the estimate
(8.30) holds for any T > 0.

From Theorem 8.3 it follows that D+(Ωint×R) ⊂ Ωint×R, i.e., Ωint×R
is a black hole.

An important problem is to determine black or white holes by the bound-
ary measurements on ∂Ω0 × (0, T ) or Γ × (0, T0), where Γ is an open part
of ∂Ω0. Let S∆ be an ergosphere inside Ω0, but not necessary a character-
istic surface. The following assertion is a direct application of the proof of
Theorem 2.1.

Theorem 8.4 (cf. [8]). The DN operator Λ given on Γ×(0,+∞) determines
S∆ up to a diffeomorphism (2.8).

To determine S∆, it is required to take measurements on Γ × (0,+∞).
It is not enough to know the Cauchy data on Γ × (0, T ) for any finite T .
This phenomenon can be explained as follows. The proof of Theorem 2.1
allows us to recover metric tensor [gjk] (up to a diffeomorphism) gradually
starting from the boundary ∂Ω0. The recovery of the metric at some point
x(1) inside Ω0 requires some observation time T1. When x(1) is far from
Γ , the observation time increases. When the point x(1) approaches S∆, i.e.,
g00(x(1)) → 0, the observation time tends to infinity. One can see this from
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the fact that either forward time-like ray or backward time-like ray tends to
infinity in x0 as x(1) → S∆ (cf. [9]).

9 Black Holes and Inverse Problems II

In this section, we consider black or white holes inside an ergosphere.
Suppose that S0×R is a characteristic surface, n > 2, and S0 ⊂ S∆, where

S∆ is an ergosphere. Suppose that the condition (5.3) on S0 holds. Consider
v(x0, x) in Ωext × (0, T ) such that

Lv = f, x ∈ Ωext × (0, T ), (9.1)

v(0, x) = ϕ0(x), vx0(0, x) = ϕ1(x), x ∈ Ωext. (9.2)

We want to estimate v(x0, x) in Ωext × (0, T ) in terms of ϕ0, ϕ1, and f . Let
ϕ̂0, ϕ̂1, and f̂ be smooth extensions of ϕ0, ϕ1 to Rn and f to Rn × (0, T )
such that

Ê(ϕ̂0, ϕ̂1) 6 2E(ϕ0, ϕ1),

‖f̂‖0,Rn×(0,T ) 6 2‖f‖0,Ωext×(0,T ),
(9.3)

where

E(ϕ0, ϕ1) =
∫

Ωext

( n∑

j=1

ϕ2
0xj

+ ϕ2
1

)
dx

and Ẽ(ϕ̃0, ϕ̃1) is a similar integral over Rn. Since L is strictly hyperbolic,
there exists û in Rn × (0, T ) such that

Lû = f̂ in Rn × (0, T ),
û(0, x) = ϕ̂0(x), ûx0(0, x) = ϕ̂1(x), x ∈ Rn,

(9.4)

and

max
06x06T

(‖û(x0, ·)‖21,Rn + ‖ûx0(x0, ·)‖20,Rn)

6 CÊ(ϕ̂0, ϕ̂1) + C

∫ T

0

∫

Rn

|f̂ |2dxdx0. (9.5)

Replacing v = u + û, we find that u(x0, x) satisfies

Lu = 0 in Ωext × (0, T ),
u(0, x) = ux0(0, x) = 0, x ∈ Ωext.

(9.6)

Therefore, it remains to show that if u(x0, x) satisfies (9.6), then u(x0, x) = 0
in Ωext × (0, T ). Note that we could use the same approach in Section 8
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too. Instead, we use a technique similar to [2, 5]. Let T be small. Denote
by Γ1 the characteristic surface different from S0 ×R and passing through
S0 × {x0 = T}. Let DT be the domain bounded by Γ1, Γ2 = S0 × [−ε, T ],
and Γ3 = {x0 = −ε}. For an arbitrary point x(0) ∈ S0 denote by D0T the
intersection of DT with

Σ(x(0)) = {(x0, x) : |x− x(0) − (x− x(0)) · ν(x(0))ν(x(0))| < ε},

where ν(x(0)) is the outward unit normal to S0 at x(0). Suppose that
αj(x0, x) ∈ C∞(DT ),

∑N
j=1 αj ≡ 1 in DT , and supp αj ⊂ DjT , where DjT

corresponds to x(j) ∈ S0 instead of x(0), αj = 0 in a neighborhood of the
boundary of Σ(x(0)).

Let α0 be any of αj , 1 6 j 6 N . Denote u0 = α0u. Then

Lu0 = f0, u0(0, x) = ux0(0, x) = 0, (9.7)

where f0 = L′u, ord L′ 6 1, and supp f0 ⊂ D0T . We introduce local coordi-
nates in a neighborhood

Bε,T = {(x0, x) : x0 ∈ [−ε, T ], |x− x(0)| < 2ε}.

Let s = ϕ(x) be a solution of the eiconal equation

n∑

j,k=1

gjk(x)ϕxj
ϕxk

= 0 in Bε,T . (9.8)

Since S0 is inside the ergosphere, ϕ(x) exists if ε and T are small. We choose
s = ϕ(x) such that ϕ(x) = 0 is the equation of S0 near x(0).

Let τ = ψ(x0, x) be a solution of the eiconal equation

n∑

j,k=0

gjk(x)ψxj
ψxk

= 0 (9.9)

with the initial data
ψ(x0, x)|Γ2 = T − x0. (9.10)

Finally, denote by yj = ϕj(x0, x), 1 6 j 6 n− 1, a solution of the equation

n∑

j,k=0

gjk(x)ψxj
ϕpxk

= 0 near x(0), 1 6 p 6 n− 1, (9.11)

with the initial condition

ϕp(x0, x)|Γ2 = sp(x), 1 6 p 6 n− 1, (9.12)

where s1(x), . . . , sn−1(x) are coordinates on S0 near x(0),
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Dx

D(s, s1, . . . , sn−1)
6= 0 in Bε.

Note that ϕp does not depend on x0 and ψ(x0, x) = T − x0 + ψ1(x), where
ψ1(x) does not depend on x0 either.

We make the change of coordinates in D0T

s = ϕ(x), τ = ψ(x0, x), yj = ϕj(x), 1 6 j 6 n− 1. (9.13)

Note that
D(x0, x)
D(s, τ, y′)

6= 0

in Bε, where y′ = (y1, . . . , yn−1). We write Lu0 in the (s, τ, y′) coordinates
(cf. [3, 6]):

L̂û0 =
1√
|ĝ|

∂

∂s

√
|ĝ|ĝsτ (s, τ, y′)

∂û0

∂τ

+
1√
|ĝ|

∂

∂τ

√
|ĝ|ĝsτ (s, τ, y′)

∂û0

∂s

+
n−1∑

j=1

1√
|ĝ|

∂

∂s

√
|ĝ|ĝsj(s, τ, y′)

∂û0

∂yj

+
n−1∑

j=1

1√
|ĝ|

∂

∂yj

√
|ĝ|ĝsj(s, τ, y′)

∂û0

∂s

+
n−1∑

j,k=1

1√
|ĝ|

∂

∂yj

√
|ĝ|ĝjk(s, τ, y′)

∂û0

∂yk

def= L̂1û0 + L̂2û0, (9.14)

where L2 is the last sum in (9.14) and L1 is the remaining sum. Note that
ĝss = ĝττ = ĝτj = 0, 1 6 j 6 n − 1, because of (9.8), (9.9), and (9.11).
In (9.14), û0(s, τ, y′) = u0(x0, x), where (x0, x) and (s, τ, y′) are related by
(9.13). Since T and ε are small, we can introduce the (s, τ, y′) coordinates in
D0T . Denote by D̂0T the image of D0T in the (s, τ, y′) coordinates.

Let ∂Σ̂0 be the image of ∂Σ(x(0)) in the (s, τ, y′)coordinates. Since u0 = 0
near ∂Σ(x(0)), we have û0 = α̂0û = 0 near ∂Σ̂0. Note also that u0 = u0x0 = 0
for x0 = 0 and we extend u0 by zero for x0 < 0. Since ϕx(x(0)) is the outward
normal to Ωint, we have s = ϕ(x) > 0 in Ωext near S0. Since τ = ψ(T, x) = 0
on Γ2 and ψx0 |Γ2 = −1, we conclude that τ 6 0 in D̂0T .

Denote by (û, v̂) the L2 inner product in D̂0T . Consider

(
L̂û0 − f̂0, ĝ

sτ û0τ +
n−1∑

j=1

ĝsj û0yj − ĝsτ û0s

)
= 0. (9.15)
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Let

I1 =
(
L̂1û0, ĝ

sτ û0τ +
n−1∑

j=1

ĝsj û0yj

)

=
∫

D̂0T

∂

∂s

(
ĝsτ û0τ +

n−1∑

j=1

ĝsj û0yj

)2

dsdτdy′ + Q1(û0, û0), (9.16)

where Q1 admits the estimate

|Q1(û0, û0)| 6 C

∫

D̂0T

(
û2

0s + û2
0τ +

n−1∑

j=1

û2
0yj

)
dsdτdy′. (9.17)

Therefore,

I1 = −
∫

Γ2

(
ĝsτ û0τ +

n−1∑

j=1

ĝs0ûyj

)2

dτdy′ + Q1(û0, û0). (9.18)

Denote

I2 =
( 1√

|ĝ|
∂

∂s

√
|ĝ|ĝsτ (s, τ, y′)

∂û0

∂τ
+

1√
|ĝ|

∂

∂τ

√
|ĝ|ĝsτ (s, τ, y′)

∂û0

∂s
,−ĝsτ û0s

)
.

(9.19)
We have

I2 = −
∫

D̂0T

∂

∂τ

(
(ĝsτ )2û2

0s

)
dsdτdy′ + Q2(û0, û0). (9.20)

Therefore,

I2 = −
∫

Γ1

(ĝsτ )2û2
0sdsdy′ + Q2(û0, û0). (9.21)

Denote
I3 = (L̂2û0, ĝ

sτ (û0τ − û0s)). (9.22)

Integrating by parts in yj (note that û0 = 0 near ∂Σ̂0 and u0 = 0 for x0 < 0),
we get

I3 = −
∫

D̂T

n−1∑

j,k=1

ĝsτ ĝjk(û0syj − û0τyj )û0yk
dsdτdy′ + Q3

=
1
2

∫

Γ1

( n−1∑

j,k=1

ĝjkû0yj
û0yk

)
ĝsτdsdy′

+
1
2

∫

Γ2

( ∑
ĝjkû0yj

û0yk

)
ĝsτdτdy′ + Q4. (9.23)

Note that



Inverse Hyperbolic Problems 101

I4 =
(
L̂2û0,

n−1∑

j=1

ĝsj û0yj

)
= Q5(û0, û0) (9.24)

since it can be represented as the divergence of a quadratic form in û0yj (cf.
(8.15)). Moreover,

∣∣∣
(
f̂0, ĝ

sτ (û0τ − û0s) +
n−1∑

j=1

ĝjsû0yj

)∣∣∣ 6 C

∫

D̂0T

|f̂0|2dsdτdy′ + Q6(û0, û0).

Therefore,

1
2

∫

Γ2

(
−

n−1∑

j,k=1

ĝjkû0yj
û0yk

ĝsτ
)
dτdy′

+
1
2

∫

Γ1

(
−

n−1∑

j,k=1

ĝjkû0yj û0yk
ĝsτ

)
dsdy′

+
∫

Γ2

(
ĝsτ û0τ +

n−1∑

j=1

ĝsj û0yj

)2

dτdy′ +
∫

Γ1

(ĝsτ )2û2
0sdsdy′

6 Q7(û0, û0) + C

∫

D̂0T

|f̂0|2dsdτdy′ (9.25)

Note that ĝsτ > 0 and

−
n−1∑

j,k=1

ĝjkû0yj û0yk
> C

n−1∑

j=1

û2
0yj

in D̂0T . (9.26)

Therefore, ∫

Γ1

[
(ĝsτ )2û2

0s −
1
2

n−1∑

j,k=1

ĝjkû0yj û0yk
ĝsτ

]
dsdy′ (9.27)

is equivalent to ∫

Γ1

(
û2

os +
n−1∑

j=1

û2
0y′

)
dsdy′,

i.e., it is equivalent to the norm ‖û0‖21,Γ1
in H1(Γ1). Similarly,

∫

Γ2

[(
ĝsτ û0τ +

n−1∑

j=1

ĝsj û0yj

)2

− 1
2

n−1∑

j,k=1

ĝjkû0yj û0yk
ĝsτ

]
dτdy′ (9.28)

is equivalent to the norm
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‖u0‖21,Γ2
=

∫

Γ2

(
û2

0τ +
n−1∑

j=1

û2
0yj

)
dτdy′

in H1(Γ2). Therefore, (9.25) is equivalent to

‖û0‖21,Γ1
+ ‖û0‖21,Γ2

6 Q8(û0, û0) + C

∫

D̂0T

|f̂0|2dsdτdy′. (9.29)

Denote by D0T,t the intersection of D0T with the half-space x0 > t. Integrat-
ing by parts in the integral

0 =
∫

D0T,t

(Lu0 − f0)
(
g00u0x0 +

n∑

j=1

g0j(x)u0xj

)
dxdx0, (9.30)

we obtain (cf. [3, 5])

∫

D0T

⋂{x0=t}

[( n∑

j=0

gj0u0xj (t, x)
)2

+
( n∑

j=1

gj0u0xj
(t, x)

)2

−
n∑

j,k=1

gjku0xj
(t, x)u0xk

(t, x)
]
dx

6 C(‖u0‖21,Γ1t
+ ‖u0‖21,Γ2t

) + C

∫

D0T,t

( n∑

j=0

u2
0xj

)
dxdx0

+ C

∫

D0T,t

|f0|2dxdx0, (9.31)

where Γjt is the intersection of Γj with x0 > t, j = 1, 2. Note that the integral
on the left-hand side of (9.31) is equivalent to

∫

D0T

⋂{x0=t}

( n∑

j=0

u2
0xj

(t, x)
)
dx. (9.32)

Writing (9.29) in the (x0, x) coordinates and combining with (9.31), we get

max
06t6T

∫

D0T

⋂{x0=t}

( n∑

j=0

u2
0xj

)
dx

6 C

∫

D0T

( n∑

j=0

u2
0xj

)
dx0dx + C

∫

D0T

|f0|2dx0dx. (9.33)

Let {αj(x)}j=1,...,N be as above. Denote uj = αju. Applying (9.33) with
uj = αju instead of u0 = α0u and using that

∑N
j=1 αj = 1 in DT , we get
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max
06t6T

∫

DT

⋂{x0=t}

( n∑

j=0

u2
xj

(t, x)
)
dx

6 C

∫

DT

( n∑

j=0

u2
xj

(x0, x)
)
dx0dx + C

N∑

j=1

∫

DjT

|fj |2dx0dx, (9.34)

where fj = (Lαj − αjL)u,

|fj | 6 C
n∑

j=0

|uxj |. (9.35)

Therefore,

max
06t6T

∫

DT

⋂{x0=t}

( n∑

j=0

u2
xj

(t, x)
)
dx

6 C

∫

DT

( n∑

j=0

u2
xj

(x0, x)
)
dx0dx

6 CT max
06t6T

∫

DT

⋂{x0=t}

( n∑

j=0

u2
xj

(t, x)
)
dx. (9.36)

Since T is small, u = 0 in DT . Take any T1 < T . Then there exists δ1 > 0 such
that S0δ1 × [0, T1] ⊂ DT , where S0δ1 is a δ1-neighborhood of S0. Therefore,
u(x0, x) = 0 in S0δ1×[0, T1] and we can extend u(x0, x) by zero in Ωint×[0, T1].
Then Lu = 0 in Rn × (0, T1) and u(0, x) = ux0(0, x) = 0 in Rn. By the
uniqueness of a solution to the hyperbolic Cauchy problem (cf. (9.5)), we
have u = 0 in Rn × (0, T1). Repeating the same arguments on (T1, 2T1)
etc., we find that u = 0 in Ωext × (0, T ) for any T > 0. Therefore, v = û
in Ωext × (0, T ), where v(x0, x) satisfies (9.1), (9.2) and û satisfies (9.4) in
Rn × (0, T ). Then (9.5) implies that

max
06x06T

(‖v(x0, ·)‖21,Ωext
+ ‖vx0(x0, ·)‖20,Ωext

)

6 C(‖ϕ0‖21,Ωext
+ ‖ϕ1‖20,Ωext

+
∫ T

0

‖f(x0, ·)‖20,Ωext
dx0). (9.37)

Thus, we have proved an analogue of Theorem 8.3.

Theorem 9.1. Let S0 be a characteristic surface inside the ergosphere S∆,
and let v(x0, x) satisfy (9.1) and (9.2). Suppose that (5.3) holds. Then v(x0, x)
satisfies (9.37).

Note that (9.37) implies that D+(Ωint ×R) ⊂ Ωint ×R, i.e., Ωint ×R is
a black hole.



104 G. Eskin

As in the case of Theorem 8.1, we can take into account the boundary
condition on ∂Ω0 and prove the estimate

max
06x06T

(‖v(x0, ·)‖21,Ωext
⋂

Ω + ‖vx0(x0, ·)‖20,Ωext
⋂

Ω

)

6 C

∫ T

0

‖f(x0, ·)‖20,Ωext
⋂

Ωdx0 + [g]21,∂Ω0×(0,T ). (9.38)

If (5.2) holds, the domain DT is contained in Ωint × (0, T ). In this case,
arguments similar to the proof of Theorem 9.1 lead to an estimate of the
form (9.38) in (Ωint

⋂
Ω)× (0, T ), i.e., in this case, Ωint ×R is a white hole.
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Global Green’s Function Estimates

Michael W. Frazier and Igor E. Verbitsky

Abstract Under certain conditions, we obtain global pointwise estimates for
Neumann series associated with an integral operator with general quasimetric
kernel. The estimates involve the first and second iterations of the original
kernel. As a consequence we deduce sharp bilateral bounds of Green’s function
for the fractional Schrödinger operator (−∆)α/2 − q with general attractive
potential q > 0 on the entire Euclidean space Rn for 0 < α < n, or a bounded
nontangentially accessible domain Ω ⊆ Rn for 0 < α 6 2, under a certain
“smallness condition” on q. Most of our results are new even in the classical
case α = 2.

1 Introduction

We obtain global exponential bounds for Green’s functions for a broad
class of differential and integral equations with possibly singular coefficients,
data, and boundaries of the domains involved. Of greatest interest is the
Schrödinger operator with potential q, defined by L = −4 − q, on a do-
main Ω ⊆ Rn for n > 3. More generally, we consider the nonlocal operator
Lα = (−4)α/2− q and the associated Green’s function (defined on a domain
Ω as in, for example, [12]), and the Dirichlet problem

Lαu = (−4)
α
2 u− q u = ϕ in Ω, u = 0 on Ωc. (1.1)
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Here q and ϕ are locally integrable functions or locally finite measures. We
allow 0 < α < n if Ω is the entire space Rn, and 0 < α 6 2 for a bounded
domain Ω, with n 6= 2 if α = 2.

We consider domains Ω with a Green’s operator G(α) for (−4)α/2 with
a nonnegative Green’s function G(α)(x, y), where G(α)(x, y) is the kernel of
the integral operator G(α). Our theory is applicable to any bounded domain
Ω with the uniform Harnack boundary principle, established originally by
Jerison and Kenig [23] for nontangentially accessible (NTA) domains. This
principle is now known to hold for a large class of domains in Rn, n > 2,
including uniform domains in the classical case α = 2, and even more general
domains with the interior corkscrew condition if 0 < α < 2 (cf. [4, 19, 37]).

For Ω = Rn, by G(α) we mean the Riesz potential Iα with kernel cn,α|x−
y|α−n, 0 < α < n. We often write G and G(x, y) instead of G(α) and G(α)(x, y)
when the dependence on α is understood.

The literature on Green’s functions of elliptic differential operators, and
their relation to spectral theory, stochastic processes, and nonlinear problems
is immense. We refer to [6, 2, 7, 14, 20, 25, 30] for a variety of results and
estimates, and further references. We were specifically motivated by work in
[10, 24] on the nonlinear equation

(−4)
α
2 u = q us + ϕ, u > 0, (1.2)

for s > 1 and arbitrary nonnegative q, ϕ. In [24], a necessary and matching
sufficient condition were found for the existence of positive weak solutions,
together with sharp pointwise estimates, for a wide class of differential and
integral equations, including (1.2). An alternative proof for the Laplacian
operator, which gives a better constant in the necessity part, was obtained
in [10]. Curiously, neither of their methods apply directly to (1.1) in the
end-point case s = 1.

Applying Green’s operator to both sides of (1.1), we obtain the equivalent
problem

u = G(q u) + f on Ω, (1.3)

where f = G(ϕ). In this paper, our estimates depend only on |q|, so we define

dω(y) = |q(y)| dy (1.4)

and the operator T by

T (u)(x) = G(|q| · u)(x) =
∫

Ω

G(x, y)u(y) dω(y). (1.5)

In fact, we can replace q in (1.1) by a nonnegative measure ω on Ω and obtain
(1.5) in the same way. For q > 0, (1.3) takes the form

u = Tu + f. (1.6)
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A formal solution of (1.6) is u = (I − T )−1(f) =
∑∞

j=0 T jf . Let G1(x, y) =
G(x, y). For j > 1 define Gj inductively by

Gj(x, y) =
∫

Ω

G(x, z)Gj−1(z, y) dω(z). (1.7)

Then Gj(x, y) is the kernel of T j with respect to the measure dω, i.e.,

T ju(x) =
∫

Ω

Gj(x, y)u(y) dω(y).

We define the Neumann series

V (x, y) =
∞∑

j=1

Gj(x, y), x, y ∈ Ω. (1.8)

When q > 0, V is called the minimal Green’s function for Lα = (−4)
α
2 − q.

Our main objective is to obtain estimates for V . Note that for q > 0,

u(x) =
∞∑

j=0

T jf(x) = f(x) +
∫

Ω

V (x, y)f(y) dω(y).

For f = G(ϕ) we obtain

u(x) =
∫

Ω

V (x, y)ϕ(y) dy, (1.9)

for, say, ϕ > 0. Hence V plays the same role in the solution of (1.1) that the
Green’s kernel G plays when q = 0. To see (1.9), note that

u(x) = Gϕ(x) +
∫

Ω

V (x, y)Gϕ(y) dω(y)

=
∫

Ω

G(x, z)ϕ(z) dz +
∫

Ω

V (x, y)
∫

Ω

G(y, z)ϕ(z) dz dω(y)

=
∫

Ω

(
G(x, z) +

∫

Ω

∞∑

j=1

Gj(x, y)G(y, z) dω(y)

)
ϕ(z) dz

=
∫

Ω

(
G(x, z) +

∞∑

j=2

Gj(x, z)

)
ϕ(z) dz =

∫

Ω

V (x, z)ϕ(z) dz.

Our estimates do not involve cancellations resulting from q. Hence the lower
bounds require the assumption q > 0. Otherwise, the assumptions needed are
minimal.
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Theorem 1.1. Suppose that Ω ⊆ Rn is either the entire space or a bounded
domain satisfying the uniform boundary Harnack principle. Let 0 < α < n if
Ω is Rn; otherwise, let 0 < α 6 2, with α 6= 2 if n = 2. Suppose that q is
either a nonnegative locally integrable function or a nonnegative locally finite
measure on Ω. Then there exists c1 > 0, depending only on α and Ω, such
that

V (x, y) =
∞∑

j=1

G
(α)
j (x, y) > G(α)(x, y)ec1G

(α)
2 (x,y)/G(α)(x,y). (1.10)

The estimate (1.10) in the classical case α = 2 is implicit in the estimates
of the conditional gauge in [14, Theorems 7.6 and 7.19–7.21] (cf. also similar
lower estimates for negative q, under the additional assumption that q is in
the local Kato class, in [18]).

The main goal of this paper is to show that there is an upper estimate
for V of the same nature as the lower estimate in Theorem 1.1, under a
certain smallness condition on ω. To motivate our condition, suppose that
q > 0 and there exists f > 0 such that there is a nonnegative solution u,
which is not identically 0, to the equation u = Tu + f . Then Tu(x) 6 u(x)
for almost every x ∈ Ω. Hence, by the Schur lemma, the operator norm
‖T‖ = ‖T‖L2(ω)→L2(ω) of T on L2(ω) satisfies ‖T‖ 6 1. On the other hand,
if f ∈ L2(ω) and ‖T‖ < 1, then

∑∞
j=0 T jf converges in L2(ω) to a solution

of u = Tu + f . The goal in this paper is to obtain pointwise estimates. For
this purpose, we consider certain “weak boundedness” conditions. We use
this terminology in a general sense; our condition is not the same as the weak
boundedness condition considered in the famous T1 theorem.

Our weak boundedness conditions involve a function m defined on Ω, as
follows. If Ω = Rn, let m(x) = 1 for all x. If Ω is a bounded C1,1 domain,
let m(x) = dist (x, ∂Ω)α/2. If Ω is any bounded domain that obeys the
uniform boundary Harnack principle, let x0 be a fixed point in Ω and let
m(x) = min(1, G(x, x0)). We will note at the end of Section 2 that, in all
the cases we consider, d(x, y) = m(x)m(y)/G(x, y) satisfies the quasitriangle
inequality d(x, y) 6 κ(d(x, z) + d(z, y)) for all x, y, z ∈ Ω, for some κ > 0.
We define the quasimetric balls

Bt(x) = {z ∈ Ω : d(x, z) < t}

for x ∈ Ω and t > 0.
Define ‖ω‖∗ to be the infimum of all positive constants C such that

∫

B×B

G(x, y)m(x)m(y) dω(x) dω(y) 6 C

∫

B

m2(z) dω(z) (1.11)

for all quasimetric balls B ⊆ Ω, and let ‖ω‖wb be the infimum of all positive
constants C such that
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∫

E×E

G(x, y)m(x)m(y) dω(x) dω(y) 6 C

∫

E

m2(z) dω(z) (1.12)

for all measurable sets E ⊆ Ω. Conditions of this type for Ω = Rn and
G(x, y) = |x − y|α−n, m(x) = 1 were introduced by Adams [1, Theorem
7.2.1] and earlier, in an equivalent capacitary form, by Maz’ya [28, Sections
8.3 and 8.9].

It is obvious that ‖ω‖∗ 6 ‖ω‖wb. Since

〈T (mχE),mχE〉L2(ω) 6 ‖T‖ ‖mχE‖2L2(ω),

one obtains
‖ω‖wb 6 ‖T‖. (1.13)

The weak boundedness condition ‖ω‖wb < ∞ is related to conditions studied
in [1, Theorem 7.2.1] and [28, Theorem 8.3].

We say that a measure dν on Ω is d-doubling if

sup
{x∈Ω,t>0:ν(Bt(x))>0}

ν(B2κt(x))
ν(Bt(x))

< ∞.

For the upper estimate for V , we do not need to assume that q > 0, but
the bounds are expressed in terms of dω(x) = |q(x)|dx.

Theorem 1.2. Suppose that Ω ⊆ Rn is either the entire space or a bounded
domain satisfying the uniform boundary Harnack principle. Let 0 < α < n if
Ω is Rn; otherwise, let 0 < α 6 2, with α 6= 2 if n = 2. Suppose that q is
either a locally integrable function or a locally finite nonnegative measure on
Ω. Define m as above, depending on Ω. Then there exists ε > 0 such that if

m2 dω is a d-doubling measure and ‖ω‖∗ < ε (1.14)

or
‖ω‖wb < ε, (1.15)

then there exist nonnegative constants c2 and C2, depending only on α and
Ω, such that

V (x, y) =
∞∑

j=1

G
(α)
j (x, y) 6 C2G

(α)(x, y)ec2G
(α)
2 (x,y)/G(α)(x,y). (1.16)

In the case (1.14), ε depends on α, Ω and the doubling constant for m2 ω,
whereas, in the case (1.15), ε depends only on α and Ω.

A natural question is to determine which potentials q are sufficiently mild
that Green’s kernel V for the operator (−4)α/2 − q is pointwise equivalent
to the Green’s kernel G(α) for the case q = 0. Under the smallness conditions
in Theorem 1.2, the bilateral estimates from Theorems 1.1 and 1.2 show that
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V =
∑∞

j=1 Gj ∼ G if and only if the apparently much simpler condition
G2 6 CG holds for some constant C. Equivalences of this type have been
observed under different assumptions, for example, in [14, 19, 30, 34]. In
Section 5, we show how some Kato type conditions imply that G2 6 CG.

As an easy consequence of our estimates, we find that the seemingly weaker
conditions ‖ω‖∗ < ∞ (when ω is d-doubling) and ‖ω‖wb < ∞ are each
equivalent to the boundedness of T on L2(ω).

Theorem 1.3. Suppose that Ω ⊆ Rn is either the entire space or a bounded
domain satisfying the uniform boundary Harnack principle. Let 0 < α < n if
Ω is Rn; otherwise, let 0 < α 6 2, with α 6= 2 if n = 2. Suppose that q is
either a locally integrable function or a locally finite nonnegative measure on
Ω. Define m as above depending on Ω. Then

(i) ‖ω‖wb ≈ ‖T‖
and

(ii) if m2 dω is a d-doubling measure, then ‖ω‖∗ ≈ ‖T‖.
The statement of Theorem 1.3 is analogous to the results of [26, 36] show-

ing that, for certain operators, norm boundedness is equivalent to a testing
condition of Sawyer type. In many cases, the assumption that m2dω is a
d-doubling measure in the second statement can be removed. Moreover, the
boundary behavior of m(x) in the condition (1.12) is not important since it
suffices instead to check the testing condition

∫

B×B

|x− y|α−ndω(x) dω(y) 6 C ω(B),

on all Euclidean balls B when Ω = Rn, or on balls B lying inside each
Whitney cube Q associated with Ω, where C does not depend on B ⊆ Q.
This can be shown using Theorem 1.3 and a localization argument in the case
α = 2 for any bounded domain satisfying the Hardy inequality (cf. [29]), in
particular for Lipschitz and NTA domains. In the case 0 < α < 2, a similar
localization argument is applicable at least to smooth domains (cf. [32]). For
Ω = Rn this is easy to deduce from [26].

Our results also yield estimates in cases where V and G are not pointwise
equivalent. We consider one such an example in which reasonably explicit
estimates can be obtained from Theorems 1.1 and 1.2.

Example 1.1. Suppose that 0 < α < n. Define the operator L in Rn by

L = (−4)α/2 −A/|x|α,

where A is a constant. Then there exists ε > 0 such that if 0 < A < ε, there
exist positive constants b1, b3, depending only on n, α, and A, and b2, b4,
depending only on n and α, such that the minimal Green’s function V (x, y)
of L satisfies
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b1

(
max

{
|x|
|y| ,

|y|
|x|

})b2A

|x− y|n−α
6 V (x, y) 6 b3

(
max

{
|x|
|y| ,

|y|
|x|

})b4A

|x− y|n−α
(1.17)

for all x, y ∈ Rn.
Such estimates, along with asymptotics of Green’s functions, are well

known in the classical case α = 2 (cf. [38, Lemma 5], [17], and [30]).
Theorems 1.1, 1.2, and 1.3 are obtained from general results below (The-

orems 2.3, 4.4, and 5.1, respectively) for general quasimetrically modifiable
kernels on measure spaces (cf. Definitions 2.1 and 4.1).

Analogous results hold for many other differential and integral operators,
as long as their Green’s function is globally comparable to Green’s function
for (−4)α/2 on Ω. We observe that perturbation theorems that guarantee
such comparability are known for wide classes of elliptic operators (cf., for
example, [7, 34, 39]).

In [16], we followed the general approach (as in [11] and [21]) of first study-
ing dyadic models of these equations, where the proofs and basic estimates
are more transparent. This is reminiscent of a similar approach that recently
has been used in studies of nonlinear problems, including quasilinear, Hessian,
and subelliptic equations (cf. [24, 32, 33]).

In [15], a different approach is presented in which the same types of es-
timates (still in the context of general quasimetrically modifiable kernels on
measure spaces) are proved but with the assumption that ‖T‖ < 1 replacing
the smallness assumptions on ‖ω‖∗ or ‖ω‖wb.

2 Lower Bounds of Green’s Functions

Definition 2.1. Let (Ω,ω) be a measure space. Suppose that K is a map
from Ω × Ω into (0,+∞] such that K(·, y) is ω-measurable for all y ∈ Ω.
Define

d(x, y) = 1/K(x, y). (2.1)

We say that K is a quasimetric kernel on Ω with quasimetric constant κ >
1/2 if

(i) K is symmetric: K(x, y) = K(y, x) for all x, y ∈ Ω,

(ii) K(x, y) < +∞ if x 6= y,

(iii) d satisfies the quasitriangle inequality with constant κ:

d(x, y) 6 κ (d(x, z) + d(z, y)) (2.2)

for all x, y, z ∈ Ω.
For x ∈ Ω and all r > 0 we define the quasimetric balls
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Br(x) = {z ∈ Ω : d(z, x) < r}. (2.3)

We say that ω is locally finite if ω(Br(x)) < ∞ for all x ∈ Ω and r ∈ (0,∞).
We remark that we do not require that K(x, x) = +∞, and so it might

happen that d(x, x) > 0. Hence some of the quasimetric balls Br(x) might
be empty.

Inductively we define Kj for j ∈ N by letting K1 = K and for j > 2

Kj(x, y) =
∫

Ω

K(x, z)Kj−1(z, y) dω(z). (2.4)

Note that all of the kernels Kj are symmetric:

Kj(x, y) = Kj(y, x). (2.5)

For t > 0 and x ∈ Ω we define

Gt(x) =
∫ t

0

ω (Br(x))
r2

dr. (2.6)

Next we collect some simple facts which will be useful.

Lemma 2.1. Suppose that ω is σ-finite. For any t > 0 and x ∈ Ω

∫

Bt(x)

dω(z)
d(x, z)

= Gt(x) +
ω (Bt(x))

t
. (2.7)

For m = 0, 1, 2, . . . , y ∈ Ω, and a > 0
∫ ∞

a

Gm
t (y)ω (Bt(y))

dt

t3
6 1

m + 1

∫ ∞

a

Gm+1
t (y)

dt

t2
(2.8)

and
∫ ∞

a

Gm+1
t (y)

dt

t2
6 (m + 1)

∫ ∞

a

Gm
t (y)ω (Bt(y))

dt

t3
+

Gm+1
a (y)

a
. (2.9)

Proof. By the Fubini theorem,

Gt(x) =
∫ t

0

ω (Bs(x))
s2

ds =
∫ t

0

∫

Bs(x)

1
s2

dω(z) ds

=
∫

Bt(x)

∫ t

d(x,z)

1
s2

ds dω(z) =
∫

Bt(x)

dω(z)
d(x, z)

− ω (Bt(x))
t

,

which proves (2.7). For b > a integration by parts yields
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∫ b

a

Gm
t (y)

ω (Bt(y))
t2

dt

t
=

Gm+1
t (y)

(m + 1)t

∣∣∣∣
b

a

+
∫ b

a

Gm+1
t (y)
m + 1

dt

t2
.

Then (2.9) follows by letting b →∞. To prove (2.8), we can assume that the
right-hand side is finite. Note that

Gm+1
t (y)

t

∣∣∣∣
b

a

6 Gm+1
b (y)

b
=

1
log 2

∫ 2b

b

Gm+1
b (y)

b

dt

t
6 2

log 2

∫ 2b

b

Gm+1
t (y)

t

dt

t
,

which goes to 0 as b →∞ if the right-hand side of (2.8) is finite. Hence (2.8)
holds. ut

Theorem 2.1. Let K be a quasimetric kernel on a σ-finite measure space
(Ω,ω) with quasimetric constant κ. Define Kj for j ∈ N by (2.4) and Gt by
(2.6). Then

∞∑

j=1

Kj(x, y) >
∫ ∞

d(x,y)

e
1

4κ (Gt(x)+Gt(y)) dt

t2
. (2.10)

Proof. We first claim that for j ∈ N,
∫ ∞

d(x,y)

Gj
t (y)

dt

t2
6 2κj

∫

Ω

∫ ∞

d(z,y)

K(x, z)Gj−1
t (y)

dt

t2
dω(z). (2.11)

By (2.9),

∫ ∞

d(x,y)

Gj
t (y)

dt

t2
6 j

∫ ∞

d(x,y)

Gj−1
t (y)ω (Bt(y))

dt

t3
+

Gj
d(x,y)(y)

d(x, y)
.

Note that for d(x, y) < t and z ∈ Bt(y), we have

d(x, z) 6 κ (d(x, y) + d(y, z)) < 2κ t or
1
t

6 2κ
d(x, z)

= 2κK(x, z).

Hence

j

∫ ∞

d(x,y)

Gj−1
t (y)ω (Bt(y))

dt

t3
= j

∫ ∞

d(x,y)

Gj−1
t (y)

∫

Bt(y)

dω(z)
t

dt

t2

6 2κj

∫ ∞

d(x,y)

Gj−1
t (y)

∫

Bt(y)

K(x, z) dω(z)
dt

t2
.

For t < d(x, y) and z ∈ Bt(y) we have

d(x, z) 6 κ (d(x, y) + d(y, z)) 6 κ (d(x, y) + t) < 2κ d(x, y)

or
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1
d(x, y)

<
2κ

d(x, z)
= 2κK(x, z).

Therefore, by the fundamental theorem of calculus and the fact that G0 = 0,

Gj
d(x,y)(y)

d(x, y)
=

1
d(x, y)

∫ d(x,y)

0

jGj−1
t (y)ω (Bt(y))

dt

t2

= j

∫ d(x,y)

0

Gj−1
t (y)

∫

Bt(y)

dω(z)
d(x, y)

dt

t2

6 2κj

∫ d(x,y)

0

Gj−1
t (y)

∫

Bt(y)

K(x, z) dω(z)
dt

t2
.

Putting these estimates together,
∫ ∞

d(x,y)

Gj
t (y)

dt

t2
6 2κj

∫ ∞

0

Gj−1
t (y)

∫

Bt(y)

K(x, z) dω(z)
dt

t2
,

and (2.11) follows by the Fubini theorem.
We claim that

Kj(x, y) > 1
(j − 1)!(2κ)j−1

∫ ∞

d(x,y)

Gt(y)j−1 dt

t2
(2.12)

for all j ∈ N. For j = 1

K(x, y) =
1

d(x, y)
=

∫ ∞

d(x,y)

dt

t2
. (2.13)

Now, suppose that (2.12) holds for j. Then

Kj+1(x, y) =
∫

Ω

K(x, z)Kj(z, y) dω(z)

> 1
(j − 1)!(2κ)j−1

∫

Ω

K(x, z)
∫ ∞

d(z,y)

Gt(y)j−1 dt

t2
dω(z)

> 1
j!(2κ)j

∫ ∞

d(x,y)

Gt(y)j dt

t2

by (2.11), which proves (2.12) by induction.
Summing (2.12) over j yields

∞∑

j=1

Kj(x, y) >
∫ ∞

d(x,y)

e
1

2κGt(y)

t2
dt.
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By symmetry (i.e., (2.5)), we have the same estimate with Gt(y) replaced by
Gt(x) on the right-hand side. Averaging, we obtain

∞∑

j=1

Kj(x, y) >
∫ ∞

d(x,y)

1
2

(
e

1
2κGt(x) + e

1
2κGt(y)

)

t2
dt.

Using 1
2 (a + b) >

√
ab, we obtain (2.10). ut

The next lemma is of interest in its own right.

Lemma 2.2. Let K be a quasimetric kernel on a σ-finite measure space
(Ω,ω) with quasimetric constant κ. Define Kj for j ∈ N by (2.4) and Gt by
(2.6). Then for all x, y ∈ Ω

1
4κ

∫ ∞

d(x,y)

Gt(x)+Gt(y)
dt

t2
6 K2(x, y) 6 4κ

∫ ∞

d(x,y)

Gt(x)+Gt(y)
dt

t2
. (2.14)

Proof. The first inequality follows from the symmetry of K2 and the case
j = 2 of (2.12). Let s0 = d(x, y)/(2κ). Then

K2(x, y) =
∫

Ω

K(x, z)K(z, y) dω(z) =
∫

Ω

K(x, z)
d(z, y)

dω(z)

=
∫

Ω

K(x, z)
∫ ∞

d(z,y)

dt

t2
dω(z) =

∫ ∞

0

∫

Bt(y)

K(x, z) dω(z)
dt

t2

= I + II

by the Fubini theorem, where

I =
∫ s0

0

∫

Bt(y)

K(x, z) dω(z)
dt

t2
,

II =
∫ ∞

s0

∫

Bt(y)

K(x, z) dω(z)
dt

t2
.

For I, note that for s < s0 and z ∈ Bs(y) we have

2κs0 = d(x, y) 6 κ (d(x, z) + d(z, y)) 6 κ (d(x, z) + s) 6 κd(x, z) + κs0.

Hence s0 < d(x, z) or K(x, z) < 1/s0. Therefore,

I 6 1
s0

∫ s0

0

ω (Bt(y))
s2

dt =
Gs0(y)

s0
= 2κ

∫ ∞

2κs0

Gs0(y)
s2

ds

6 2κ
∫ ∞

d(x,y)

Gt(y)
t2

dt
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since Gt is an increasing function of t.
Write

II 6 III + IV,

where

III =
∫ ∞

s0

∫

Bt(y)\Bt(x)

K(x, z) dω(z)
dt

t2
,

IV =
∫ ∞

s0

∫

Bt(x)

K(x, z) dω(z)
dt

t2
.

For z 6∈ Bt(x) we have K(x, z) = 1/d(x, z) < 1/t, so

III 6
∫ ∞

s0

∫

Bt(y)

dω(z)
dt

t3
=

∫ ∞

s0

ω (Bt(y))
dt

t3
6

∫ ∞

s0

Gt(y)
dt

t2

by the case m = 0 of (2.8). Since Gt is increasing in t, and by a change of
variable,

III 6
∫ ∞

s0

G2κt(y)
dt

t2
= 2κ

∫ ∞

2κs0

Gt(y)
dt

t2
= 2κ

∫ ∞

d(x,y)

Gt(y)
dt

t2
.

In view of (2.7) and (2.8), we have

IV 6
∫ ∞

s0

Gt(x)
dt

t2
+

∫ ∞

s0

ω(Bt(x))
dt

t3
6 2

∫ ∞

s0

Gt(x)
dt

t2
6 4κ

∫ ∞

d(x,y)

Gt(x)
dt

t2

by the same arguments as for III. Adding these estimates gives the right
inequality of (2.14). ut

Theorem 2.2. Let K be a quasimetric kernel on a σ-finite measure space
(Ω,ω) with quasimetric constant κ. Define Kj for j ∈ N by (2.4) and Gt by
(2.6). Then

∞∑

j=1

Kj(x, y) > K(x, y)e(
1

16κ2 )K2(x,y)/K(x,y) (2.15)

for all x, y ∈ Ω.

Proof. Let t0 = d(x, y) = 1/K(x, y) for all x, y ∈ Ω. By (2.14),

1
16κ2

K2(x, y)
K(x, y)

6 t0

∫ ∞

t0

Gt(x) + Gt(y)
4κ

dt

t2
.

The measure t0dt/t2 is a probability measure on the space (t0,∞), so expo-
nentiating both sides of the last inequality and applying the Jensen inequality
implies
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K(x, y)e(
1

16κ2 )K2(x,y)/K(x,y) 6
∫ ∞

d(x,y)

e(
1

4κ )(Gt(x)+Gt(y)) dt

t2
6

∞∑

j=1

Kj(x, y)

by Theorem 2.1. ut
Theorem 2.2 admits a simple extension which substantially increases its

applicability.

Definition 2.2. Let (Ω,ω) be a measure space. We say that a map K :
Ω×Ω → (0,+∞] is quasimetrically modifiable with constant κ if there exists
an ω-measurable function m : Ω → (0,∞) such that K(x, y)/(m(x)m(y)) is a
quasimetric kernel on Ω with quasimetric constant κ. We call m the modifier
of K.

Theorem 2.3. Let K be a quasimetrically modifiable kernel with modifier
m and constant κ on σ-finite measure space (Ω,ω). Define Kj for j ∈ N by
(2.4) for j > 1. Then

∞∑

j=1

Kj(x, y) > K(x, y)e(
1

16κ2 )K2(x,y)/K(x,y) (2.16)

for all x, y ∈ Ω.

Proof. Define a measure ν on Ω by dν = m2dω. Define

H(x, y) =
K(x, y)

m(x)m(y)

and define the iterates Hj of H with respect to ν inductively for j > 1 by

Hj(x, y) =
∫

Ω

H(x, z)Hj−1(z, y) dν(z). (2.17)

Note that

Hj(x, y) =
Kj(x, y)

m(x)m(y)
(2.18)

for all j ∈ N: (2.18) holds by definition for j = 1, and, inductively, assuming
(2.18) with j replaced by j − 1, we have

∫

Ω

H(x, z)Hj−1(z, y) dν(z) =
∫

Ω

K(x, z)
m(x)m(z)

Kj−1(z, y)
m(z)m(y)

m2(z)dω(z)

=
Kj(x, y)

m(x)m(y)
.

Hence, applying Theorem 2.2 to the kernel H and the measure ν, we obtain
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∞∑

j=1

Kj(x, y) = m(x)m(y)
∞∑

j=1

Hj(x, y)

> m(x)m(y)H(x, y)e(
1

16κ2 )H2(x,y)/H(x,y)

= K(x, y)e(
1

16κ2 )K2(x,y)/K(x,y).

The proof is complete. ut
Theorem 1.1 follows from Theorem 2.3 and known facts concerning the

Green’s kernel G(α) for (−4)α/2. If 0 < α < n and Ω = Rn, G(α)(x, y) =
cn,α|x−y|α−n is obviously a quasimetric kernel. The σ-finiteness of ω follows
from the assumption that q ∈ L1

loc or that ω is locally finite. Hence Theorem
2.15 applies to yield Theorem 1.1 in these cases.

As was pointed out in [24], even in the classical case, the Green’s kernel is
not necessarily a quasimetric kernel when n > 2. However, for bounded C1,1

domains it is well known that for 0 < α 6 2, with α 6= 2 when n = 2,

G(α)(x, y) ≈ δ(x)α/2δ(y)α/2

|x− y|n−α(|x− y|+ δ(x) + δ(y))α
, (2.19)

where δ(x) = dist(x, ∂Ω) for x ∈ Ω and “≈” means that the ratio of the two
sides is bounded from above and below by positive constants depending only
on Ω and α (for α = 2 see [39] for the upper estimate and [40] for the lower
estimate; for 0 < α 6 2 see [12]). It follows easily that G(α) is a quasimetric
kernel with modifier m(x) = δ(x)α/2. The kernel G(α)(x, y)/(δ(x)δ(y))α/2 is
the so-called Näım kernel (cf. [31] and also [5]).

For Lipschitz, or more general NTA (or uniform) domains, G(α) is a quasi-
metric kernel on Ω with modifier m(x) = min(1, G(x, x0)), where x0 is a
fixed pole in Ω. This was first conjectured in [24], for α = 2, and proved
by Ancona in response to a question of the second author discussed at the
Mittag–Leffler Institute in November, 1999. It was rediscovered later, as a
result of the work of Aikawa [3], Bogdan [9], and Riahi [35] for the classical
Green’s function. A slightly stronger version of the quasimetric property, for
0 < α 6 2, was ultimately shown by Hansen [19] to be essentially equivalent
to the uniform boundary Harnack principle (cf. [4, 8, 19, 37]). These results
guarantee that Theorem 1.1 follows from Theorem 2.3.

We remark that the idea of modifying a kernel to obtain the quasimetric
property goes back to [24] and [34].

3 Weak Boundedness and Local Estimates

In this section, we continue to assume that K is a quasimetric kernel with
constant κ on a σ-finite measure space (Ω,ω), Gt is defined by (2.6), and
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d = 1/K. Define

‖ω‖∗ = sup
1

ω(B)

∫∫

B×B

K(x, y) dω(x) dω(y), (3.1)

where the supremum is taken over all balls B = Bt(z) such that ω(B) > 0,
and

‖ω‖wb = sup
1

ω(E)

∫∫

E×E

K(x, y) dω(x) dω(y), (3.2)

where the supremum is taken over all t > 0 and ω-measurable E ⊆ Ω such
that ω(E) > 0. Define T by

Tf(x) =
∫

Ω

K(x, y)f(y) dω(y).

Let ‖T‖ denote the operator norm of T on L2(ω).

Lemma 3.1.
‖ω‖∗ 6 ‖ω‖wb 6 ‖T‖. (3.3)

If ω is locally finite, then

sup
t>0,x∈Ω

ω(Bt(x))
t

6 2κ‖ω‖∗. (3.4)

Proof. The first inequality in (3.3) is trivial. For the second,
∫∫

E×E

K(x, y) dω(x) dω(y) = 〈TχE , χE〉L2(ω) 6 ‖T‖‖χE‖2L2(ω) = ‖T‖ω(E).

For (3.4), let t > 0 and z ∈ Ω. For x, y ∈ Bt(z) we have d(x, y) 6 κ(d(x, z)+
d(z, y)) < 2κt. Hence

ω(Bt(z))2

2κt
=

∫∫

Bt(z)×Bt(z)

1
2κt

dω(x) dω(y)

<

∫∫

Bt(z)×Bt(z)

1
d(x, y)

dω(x) dω(y) 6 ω(Bt(z))‖ω‖∗,

which yields (3.4) by the local finiteness assumption. ut
Note that if ‖ω‖∗ < ∞, then ω is σ-finite by (3.4).
We say that a measure dν on Ω is a doubling measure if Dν < ∞, where

Dν = sup
ν(B2κt(x))
ν(Bt(x))

, (3.5)

where the supremum is taken over all x ∈ Ω and all t > 0 such that
ν(Bt(x)) > 0.
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Lemma 3.2. Suppose that ω is a doubling measure. Then
∫

Bt(x)

Gm
t dω 6 m! (2κDω‖ω‖∗)m

ω(Bt(x)), (3.6)

for all x ∈ Ω, t > 0, and m ∈ N ∪ {0}. Also, if 0 6 ε < 1/(2κDω‖ω‖∗), then
∫

Bt(x)

eεGt dω 6 ω (Bt(x))
1− 2κDω‖ω‖∗ε , (3.7)

for all x ∈ Ω and all t > 0.

Proof. The inequality (3.6) is trivial for m = 0. We prove, by induction, that
for m > 1

∫

Bt(x)

Gm
t dω 6 m!D−1

ω (2κDω‖ω‖∗)m
ω(B2κt(x)) (3.8)

for all x ∈ Ω and all t > 0. Assuming the inequality (3.8), we obtain (3.6) by
the definition of Dω. To prove (3.8) for m = 1, we use (2.7) to obtain

∫

Bt(x)

Gt(y) dω(y) 6
∫

Bt(x)

∫

Bt(y)

K(y, z) dω(z) dω(y).

For y ∈ Bt(x) we have Bt(y) ⊆ B2κt(x) by the quasitriangle inequality (2.2).
Hence the last expression is bounded by

∫

B2κt(x)

∫

Bt(x)

K(y, z) dω(y) dω(z).

Since κ > 1/2, we can enlarge Bt(x) to B2κt(x) to obtain
∫

Bt(x)

Gt(y) dω(y) 6 ‖ω‖∗ ω(B2κt(x)) (3.9)

for all x ∈ Ω and all t > 0. Since 2κ > 1, we obtain (3.8) for m = 1. We
observe for future reference that the proof of (3.9) does not require ω to be
a doubling measure.

Inductively, suppose that (3.8) holds for m − 1. By the fundamental the-
orem of calculus and the Fubini theorem,

∫

Bt(x)

Gm
t (y) dω(y) = m

∫

Bt(x)

∫ t

0

Gm−1
r (y)

ω(Br(y))
r2

dr dω(y)

= m

∫ t

0

∫

Bt(x)

Gm−1
r (y)

∫

Br(y)

dω(z) dω(y)
dr

r2
.
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For y ∈ Bt(x) and 0 6 r 6 t we have Br(y) ⊆ B2κt(x) by the quasitriangle
inequality (2.2). Since z ∈ Br(y) if and only if y ∈ Br(z), we obtain

∫

Bt(x)

Gm−1
r (y)

∫

Br(y)

dω(z) dω(y) 6
∫

B2κt(x)

∫

Br(z)

Gm−1
r (y) dω(y) dω(z)

6 (m− 1)!D−1
ω (2κDω‖ω‖∗)m−1

∫

B2κt(x)

ω(B2κr(z)) dω(z),

by the induction hypothesis. Substituting this estimate above, we come to
∫

Bt(x)

Gm
t (y) dω(y) 6 m!D−1

ω (2κDω‖ω‖∗)m−1

∫ t

0

∫

B2κt(x)

ω(B2κr(z)) dω(z)
dr

r2

= m!D−1
ω (2κDω‖ω‖∗)m−1

∫

B2κt(x)

∫ t

0

ω(B2κr(z))
r2

dr dω(z).

By a change of variables,
∫ t

0

ω(B2κr(z))/r2 dr = 2κG2κt(z).

By (3.9), we see that

∫

B2κt(x)

∫ t

0

ω(B2κr(z))
r2

dr dω(z) = 2κ
∫

B2κt(x)

G2κt(z) dω(z)

6 2κ‖ω‖∗ω(B4κ2t(x)) 6 2κDω‖ω‖∗ω(B2κt(x)).

Substituting this estimate above completes the induction and hence the proof
of (3.6). The estimate (3.7) follows by writing out the Taylor series for eεGt ,
applying (3.6), and summing the resulting geometric series. ut

We note the following consequences of our estimates.

Corollary 3.1. Let K be a quasimetric kernel on a locally finite measure
space (Ω, ω) with quasimetric constant κ. Define Gt by (2.6) and K2 by
(2.4). If ‖ω‖∗ < ∞, then for a.e. y ∈ Ω

(i) Gt(y) < ∞ for all t ∈ (0,∞),

(ii) K(x, y) < ∞ for a.e. x ∈ Ω,

(iii) K2(x, y) < ∞ for a.e. x ∈ Ω.

Proof. Note that for any x ∈ Ω and 0 < t0 < t1 < ∞,

Gt1(x) = Gt0(x) +
∫ t1

t0

ω(Bt(x))
t2

dt 6 Gt0(x) + 2κ‖ω‖∗ log(t1/t0) (3.10)
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by (3.4). Hence Gt(x) is either finite for all t ∈ (0,∞) or infinite for all t > 0.
Hence to prove (i), it suffices to prove that ω({x ∈ Ω : G1(x) = ∞}) = 0.

Select an arbitrary z ∈ Ω. For ` ∈ N and x ∈ B`(z) we have, by (3.9),
∫

B`(z)

G1(x) dω(x) 6
∫

B`(z)

G`(x) dω(x) 6 ‖ω‖∗ω(B2κ`(z)) 6 4κ2`‖ω‖2∗ < ∞

by (3.4). Hence G1(x) < ∞ for a.e. x ∈ B`(z). Then (i) follows by taking the
union over ` > 1.

For (ii), if x 6= y, then K(x, y) < ∞ by condition (ii) in Definition 2.1. If
K(y, y) = ∞, then d(y, y) = 0. Therefore, y ∈ Br(y) for all r > 0. By (3.4),
ω({y}) 6 ω(Br(y)) 6 2κ‖ω‖∗r for all r > 0, and hence ω({y}) = 0. Note
that (ii) holds for every y ∈ Ω, not just a.e. y.

By (i) and (ii), for a.e. y ∈ Ω we have Gt(y) < ∞ for all t ∈ (0,∞) and
K(x, y) < ∞ for a.e x ∈ Ω. For such y we claim that K2(x, y) < ∞ for a.e.
x ∈ Ω, as follows. By Lemma 2.2 followed by (3.10),

K2(x, y) 6 4κ
∫ ∞

d(x,y)

Gt(x) + Gt(y)
dt

t2

6 4κ
∫ ∞

d(x,y)

Gd(x,y)(x) + Gd(x,y)(y) + 4κ‖ω‖∗ log(t/d(x, y))
dt

t2

= 4κK(x, y)
(
Gd(x,y)(x) + Gd(x,y)(y) + 4κ‖ω‖∗

)
< ∞ ω − a.e.

by (i) and the choice of y. ut
The upper estimate for K2 at the end of the last proof is of interest in its

own right, especially in view of the lower estimate:

K2(x, y) > 1
4κ

∫ ∞

d(x,y)

Gt(x) + Gt(y)
dt

t2
> K(x, y)

4κ
(
Gd(x,y)(x) + Gd(x,y)(y)

)

by (2.14) and the monotinicity of Gt. The lower estimate does not require
any assumption that ω is doubling or satisfy ‖ω‖∗ < ∞.

Even if ω is not doubling, estimates similar to those in Lemma 3.2 can be
obtained if ‖ω‖wb < ∞.

Lemma 3.3. Suppose that ω is a measure satisfying ‖ω‖wb < ∞. Then
∫

Bt(x)

Gm
t dω 6 m! (2κ‖ω‖wb)

m
ω(B2κt(x)) (3.11)

for all x ∈ Ω, t > 0 and m ∈ N ∪ {0}. Also, if 0 6 ε < 1/(2κ‖ω‖wb), then
∫

Bt(x)

eεGt dω 6 ω (B2κt(x))
1− 2κε‖ω‖wb

(3.12)
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for all x ∈ Ω and all t > 0.

Proof. Since κ > 1/2, the case m = 0 of (3.11) is trivial.
For any ω-measurable set E we define the measure ωE on Ω by setting

dωE = χE dω.

Also define

GE
t (x) =

∫ t

0

ωE(Br(x))
r2

dr

for t > 0 and x ∈ Ω. Observe that for any ω-measurable set F ,
∫∫

F×F

K(x, y) dωE(x) dωE(y) =
∫∫

E∩F×E∩F

K(x, y) dω(x) dω(y)

6 ‖ω‖wb ω(E ∩ F ) = ‖ω‖wb ωE(F ).

Hence
‖ωE‖wb 6 ‖ω‖wb. (3.13)

We claim that for any ω-measurable set E, any x ∈ Ω, t > 0, and m ∈ N
∫

Bt(x)

(
GE

t

)m
dωE 6 m!(2κ)m−1‖ω‖m

wbωE(B2κt(x)). (3.14)

If so, then (3.11) follows by taking E = Ω and noting that 2κ > 1.
By (3.9) with ω replaced by ωE and Gt replaced by GE

t ,
∫

Bt(x)

GE
t dωE 6 ‖ωE‖∗ ωE(B2κt(x)) 6 ‖ω‖wb ωE(B2κt(x)) (3.15)

since ‖ωE‖∗ 6 ‖ωE‖wb 6 ‖ω‖wb by (3.13). Hence (3.14) holds for m = 1.
Assume that (3.14) holds for m− 1. Fix E, x ∈ Ω, and t > 0. Define

F = E ∩B2κt(x).

Observe that if y ∈ Bt(x) and 0 < r < t, then Br(y) ⊆ B2κt(x) by the κ-
triangle inequality, and hence ωE(Br(y)) = ωF (Br(y)). Therefore, GE

t (y) =
GF

t (y) for y ∈ Bt(x). Since ωE = ωF on Bt(x), we obtain
∫

Bt(x)

(
GE

t

)m
(y) dωE(y) =

∫

Bt(x)

(
GF

t

)m
(y) dωF (y).

Now the proof parallels the proof of Lemma 3.2. We have
∫

Bt(x)

(
GF

t

)m
(y) dωF (y) = m

∫ t

0

∫

Bt(x)

(
GF

r

)m−1
(y)

∫

Br(y)

dωF (z) dωF (y)
dr

r2
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6 m

∫ t

0

∫

B2κt(x)

∫

Br(z)

(
GF

r

)m−1
(y) dωF (y) dωF (z)

dr

r2

6 m!(2κ)m−2‖ω‖m−1
wb

∫

B2κt(x)

∫ t

0

ωF (B2κr(z))
r2

dr dωF (z)

= m!(2κ)m−1‖ω‖m−1
wb

∫

B2κt(x)

GF
2κt(z) dωF (z)

6 m!(2κ)m−1‖ω‖m
wbωF (B4κ2t(x)),

using (3.15) at the last step, and the induction hypothesis previously. How-
ever,

ωF (B4κ2t(x)) = ωE(B4κ2t(x) ∩B2κt(x)) = ωE(B2κt(x))

since 2κ > 1. Hence we obtain (3.14) for m. This completes the induction
and hence the proof of (3.14).

Now, (3.12) follows from (3.11) by expanding the exponential and summing
on m as in the proof of (3.7). ut

We remark that the proof of Lemma 3.3 shows that we can replace ‖ω‖wb

by a similar quantity defined as in (3.2), except that the supremum is taken
over all sets E which can be written as a finite intersection of balls.

For x ∈ Ω and 0 6 s 6 t 6 ∞, let

Gt,s(x) = Gt(x)−Gs(x) =
∫ t

s

ω(Br(x))
r2

dr. (3.16)

In the next lemma, we require a smoothness condition on d. Ultimately
(Theorem 4.3), this condition will be removed.

Lemma 3.4. Suppose that there exist constants 0 < γ 6 1 and κ1 > 0 such
that d(x, y) = 1/K(x, y) obeys

|d(x, z)− d(y, z)| 6 κ1 d(x, y)γ [d(x, z) + d(y, z)]1−γ
, x, y, z ∈ Ω. (3.17)

Then there exists c0 > 0, depending only on κ, κ1, and γ, such that for all
x ∈ Ω, 0 < s < t 6 ∞, and y ∈ Bs(x),

|Gt,s(y)−Gt,s(x)| 6 c0 sup
x∈Ω,t>0

ω(Bt(x))
t

. (3.18)

Proof. Let B = supx∈Ω,t>0 ω(Bt(x))/t. We set ω1 = ω χΩ\B2κt(x), ω2 =
ω χB2κt(x)\B2κs(x), and ω3 = ω χB2κs(x). Then

|Gt,s(y)−Gt,s(x)| =
∣∣∣∣
∫ t

s

ω(Br(y))
r2

dr −
∫ t

s

ω(Br(x))
r2

dr

∣∣∣∣ 6
3∑

i=1

Ai,
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where

Ai =
∣∣∣∣
∫ t

s

ωi(Br(y))
r2

dr −
∫ t

s

ωi(Br(x))
r2

dr

∣∣∣∣ .

For y ∈ Bs(x) and s < t we have Bt(y) ⊆ B2κt(x), so A1 = 0. Also, for any y

∫ t

s

ω3(Br(y))
r2

dr 6 ω (B2κs(x))
∫ ∞

s

1
r2

dr 6 2κB.

Hence A3 6 2κB.
Similarly, for any y

∫ ∞

t

ω2(Br(y))
r2

dr 6 ω (B2κt(x))
∫ ∞

t

1
r2

dr 6 2κB.

Hence the estimate A2 6 (c1 + 4κ)B will follow if we prove
∣∣∣∣
∫ ∞

s

ω2(Br(y))
r2

dr −
∫ ∞

s

ω2(Br(x))
r2

dr

∣∣∣∣ 6 c1B. (3.19)

However, for y ∈ Bs(x) and r < s we have Br(y) ⊆ B2κs(x), so ω2(Br(y)) =
0. Hence

∫ ∞

s

ω2(Br(y))
r2

dr =
∫ ∞

0

ω2(Br(y))
r2

dr =
∫ ∞

0

∫

Br(y)

1
r2

dω2(z) dr

=
∫

Ω

∫ ∞

d(y,z)

1
r2

dr dω2(z) =
∫

Ω

dω2(z)
d(y, z)

=
∫

B2κt(x)\B2κs(x)

dω(z)
d(y, z)

.

Therefore, ∣∣∣∣
∫ ∞

s

ω2(Br(y))
r2

dr −
∫ ∞

s

ω2(Br(x))
r2

dr

∣∣∣∣

=

∣∣∣∣∣
∫

B2κt(x)\B2κs(x)

1
d(y, z)

− 1
d(x, z)

dω(z)

∣∣∣∣∣ .

Since y ∈ Bs(x) and s < t, for z 6∈ B2κs(x)

2κs 6 d(x, z) 6 κ(d(x, y) + d(y, z)) 6 κs + κd(y, z).

It follows that d(y, z) > s > d(x, y), and hence d(x, z) 6 2κd(y, z). Similarly,
d(x, z) > 2κs > d(x, y) and d(y, z) 6 κ(d(x, y) + d(x, z)) 6 2κd(x, z). We
obtain

d(x, y) 6 min[d(x, z), d(y, z)],
1

2κ
d(y, z) 6 d(x, z) 6 2κd(y, z).

It is clear that
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∣∣∣∣
1

d(y, z)
− 1

d(x, z)

∣∣∣∣ 6 2κ
|d(y, z)− d(x, z)|

d(x, z)2
.

By (3.17),

|d(y, z)− d(x, z)| 6 κ1d(x, y)γ [d(x, z) + d(y, z)]1−γ

6 κ1(2κ + 1)1−γsγd(x, z)1−γ .

Combining these estimates and recalling that d(x, y) < s, we get
∣∣∣∣

1
d(y, z)

− 1
d(x, z)

∣∣∣∣ 6 c sγ d(x, z)−1−γ ,

where c = κ1(2κ)(2κ + 1)1−γ . Substituting this gives
∫

B2κt(x)\B2κs(x)

∣∣∣∣
1

d(y, z)
− 1

d(x, z)

∣∣∣∣ dω(z) 6 c sγ

∫

Ω\B2κs(x)

dω(z)
d(x, z)1+γ

= c sγ

∫

Ω\B2κs(x)

∫ ∞

d(x,z)

1
r2+γ

dr dω(z) 6 c sγ

∫ ∞

2κs

ω(Br(x))
1

r2+γ
dr

6 c sγB

∫ ∞

2κs

1
r1+γ

dr =
c

γ(2κ)γ
B.

The proof is complete. ut
The proof of Lemma 3.4 shows that it suffices to require that (3.17) hold

for d(x, y) 6 min[d(x, z), d(y, z)].

4 Upper Bounds of Green’s Functions

We continue to assume that K is a quasimetric kernel with constant κ on
a σ-finite measure space (Ω,ω), Gt is defined by (2.6), Gt,s is defined as in
(3.16), d = 1/K, and other notation is as above.

Lemma 4.1. Suppose that there exists Aω > 0 such that for all t > 0,
n ∈ N ∪ {0} and all x ∈ Ω

∫

Bt(x)

Gn
t dω 6 n!An

ωω(B2κt(x)) (4.1)

and
ω (Bt(x))

t
6 Aω. (4.2)
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Also, suppose that there exists c0 > 0 such that for all x ∈ Ω, 0 < s < t 6 ∞,
and all z ∈ Bs(x)

|Gt,s(z)−Gt,s(x)| 6 c0Aω. (4.3)

Let cκ = 16κ2 (1 + κec0). Then for all x, y ∈ Ω and all m,n ∈ N ∪ {0}
∫

Ω

K(x, z)
∫ ∞

d(y,z)

Gm
t (y)Gn

t (z)
dt

t2
dω(z)

6 n!cκ
∫ ∞

d(x,y)


An

ω

Gm+1
t (y)
m + 1

+ Gm
t (y)

n+1∑

j=1

An+1−j
ω

Gj
t (x)
j!


 dt

t2
. (4.4)

Proof. Let s0 = d(x, y)/(2κ). By the Fubini theorem, the left-hand side of
(4.4) is ∫ ∞

0

∫

Bt(y)

K(x, z)Gm
t (y)Gn

t (z) dω(z)
dt

t2
= I + II,

where
I =

∫ s0

0

Gm
t (y)

∫

Bt(y)

Gn
t (z)K(x, z) dω(z)

dt

t2

and
II =

∫ ∞

s0

Gm
t (y)

∫

Bt(y)

Gn
t (z)K(x, z) dω(z)

dt

t2
.

For I, note that for t < s0 and z ∈ Bt(y) we have

2κs0 = d(x, y) 6 κ (d(x, z) + d(z, y)) 6 κ (d(x, z) + t) 6 κd(x, z) + κs0.

Hence s0 < d(x, z), or K(x, z) < 1/s0. Therefore, using (4.1) and the facts
that Gt is a nondecreasing function of t and κ > 1/2,

I 6 1
s0

∫ s0

0

Gm
t (y)

∫

Bt(y)

Gn
t (z) dω(z)

dt

t2
6 n!An

ω

s0

∫ s0

0

Gm
t (y)

ω(B2κt(y))
t2

dt

6 n!An
ω

s0

∫ s0

0

Gm
2κt(y)

ω(B2κt(y))
t2

dt =
n!2κAn

ω

s0

∫ 2κs0

0

Gm
t (y)

ω(Bt(y))
t2

dt

=
n!2κAn

ω

(m + 1)s0
Gm+1

2κs0
(y) =

n!4κ2An
ω

m + 1

Gm+1
d(x,y)(y)

d(x, y)

=
n!4κ2An

ω

m + 1

∫ ∞

d(x,y)

Gm+1
d(x,y)(y)

dt

t2
6 n!4κ2An

ω

m + 1

∫ ∞

d(x,y)

Gm+1
t (y)

dt

t2
.

Write II 6 III + IV , where

III =
∫ ∞

s0

Gm
t (y)

∫

Bt(y)\Bt(x)

Gn
t (z)K(x, z) dω(z)

dt

t2
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and
IV =

∫ ∞

s0

Gm
t (y)

∫

Bt(x)

Gn
t (z)K(x, z) dω(z)

dt

t2
.

For z ∈ Bt(y) \Bt(x) we have K(x, z) = 1/d(x, z) 6 1/t. Hence, using (4.1),
we obtain

III 6
∫ ∞

s0

Gm
t (y)

∫

Bt(y)

Gn
t (z) dω(z)

dt

t3
6 n!An

ω

∫ ∞

s0

Gm
t (y)ω (B2κt(y))

dt

t3

6 n!An
ω

∫ ∞

s0

Gm
2κt(y)ω (B2κt(y))

dt

t3
= n!4κ2An

ω

∫ ∞

d(x,y)

Gm
t (y)ω (Bt(y))

dt

t3

6 n!4κ2An
ω

m + 1

∫ ∞

d(x,y)

Gm+1
t (y)

dt

t2

by (2.8).
Write IV = V + V I, where

V =
∫ ∞

s0

Gm
t (y)

∫

Bt(x)

Gn
t (z)
t

dω(z)
dt

t2

and

V I =
∫ ∞

s0

Gm
t (y)

∫

Bt(x)

Gn
t (z)

(
1

d(x, z)
− 1

t

)
dω(z)

dt

t2
.

By (4.1),

V 6 n!An
ω

∫ ∞

s0

Gm
t (y)ω (B2κt(x))

dt

t3
.

Note that

ω (B2κt(x))
t

= 2
∫ 2t

t

ω (B2κt(x))
ds

s2
6 2

∫ 2t

t

ω (B2κs(x))
ds

s2

= 4κ
∫ 4κt

2κt

ω (Bs(x))
ds

s2
6 4κG4κt(x).

Therefore,

V 6 n!4κAn
ω

∫ ∞

s0

Gm
t (y)G4κt(x)

dt

t2
6 n!4κAn

ω

∫ ∞

s0

Gm
4κt(y)G4κt(x)

dt

t2

= n!16κ2An
ω

∫ ∞

4κs0

Gm
t (y)Gt(x)

dt

t2
6 n!16κ2An

ω

∫ ∞

d(x,y)

Gm
t (y)Gt(x)

dt

t2

since 4κs0 = 2d(x, y).
To estimate V I, we first consider the interior integral



Global Green’s Function Estimates 129

V II =
∫

Bt(x)

Gn
t (z)

(
1

d(x, z)
− 1

t

)
dω(z)

=
∫

Bt(x)

Gn
t (z)

∫ t

d(x,z)

ds

s2
dω(z) =

∫ t

0

∫

Bs(x)

Gn
t (z) dω(z)

ds

s2

by the Fubini theorem. For z ∈ Bs(x) and 0 < s < t

Gt(z) = Gs(z) + Gt,s(z)−Gt,s(x) + Gt,s(x) 6 Gs(z) + c0Aω + Gt,s(x)

by (4.3). Hence
∫

Bs(x)

Gn
t (z) dω(z) 6

∫

Bs(x)

(Gs(z) + c0Aω + Gt,s(x))n
dω(z)

=
n∑

j=0

n!
j!(n− j)!

(c0Aω + Gt,s(x))j
∫

Bs(x)

Gn−j
s (z) dω(z)

6
n∑

j=0

n!
j!(n− j)!

(c0Aω + Gt,s(x))j (n− j)!An−j
ω ω (B2κs(x))

=
n∑

j=0

n!
j!

(c0Aω + Gt,s(x))j
An−j

ω ω (B2κs(x))

by (4.1). Hence

V II 6
n∑

j=0

n!
j!

An−j
ω

∫ t

0

(c0Aω + Gt,s(x))j
ω (B2κs(x))

ds

s2
= V III + IX,

where

V III =
n∑

j=0

n!
j!

An−j
ω

∫ t

t/(2κ)

(c0Aω + Gt,s(x))j
ω (B2κs(x))

ds

s2

and

IX =
n∑

j=0

n!
j!

An−j
ω

∫ t/(2κ)

0

(c0Aω + Gt,s(x))j
ω (B2κs(x))

ds

s2
.

For t/(2κ) < s < t (4.2) implies

Gt,s(x) 6 Gt,t/(2κ) =
∫ t

t/(2κ)

ω (Br(x))
dr

r2
6 Aω

∫ t

t/(2κ)

dr

r
= Aω log(2κ).

Hence, with c1 = c0 + ln(2κ),
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∫ t

t/(2κ)

(c0Aω + Gt,s(x))j
ω (B2κs(x))

ds

s2

6 (c1Aω)j
∫ t

t/(2κ)

ω (B2κs(x))
ds

s2
6 (c1Aω)j

∫ t

0

ω (B2κs(x))
ds

s2

= 2κ (c1Aω)j
∫ 2κt

0

ω (Bs(x))
ds

s2
= 2κ (c1Aω)j

G2κt(x).

Thus,

V III 6 2κ
n∑

j=0

n!
j!

An−j
ω cj

1A
j
ωG2κt(x) = 2κn!An

ωG2κt(x)
n∑

j=0

cj
1

j!

6 2ec1κn!An
ωG2κt(x).

Therefore,
∫ ∞

s0

Gm
t (y)V III

dt

t2
6 2ec1κn!An

ω

∫ ∞

s0

Gm
t (y)G2κt(x)

dt

t2

6 2ec1κn!An
ω

∫ ∞

s0

Gm
2κt(y)G2κt(x)

dt

t2
= 4ec1κ2n!An

ω

∫ ∞

d(x,y)

Gm
t (y)Gt(x)

dt

t2
.

For 0 < s < t/(2κ) we have

Gt,s(x)−Gt,2κs(x) =
∫ 2κs

s

ω (Br(x))
r2

dr 6 Aω

∫ 2κs

s

1
r

dr = log(2κ)Aω,

and hence

c0Aω + Gt,s(x) 6 c0Aω + log(2κ)Aω + Gt,2κs(x) = c1Aω + Gt,2κs(x).

Therefore,

∫ t/(2κ)

0

(c0Aω + Gt,s(x))j ω (B2κs(x))
s2

ds

6
∫ t/(2κ)

0

(c1Aω + Gt,2κs(x))j ω (B2κs(x))
s2

ds

= 2κ
∫ t

0

(c1Aω + Gt,s(x))j ω (Bs(x))
s2

ds

= 2κ
j∑

`=0

j!
(j − `)!`!

(c1Aω)j−`
∫ t

0

G`
t,s(x)

ω (Bs(x))
s2

ds
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= 2κ
j∑

`=0

j!
(j − `)!`!

(c1Aω)j−`
(
− G`+1

t,s (x)
` + 1

)∣∣∣
t

0

= 2κ
j∑

`=0

j!
(j − `)!`!

(c1Aω)j−` G`+1
t (x)
` + 1

= 2κ
j∑

`=0

j!
(j − `)!(` + 1)!

(c1Aω)j−`
G`+1

t (x)

because
d

ds
Gt,s(x) = −ω (Bs(x)) /s2,

Gt,t = 0, and Gt,0 = Gt. Therefore,

IX 6 2κ
n∑

j=0

n!
j!

An−j
ω

j∑

`=0

j!
(j − `)!(` + 1)!

(c1Aω)j−`
G`+1

t (x)

= 2κn!
n∑

`=0

G`+1
t (x)

(` + 1)!

n∑

j=`

cj−`
1

(j − `)!
6 2κec1n!

n∑

`=0

An−`
ω

G`+1
t (x)

(` + 1)!

= 2κec1n!
n+1∑

`=1

An+1−`
ω

G`
t(x)
`!

.

Hence

∫ ∞

s0

Gm
t (y)IX

dt

t2
6 2κec1n!

∫ ∞

s0

Gm
t (y)

n+1∑

`=1

An+1−`
ω

G`
t(x)
`!

dt

t2

6 4κ2ec1n!
∫ ∞

2κs0

Gm
t/(2κ)(y)

n+1∑

`=1

An+1−`
ω

G`
t/(2κ)(x)

`!
dt

t2

6 4κ2ec1n!
∫ ∞

d(x,y)

Gm
t (y)

n+1∑

`=1

An+1−`
ω

G`
t(x)
`!

dt

t2

by the monotinicity of Gt and the fact that d(x, y) = 2κs0.
Since

V I =
∫ ∞

s0

Gm
t (y)V II

dt

t2
6

∫ ∞

s0

Gm
t (y) (V III + IX)

dt

t2
,

these estimates yield the result. ut
For ` = 0, 1, 2, . . . we define
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Pt,`(x, y) =
(Gt(x) + Gt(y))`

`!
. (4.5)

Lemma 4.2. Under the assumptions of Lemma 4.1,

∫

Ω

K(x, z)
∫ ∞

d(z,y)

Pt,`(z, y)
dt

t2
dω(z) 6 cκ

∫ ∞

d(x,y)

∑̀

j=0

Pt,`−j+1(x, y)Aj
ω

dt

t2
.

(4.6)

Proof. By the binomial theorem and (4.4),
∫

Ω

K(x, z)
∫ ∞

d(y,z)

Pt,`(z, y)
dt

t2
dω(z)

=
1
`!

∑̀
n=0

`!
(`− n)!n!

∫

Ω

K(x, z)
∫ ∞

d(y,z)

G`−n
t (y)Gn

t (z)
dt

t2
dω(z)

6 cκ

∫ ∞

d(x,y)

∑̀
n=0

1
(`− n)!

An
ω

G`−n+1
t (y)

`− n + 1

+
∑̀
n=0

1
(`− n)!

G`−n
t (y)

n+1∑

j=1

An+1−j
ω

Gj
t (x)
j!

dt

t2

= cκ

∫ ∞

d(x,y)

∑̀
n=0

An
ω

G`−n+1
t (y)

(`− n + 1)!
+

∑̀
n=0

1
(`− n)!

G`−n
t (y)

n∑

j=0

Aj
ω

Gn+1−j
t (x)

(n + 1− j)!
dt

t2

= cκ

∫ ∞

d(x,y)

∑̀

j=0

Aj
ω

G`−j+1
t (y)

(`− j + 1)!
+

∑̀

j=0

Aj
ω

∑̀

n=j

G`−n
t (y)Gn+1−j

t (x)
(`− n)!(n + 1− j)!

dt

t2

= cκ

∫ ∞

d(x,y)

∑̀

j=0

Aj
ω

∑̀

n=j−1

G`−n
t (y)Gn+1−j

t (x)
(`− n)!(n + 1− j)!

dt

t2
.

By the change of index m = n− j + 1,

∑̀

n=j−1

G`−n
t (y)Gn+1−j

t (x)
(`− n)!(n + 1− j)!

=
`−j+1∑
m=0

G`−j+1−m
t (y)Gm

t (x)
(`− j + 1−m)!m!

=
(Gt(x) + Gt(y))`−j+1

(`− j + 1)!
= Pt,`−j+1(x, y).

The proof is complete. ut
We can eliminate the constant cκ in (4.6) by rescaling. Let
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Qt,j(x, y) = cj
κPt,j(x, y) =

(cκ(Gt(x) + Gt(y)))j

j!
, (4.7)

and let Bω = cκAω. In terms of Qt,j and Bω, (4.6) becomes

∫

Ω

K(x, z)
∫ ∞

d(z,y)

Qt,`(z, y)
dt

t2
dω(z) 6

∫ ∞

d(x,y)

∑̀

j=0

Qt,`−j+1(x, y)Bj
ω

dt

t2
. (4.8)

By definition,

K1(x, y) = K(x, y) =
1

d(x, y)
=

∫ ∞

d(x,y)

dt

t2
=

∫ ∞

d(x,y)

Qt,0(x, y)
dt

t2
.

By (4.8) in the case ` = 0 (or by Lemma 2.2, with a different constant),

K2(x, y) =
∫

Ω

K(x, z)K(z, y) dω(z)

6
∫

Ω

K(x, z)
∫ ∞

d(z,y)

Qt,0(z, y)
dt

t2
dω(z) 6

∫ ∞

d(x,y)

Qt,1(x, y)
dt

t2
.

Similarly,

K3(x, y) 6
∫ ∞

d(x,y)

Qt,2(x, y) + BωQt,1(x, y)
dt

t2
.

By induction,

Kj(x, y) 6
∫ ∞

d(x,y)

Qt,j−1(x, y) + O(Bω)
dt

t2

for all j ∈ N. Thus, we can estimate the terms in
∑∞

j=1 Kj(x, y) that do not
involve Bω by

∞∑

j=1

Qt,j−1(x, y) =
∞∑

j=0

cj
κ (Gt(x) + Gt(y))j

j!
= ecκ(Gt(x)+Gt(y)),

i.e., if we formally set Bω = 0, or equivalently Aω = 0, we obtain a certain
exponential estimate for

∑∞
j=1 Kj . Our goal is to show that we obtain an es-

timate of the same type, although with a different constant, for small enough
Aω.

For j = 1, 2, 3, . . . and k = 0, 1, . . . , j we define constants cj,k > 0 induc-
tively in j as follows. For j = 1, let

c1,0 = 1, and c1,1 = 0.

Suppose that cj−1,k is defined for k = 0, 1, . . . , j − 1. For k = 0, 1, . . . , j − 1
we set
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cj,k =
k∑

`=0

cj−1,`

and define cj,j = 0.

Lemma 4.3. Suppose that K is a quasimetric kernel on a locally finite mea-
sure space (Ω, ω) with quasimetric constant κ, satisfying (3.17) for some κ1

and γ ∈ (0, 1]. Define ‖ω‖∗ by (3.1) and ‖ω‖wb by (3.2). Suppose that either

(i) ω is a doubling measure and ‖ω‖∗ < ∞
or

(ii) ‖ω‖wb < ∞.

In case (i), define Dω by (3.5) and Aω = 2κDω‖ω‖∗. In case (ii), let
Aω = 2κ‖ω‖wb. Let cκ = 16κ2(1 +κec0), where c0 is the constant in (3.17).
Let Bω = cκAω. Define Qt,j by (4.7). Then for j ∈ N with j > 2

Kj(x, y) 6
∫ ∞

d(x,y)

j−1∑

k=1

cj−1,j−k−1B
j−k−1
ω Qt,k(x, y)

dt

t2
. (4.9)

Proof. First suppose that (i) holds. By Lemma 3.1,

ω(Bt(x))
t

6 2κ‖ω‖∗ 6 2κDω‖ω‖∗ = Aω,

so (4.2) holds. By Lemma 3.2, (4.1) holds. By Lemma 3.4 and (4.2), we
have (4.3). Now, suppose that (ii) holds. By (3.4) and (3.3), (4.2) holds. By
Lemma 3.3, (4.1) holds. By Lemma 3.4 and (4.2), we have (4.3). In each case,
therefore, the conditions of Lemmas (4.1) and (4.2) hold, and therefore we
have (4.8).

For j = 2 the conclusion is the estimate for K2 above. Suppose that (4.9)
holds for j. Note that we can start the sum on k in (4.9) at k = 0 instead of
k = 1 because of the convention that cj−1,j−1 = 0. Then, by (4.8),

Kj+1(x, y) =
∫

Ω

K(x, z)Kj(z, y) dω(z)

6
j−1∑

k=0

cj−1,j−k−1B
j−k−1
ω

∫

Ω

K(x, z)
∫ ∞

d(x,y)

Qt,k(z, y)
dt

t2
dω(z)

6
j−1∑

k=0

cj−1,j−k−1B
j−k−1
ω

∫ ∞

d(x,y)

k∑
n=0

Qt,k−n+1(x, y)Bn
ω

dt

t2

=
∫ ∞

d(x,y)

j−1∑

k=0

cj−1,j−k−1B
j−k−1
ω

k+1∑
m=1

Bk−m+1
ω Qt,m(x, y)

dt

t2
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=
∫ ∞

d(x,y)

j∑
m=1

(
j−1∑

k=m−1

cj−1,j−k−1

)
Bj−m

ω Qt,m(x, y)
dt

t2
.

Noting that
j−1∑

k=m−1

cj−1,j−k−1 =
j−m∑

`=0

cj−1,` = cj,j−m,

we obtain (4.9) for j + 1. By induction, the proof is complete. ut

Lemma 4.4 (Shattuck). For all j = 1, 2, 3, . . . and k = 0, 1, . . . , j

cj,k 6 3kjk

2kk!
. (4.10)

Proof. We first prove cj,k 6
(
j+k

k

)
by induction on m = j + k. The result for

m = 1 holds because c1,0 = 1. Suppose that the result holds for j+k 6 m−1.
Now, suppose that j + k = m. Then

cj,k =
k∑

`=0

cj−1,` =
k−1∑

`=0

cj−1,` + cj−1,k = cj,k−1 + cj−1,k

6
(

j + k − 1
k − 1

)
+

(
j + k − 1

k

)
=

(
j + k

k

)
.

This completes the induction. When k = j, (4.10) is trivial because cj,j = 0.
Now suppose that k 6 j − 1. By the inequality between the arithmetic and
geometric mean,

(j + k)!
j!

= (j+1)(j+2) · · · (j+k) 6
[

1
k

k∑

`=1

(j + `)

]k

=
[
j +

k + 1
2

]k

6
[
3j

2

]k

since k 6 j − 1. Dividing by k! and using cj,k 6
(
j+k

k

)
yields (4.10). ut

For |t| < 1/ (3ecκ) we define

γ(t) =
∞∑

n=2

(3cκn)n

n!
tn.

A standard calculus exercise shows that the series converges for t as stated.
For t = 1/ (3ecκ), however, the series diverges, by the Stirling formula.

Theorem 4.1. Suppose that K is a quasimetric kernel on a σ-finite measure
space (Ω,ω) with quasimetric constant κ, satisfying (3.17) for some κ1 and
γ ∈ (0, 1]. Define ‖ω‖∗ by (3.1) and ‖ω‖wb by (3.2). Define Dω by (3.5) and



136 M.W. Frazier and I.E. Verbitsky

let cκ = 16κ2(1 + κec0), where c0 is the constant in (3.17). Suppose that
either

(i) ω is a doubling measure and ‖ω‖∗ < 1/ (6κecκDω)

or

(ii) ‖ω‖wb < 1/ (6κecκ).

In case (i), let Aω = 2κDω‖ω‖∗. In case (ii), let Aω = 2κ‖ω‖wb. Then

∞∑

j=1

Kj(x, y) 6 (1 + γ (Aω))
∫ ∞

d(x,y)

ee1/ecκ(Gt(x)+Gt(y)) dt

t2
. (4.11)

In fact, the slightly more precise estimate

∞∑

j=1

Kj(x, y) 6
∫ ∞

d(x,y)

γ (Aω)
(
ecκ(Gt(x)+Gt(y)) − 1

)
+ee3cκAω cκ(Gt(x)+Gt(y)) dt

t2

(4.12)
holds.

Proof. We first consider the possibility that ω is not locally finite. Then
there exists x0 ∈ Ω and t0 ∈ (0,∞) such that ω(Bt0(x0)) = ∞. Let x ∈ Ω
be arbitrary. Then for t > 2κ(t0 + d(x, x0)) we have Bt0(x0) ⊆ Bt(x), and
hence ω(Bt(x)) = ∞ for all t > 2κ(t0 + d(x, x0)). Therefore, Gt(x) = ∞ for
all t > 2κ(t0 + d(x, x0)). Hence the right-hand sides of (4.11) and (4.12) are
infinite, so the estimates hold trivially.

Now, we assume that ω is locally finite. By Lemma 4.3,

∞∑

j=2

Kj(x, y) 6
∫ ∞

d(x,y)

∞∑

j=2

j−1∑

k=1

cj−1,j−k−1B
j−k−1
ω Qt,k(x, y)

dt

t2

6
∫ ∞

d(x,y)

∞∑

k=1

∞∑

j=k+1

cj−1,j−k−1B
j−k−1
ω Qt,k(x, y)

dt

t2
.

For k > 1, by Lemma (4.4), we have

∞∑

j=k+1

cj−1,j−k−1B
j−k−1
ω =

∞∑
n=0

ck+n,nBn
ω 6

∞∑
n=0

3n(k + n)n

2nn!
Bn

ω

=
k∑

n=0

3n(k + n)n

2nn!
Bn

ω +
∞∑

n=k+1

3n(k + n)n

2nn!
Bn

ω 6
k∑

n=0

3nkn

n!
Bn

ω

+
∞∑

n=k+1

3nnn

n!
Bn

ω 6 e3kBω +
∞∑

n=2

3nnn

n!
Bn

ω = e3kcκAω + γ (Aω)
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because Bω = cκAω. Since

K1(x, y) =
∫ ∞

d(x,y)

dt/t2,

we obtain
∞∑

j=1

Kj(x, y) 6
∫ ∞

d(x,y)

1 +
∞∑

k=1

(
e3kcκAω + γ (Aω)

) (cκ (Gt(x) + Gt(y)))k

k!
dt

t2

=
∫ ∞

d(x,y)

γ(Aω)
(
ecκ(Gt(x)+Gt(y)) − 1

)
+

∞∑

k=0

(
e3cκAωcκ (Gt(x) + Gt(y))

)k

k!
dt

t2
,

which yields (4.12). Using assumption (i) or (ii), we obtain 3cκAω 6 1/e,
and (4.11) follows. ut

We remark that a result like Theorem 4.1, but with different constants, can
be proved in a manner analogous to the proof of Theorem 3.1 in [16]. However,
the approach above yields the estimate (4.9) for Kj under the assumption
that either ω is doubling and ‖ω‖∗ < ∞ or that ‖ω‖wb < ∞. The smallness
of the norms is only required to obtain the convergence of the sum on j. The
other proof required the small norm assumption to obtain estimates for Kj .
Perhaps, the estimate (4.9) for the iterates of K is of interest in its own right.

Theorem 4.2. Suppose that K is a quasimetric kernel on a σ-finite measure
space (Ω,ω) with quasimetric constant κ, satisfying (3.17) for some κ1 and
γ ∈ (0, 1]. Define ‖ω‖∗ by (3.1) and ‖ω‖wb by (3.2). Define Dω by (3.5). Let
cκ = 16κ2(1 + κec0), where c0 is the constant in (3.17). Suppose that either

(i) ω is a doubling measure and ‖ω‖∗ < 1/ (6κecκDω)

or

(ii) ‖ω‖wb < 1/ (6κecκ).

In case (i), let Aω = 2κDω‖ω‖∗. In case (ii), let Aω = 2κ‖ω‖wb. Then

∞∑

j=1

Kj(x, y) 6 3 (1 + γ(Aω)) K(x, y)e4κe1/ecκK2(x,y)/K(x,y). (4.13)

Proof. As in the proof of Lemma 4.1, if ω is not locally finite, then for each
x ∈ Ω there exists tx such that Gt(x) = ∞ for all t > tx. Hence the lower
bound for K2 in Lemma 2.2 implies that K2(x, y) is infinite for all x, y ∈ Ω.
Thus, (4.13) is trivial in this case.

Now, suppose that ω is locally finite. Let t0 = d(x, y) = 1/K(x, y). By
Dω > 1 and ‖ω‖∗ 6 ‖ω‖wb, Theorem 4.1 and (3.10) imply that
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∞∑

j=1

Kj(x, y) 6 (1 + γ (Aω))
∫ ∞

t0

ee1/ecκ(Gt0 (x)+Gt0 (y)+2Aω ln(t/t0)) dt

t2

= (1 + γ (Aω)) ee1/ecκ(Gt0 (x)+Gt0 (y))
∫ ∞

t0

(
t

t0

)2e1/ecκAω dt

t2

=
(1 + γ(Aω)) ee1/ecκ(Gt0 (x)+Gt0 (y))

(
1− 2e1/ecκAω

)
t0

6 3 (1 + γ(Aω)) K(x, y)ee1/ecκ(Gt0 (x)+Gt0 (y))

since Aω 6 1/(3ecκ). This last estimate for
∑

Kj is a variant of (4.11) that
may be of interest in itself. By the monotinicity of Gt,

Gt0(x) + Gt0(y) 6 t0

∫ ∞

t0

Gt(x) + Gt(y)
dt

t2
6 4κK2(x, y)/K(x, y)

because of (2.14) and the definition of t0. Substituting this estimate in the
estimate for

∑∞
j=1 Kj above yields (4.13). ut

The hypothesis (3.17) is practically redundant since one can replace a
quasimetric d with an equivalent quasimetric d̃ which satisfies (3.17). The
following lemma is well known (cf. [27] and [22, Proposition 14.5]). It is worth
observing that it is valid even without the usual assumption that (Ω, d) is a
homogeneous space and the assumption that d(x, y) = 0 if x = y, by a slight
variation of the proof in [22].

Lemma 4.5. Suppose that d defined by (2.1) obeys the assumptions of Def-
inition 2.1. Then there exists a metric ρ(x, y) which satisfies the triangle
inequality and obeys

c4 ρ(x, y)
1
γ 6 d(x, y) 6 c3 ρ(x, y)

1
γ , x, y ∈ Ω, (4.14)

where 0 < γ 6 1, and c3, c4 are positive constants depending only on κ. Then
d̃ = ρ

1
γ is a quasimetric equivalent to d which satisfies (3.17) with constants

γ and κ1 depending only on κ.

To see the last statement, apply the elementary inequality |ap − bp| 6
p max (a, b)p−1|a− b| with p = γ−1 > 1, a = ρ(x, z) and b = ρ(y, z).

Lemma 4.5 allows us to remove the assumption (3.17) in Theorem 4.2,
with some cost with regard to the constants.

Theorem 4.3. Suppose that K is a quasimetric kernel on a σ-finite measure
space (Ω, ω) with quasimetric constant κ. Define ‖ω‖∗ by (3.1) and ‖ω‖wb

by (3.2). Then there exists ε > 0 such that if either

(i) ω is a doubling measure and ‖ω‖∗ < ε

or
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(ii) ‖ω‖wb < ε,

then there exist c2, C2 > 0 such that

∞∑

j=1

Kj(x, y) 6 C2K(x, y)ec2K2(x,y)/K(x,y). (4.15)

In case (i), ε depends only on κ and the doubling constant Dω defined by
(3.5), c2 depends only on κ, and C2 depends only on κ, Dω, and ‖ω‖∗. In
case (ii), ε and c2 depend only on κ and C2 depends only on κ and ‖ω‖wb.

Proof. Let cκ = 16κ2(1 + κec0), where c0 is the constant in (3.17). Let
ε̃ = 1/ (6κecκDω) in case (i), and let ε̃ = 1/ (6κecκ) in case (ii). Let c̃2 =
4κe1/ecκ , and let C̃2 = 3(1 + γ(Aω)) for Aω as in Theorem 4.2.

Let d = 1/K. By Lemma 4.5, there exists d̃ satisfying the condition (3.17)
and constants c4, c3 depending only on κ such that

c4d̃(x, y) 6 d(x, y) 6 c3d̃(x, y)

for all x, y ∈ Ω. Let κ̃ be the smallest constant such that d̃(x, y) 6 κ̃(d̃(x, z)+
d̃(z, y)) for all x, y, z ∈ Ω. Then

κ̃ 6 c3κ/c4. (4.16)

Let K̃ = 1/d̃. Then

c−1
3 K̃(x, y) 6 K(x, y) 6 c−1

4 K̃(x, y) (4.17)

for all x, y ∈ Ω. Define ω̃ by

dω̃ = c−1
4 dω. (4.18)

Our goal is to apply Theorem 4.2 to ω̃ and K̃.
In case (i), suppose that ω is a doubling measure. Let ` be the smallest

nonnegative integer such that

c2
3 6 (2κ)`c2

4.

Let
ε = c4c

−1
3 ε̃/D2`+2

ω . (4.19)

Associated with d̃ are the balls

B̃t(x) = {z ∈ Ω : d̃(x, z) < t}

for x ∈ Ω and t > 0. Note that the function d̃(x, ·) is ω-measurable since, by
construction (cf. [22, Proposition 14.5]),
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d̃(x, y) = inf
{ n∑

i=0

d(xi, xi+1)γ
}

,

where the infimum is taken over all finite chains of points xi such that x0 = x
and xn+1 = y. Hence B̃t(x) is ω-measurable. Note that

B̃t/c3(x) ⊆ Bt(x) 6 B̃t/c4(x) (4.20)

for all x, t. Then for all t > 0 and x ∈ Ω

B̃2κ̃t(x) ⊆ B2c3κ̃t(x) ⊆ B2c2
3κt/c4

(x) ⊆ B(2κ)`+1c4t(x). (4.21)

Hence

ω(B̃2κ̃t(x)) 6 ω
(
B(2κ)`+1c4t(x)

)
6 D`+1

ω ω(Bc4t(x)) 6 D`+1
ω ω(B̃t(x)).

Therefore,

D̃ω̃ ≡ sup
x,t

ω̃(B̃2κ̃t(x))

ω̃(B̃t(x))
= sup

x,t

ω(B̃2κ̃t(x))

ω(B̃t(x))
6 D`+1

ω .

Also, for all t > 0 and z ∈ Ω

∫∫

B̃t(z)×B̃t(z)

K̃(x, y) dω̃(x) dω̃(y) 6 c3

c2
4

∫∫

Bc3t(z)×Bc3t(z)

K(x, y) dω(x) dω(y)

6 c3

c2
4

‖ω‖∗ ω (Bc3t(z)) .

By (4.21) and the fact that κ̃ > 1/2, we obtain

Bc3t(z) ⊆ B2c3κ̃t(z) ⊆ B(2κ)`+1c4t(z),

and hence
∫∫

B̃t(z)×B̃t(z)

K̃(x, y) dω̃(x) dω̃(y) 6 c3

c2
4

D`+1
ω ‖ω‖∗ ω (Bc4t(z))

6 c3c
−2
4 D`+1

ω ‖ω‖∗ ω
(
B̃t(z)

)
= c3c

−1
4 D`+1

ω ‖ω‖∗ ω̃
(
B̃t(z)

)
.

Therefore,

‖ω̃‖∗̃ ≡ sup
z,t

ω̃
(
B̃t(z)

)−1
∫∫

B̃t(z)×B̃t(z)

K̃(x, y) dω̃(x) dω̃(y) 6 c3c
−1
4 D`+1

ω ‖ω‖∗.

By (4.19), if ‖ω‖∗ < ε, then

D̃ω̃‖ω̃‖∗̃ 6 c3c
−1
4 D2`+2

ω ‖ω‖∗ < ε̃,
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so condition (i) of Theorem (4.2) is met.
In case (ii), let

ε = c4c
−1
3 ε̃. (4.22)

Suppose that ‖ω‖wb < ε. An argument like the one above, but simpler, shows
that

‖ω̃‖wb ≡ sup
E

(ω̃(E))−1
∫∫

E×E

K̃(x, y) dω̃(x) dω̃(y) 6 c3c
−1
4 ‖ω‖wb < ε̃.

Hence condition (ii) of Theorem (4.2) holds.
We define the kernels K̃j for j > 1 inductively by

K̃j(x, y) =
∫

Ω

K̃(x, z)K̃j−1(z, y) dω̃(z).

We can apply Theorem 4.2 to obtain

∞∑

j=1

K̃j(x, y) 6 C̃2K̃(x, y)ec̃2K̃2(x,y)/K̃(x,y). (4.23)

Observe that Kj 6 c−1
4 K̃j for all j: this fact holds for j = 1 by (4.17),

and the general case follows by an easy induction, using (4.18). Similarly,
K̃2 6 c2

3c
−1
4 K2 and hence K̃2/K̃ 6 c2

3c
−2
4 K2/K. Therefore, (4.23) implies

(4.15) with C2 = c3c
−1
4 C̃2 and c2 = c2

3c
−2
4 c̃2. ut

For an extension of Theorem 4.3 to the quasimetrically modifiable case
(cf. Definition 2.2), the balls and doubling condition need to be defined with
respect to the quasimetric resulting from the modification, and the definitions
of ‖ω‖∗ and ‖ω‖wb need to be modified accordingly.

Definition 4.1. Let K be a quasimetrically modifiable kernel on a σ-finite
measure space (Ω,ω) with modifier m and constant κ. Let

d(x, y) =
m(x)m(y)
K(x, y)

.

For x ∈ Ω and t > 0, let Bt(x) = {z ∈ Ω : d(x, z) < t}. We say that a measure
dσ on Ω is doubling if Dσ ≡ sup{x,t:σ(Bt(x))>0} σ(B2κt(x))/σ(Bt(x)) < ∞.
Let ‖ω‖∗ be the infimum of all positive constants C such that

∫∫

B×B

K(x, y)m(x)m(y) dω(x) dω(y) 6 C

∫

B

m2(z) dω(z)

for all balls B = Bt(x). Let ‖ω‖wb be the infimum of positive constants C
such that
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∫∫

E×E

K(x, y)m(x)m(y) dω(x) dω(y) 6 C

∫

E

m2(z) dω(z),

for all ω-measurable sets E.
These definitions show that if ν = m2 dω and H(x, y) = K(x,y)

m(x) m(y) , and
we define ‖ν‖∗ and ‖ν‖wb as in (3.1) and (3.2), except with the quasimetric
kernel H in place of K, then

‖ω‖∗ = ‖ν‖∗ and ‖ω‖wb = ‖ν‖wb. (4.24)

Theorem 4.4. Suppose that K is a quasimetrically modifiable kernel on
(Ω,ω) with modifier m. If either

(i) m2 dω is doubling and ‖ω‖∗ < ε

or

(ii) ‖ω‖wb < ε,

where ε is the same as in Theorem 4.3 in the corresponding cases, then (4.15)
holds for the same values c2 and C2 > 0.

Proof. Let ε be as determined in Theorem 4.3 for each case. Let dν = m2 dω,
and let H(x, y) = K(x, y)/(m(x)m(y)). Our assumptions (i) and (ii) give
the corresponding conditions (i) and (ii) in Theorem 4.3 for the quasimetric
kernel H and measure ν. The conclusion follows from Theorem 4.3 and (2.18)
just as in the proof of Theorem 2.3. ut

Theorem 1.2 follows from Theorem 4.4 and the facts discussed at the end
of Section 2 in the same way that Theorem 1.1 followed from Theorem 2.3.
The independence of C2 from ‖ω‖∗ or ‖ω‖wb is obtained by reducing ε to
yield an interval for which γ(Aω) is bounded.

We have observed a dichotomy relating to the local finiteness of ω in the
quasimetric case. If ω is locally finite, then, under the assumption ‖ω‖∗ < ∞,
Corollary 3.1 shows that for a.e. x we have K2(x, y) < ∞ for a.e. y. Hence,
when the estimate (4.13) holds, we know that for a.e. x,

∑∞
j=1 Kj(x, y) < ∞

for a.e. y. On the other hand, if ω is not locally finite, the first paragraph
of the proof of Theorem 4.2 shows that K2(x, y) = ∞ for all x, y. The same
remarks apply to the quasimetrically modifiable case with m2 dω in place of
ω. It is worth noting that, in the cases covered in Theorems 1.2 and 1.3, we
are always in the locally finite case where K2 and V are finite a.e. This is not
obvious because local finiteness is defined with respect to quasimetric balls,
which can go out to the boundary of a domain, whereas the assumptions in
Theorems 1.1, 1.2, and 1.3 are that the ω measure of a closed Euclidean ball
inside Ω is finite.

Lemma 4.6. Suppose that Ω ⊆ Rn is either the entire space or a bounded
domain satisfying the uniform boundary Harnack principle. Let 0 < α < n
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if Ω is Rn; otherwise, let 0 < α 6 2 with α 6= 2 if n = 2. Suppose that q is
either a nonnegative locally integrable function or a nonnegative locally finite
measure on Ω. Define m as in the introduction, depending on Ω, and define
the quasimetric balls

Bt(x) = {z ∈ Ω : d(x, z) = m(x)m(z)/G(α)(x, z) < t}

for x ∈ Ω and t ∈ (0,∞). Let dν = m2 dω. Suppose that either

(i) m2 dω is d-doubling,

or

(ii) ‖ω‖wb < ∞.

Then ν(Bt(x)) < ∞ for all x ∈ Ω and all t ∈ (0,∞).

Proof. For Ω = Rn we have m = 1 and G(α)(x, y) = cnα|x − y|α−n. Hence
the quasimetric balls are Euclidean in this case, and the result holds by the
assumption that ω is locally finite in the Euclidean sense.

Now, suppose that Ω is a bounded domain. Let D = sup{|x − y| : x, y ∈
Ω} < ∞ be the Euclidean diameter of Ω. Observe that Ω also has a finite
diameter with respect to d, as follows. If Ω is a C1,1 domain, then by defi-
nition, m(x) = δ(x)α/2 where δ(x) = dist(x, ∂Ω). Hence, by (2.19), for any
x, y ∈ Ω

d(x, y) 6 C|x− y|n−α (|x− y|+ δ(x) + δ(y))α 6 CDn−α(3D)α = C3αDn.

For R > C3αDn we have Ω = BR(x) for any x ∈ Ω. If Ω satisfies the
uniform boundary Harnack principle, then m(x) = min(1, G(x, x0)) for some
arbitrarily chosen x0 ∈ Ω. Since G is singular on the diagonal, m(x0) = 1, so

d(x, x0) = m(x)m(x0)/G(α)(x, x0) = min(1, G(α)(x, x0))/G(α)(x, x0) 6 1

for all x ∈ Ω. Hence, in this case, Ω = BR(x0) for any R > 1 and d(x, y) 6 2κ
for all x, y ∈ Ω. Therefore, what we need to show is that

ν(Ω) =
∫

Ω

m2 dω < ∞

or that ν is a finite measure. Select r > 0 such that the Euclidean ball
Er(x0) = {z ∈ Rn : |z − x0| < r} has closure contained in Ω (here, x0 is
the point chosen in the definition of m in the general case of a domain with
the uniform boundary Harnack principle; for a C1,1 domain, x0 ∈ Ω can be
chosen arbitrarily). Hence ω(Er(x0)) < ∞. Since m is bounded, we also have
ν(Er(x0)) < ∞. We claim that for ε small enough,

Bε(x0) ⊆ Er(x0). (4.25)
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If so, then ν(Bε(x0)) < ∞. In case (i), then, applying the doubling property
enough times yields ν(Ω) = ν(BR(x0)) < ∞.

We now prove (4.25). If Ω is a C1,1 domain, then, by (2.19), we have

d(x0, y) > C|x0 − y|n−α (|x0 − y|+ δ(x0) + δ(y))α > Cδ(x0)α|x0 − y|n−α.

Hence if d(x0, y) < ε = rn−αCδ(x0)α, then |x − y| < r, establishing (4.25).
If Ω is, more generally, a domain satisfying the uniform boundary Harnack
inequality, we use the general fact (cf. [39] for α = 2 and [13, p.1329] for
0 < α 6 2) that Gα(x, y) 6 Cα,n|x − y|α−n. Let ε = min(1/2, rn−α/Cα).
As above, we have d(x, x0) = min(1, G(α)(x, x0))/G(α)(x, x0). If d(x, x0) < ε,
then since ε < 1 we must have

d(x, x0) = 1/G(α)(x, x0) > |x0 − y|n−α/Cα.

Hence |x0 − y| < r, and we have (4.25). This completes the proof under the
doubling condition (i).

Now, suppose that ‖ω‖wb < ∞. Let Ek = {x ∈ Ω : δ(x) > 1/k} for k ∈ N,
where δ(x) = dist (x, ∂Ω). Each Ek is compact. Hence, by the Euclidean local
finiteness of ω, we have ω(Ek) < ∞ for each k. Since m is bounded on Ω, we
have ν(Ek) < ∞. From above we have d(x, y) 6 C < ∞ for any x, y ∈ Ω,
in either the case of a C1,1 domain with m(x) = δ(x)α/2 or the case where
m(x) = min(1, G(x, x0)). Hence

(ν(En))2

C
=

1
C

(∫

En

m2 dω

)2

6
∫∫

En×En

1
d(x, y)

m2(x)m2(y) dω(x) dω(y)

=
∫∫

En×En

K(x, y)m(x)m(y) dω(x) dω(y) 6 ‖ω‖∗
∫

En

m2 dω = ‖ω‖∗ν(En).

Since ν(En) < ∞, we obtain ν(En) 6 C‖ω‖∗ for all n ∈ N. Applying. for
example, the monotone convergence theorem, we obtain ν(Ω) < ∞. ut

5 Applications and Examples

We first give an example of some conditions which imply G2 6 CG, as
promised in the Introduction. Let 0 < α < n. We say that q belongs to
the Kato class on Rn if (cf., for example,, [6, 14, 13])

lim
r→0+

sup
x∈Rn

∫

Br(x)

dω(z)
|x− z|n−α

= 0, (5.1)

where dω = |q(x)| dx. The local Kato class consists of q such that χD q is in
the Kato class for any bounded measurable set D ⊂ Rn.
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We need an additional condition at ∞ introduced by Zhao [41] for α = 2
(cf. [13] for 0 < α < 2):

lim
A→∞

sup
x∈Rn

∫

Rn\BA(0)

dω(z)
|x− z|n−α

= 0. (5.2)

Let 0 < α < n for Ω = Rn, and let 0 < α 6 2, α 6= 2 if n = 2, for
a bounded domain Ω. For Ω = Rn or a bounded domain Ω satisfying the
boundary Harnack inequality we have the 3G-inequality: there exists c > 0
such that for all x, y, z ∈ Ω

G(x, y)G(z, y)
G(x, z)

6 c

(
1

|x− z|n−α
+

1
|y − z|n−α

)
. (5.3)

This is obvious for Ω = Rn (cf. [14, Theorem 6.5] for bounded Lipschitz
domains in the case α = 2 and [19] for domains with the boundary Harnack
principle and general α ∈ (0, 2]). If we assume that q is in the local Kato
class, for a bounded domain Ω, and additionally (5.2) for Ω = Rn, and apply
the 3G-inequality, we obtain

G2(x, y)
G(x, y)

=
∫

Ω

G(x, z)G(z, y)
G(x, y)

dω(z) 6 c

∫

Ω

|x−z|α−n + |y−z|α−n dω(z) 6 C

since ω is potentially bounded (cf. [14, Proposition 3.1 and Corollary] and
[41] for α = 2; [13] for 0 < α < 2).

We now give a result in the general context of quasimetrically modifiable
kernels which yields Theorem 1.3.

Theorem 5.1. Let K be a quasimetrically modifiable kernel with modifier
m and constant κ on (Ω, ω). Define ‖ω‖∗ and ‖ω‖wb as in Definition 4.1.
Define

Tf(x) =
∫

Ω

K(x, y)f(y) dω(y).

Let ‖T‖ denote the operator norm of T on L2(ω). Let ε be the constant
obtained in Theorem 4.3. Then

(i) if m2dω is a doubling measure, then ‖ω‖∗ ≈ ‖T‖, more precisely,

‖ω‖∗ 6 ‖T‖ 6 ε−1‖ω‖∗, (5.4)

(ii) ‖ω‖wb ≈ ‖T‖, more precisely,

‖ω‖wb 6 ‖T‖ 6 ε−1‖ω‖wb. (5.5)

Proof. Trivially, ‖ω‖∗ 6 ‖ω‖wb and ‖ω‖wb 6 ‖T‖, as for (1.13). Hence the
first inequalities in (5.4) and (5.5) hold. For the reverse, we will show for (i)
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that ‖ω‖∗ < ε implies ‖T‖ 6 1 and for (ii) that ‖ω‖wb < ε implies ‖T‖ 6 1.
These facts will establish (5.4) and (5.5).

We first prove the result under the assumption that m = 1, i.e., K is a
quasimetric. By Corollary 3.1, we can select z0 ∈ Ω such that K(x, z0) and
K2(x, z0) are both finite for a.e. x ∈ Ω. Let

u(x) =
∞∑

j=1

Kj(x, z0).

Our assumption (i) or (ii) allows us to apply Theorem 4.3 to obtain

u(x) 6 C2K(x, z0)ec2K2(x,z0)/K(x,z0).

Hence u < ∞ ω-a.e. Note that

Tu(x) =
∫

Ω

K(x, y)
∞∑

j=1

Kj(y, z0) dω(y) =
∞∑

j=2

Kj(x, z0) 6 u(x).

Note that u > K(x, z0) > 0 for x ∈ Ω. Hence the Schur lemma gives that
T is bounded on L2(ω) with ‖T‖ 6 1. This completes the proof in the case
where K is a quasimetric.

Now, suppose that K is quasimetrically modifiable with modifier m. Define
the quasimetric kernel H(x, y) = K(x, y)/(m(x)m(y)) and set dν = m2 dω.
Define T̃ by

T̃ f(x) =
∫

Ω

H(x, y)f(y) dν(y).

A calculation shows that

‖T‖L2(ω)→L2(ω) = ‖T̃‖L2(ν)→L2(ν).

By (4.24) and our assumptions, ν is doubling and ‖ν‖∗ = ‖ω‖∗ < ε in
case (i) and ‖ν‖wb = ‖ω‖wb < ε in case (ii). Applying the result proved
for the quasimetric case, we find that ‖T̃‖L2(ν)→L2(ν) 6 1, and hence
‖T‖L2(ω)→L2(ω) 6 1. ut

Theorem 1.3 follows from Theorem 5.1, using the facts noted at the end
of Section 2.

We turn to the proof of Example 1.1. For the remainder of this paper, we
change notation, and Bt(x) will denote the Euclidean ball {y ∈ Rn : |x−y| <
t}. The following lemma is useful.

Lemma 5.1. Suppose that 0 < α < n. For x ∈ Rn and t > 0, let

h(x, t) =
∫

Bt(0)

1
|x− z|α

1
|z|n−α

dz.
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Then there exist c1, c2 > 0, depending only on n and α, such that

c1((1 + |x|/t)−α + log+(t/|x|)) 6 h(x, t) 6 c2((1 + |x|/t)−α + log+(t/|x|)).

Proof. By a dilation argument, g(x, t) = g(x/t, 1). Hence we assume that
t = 1. If |x| > 2, then for all z ∈ B1(0) we have |x|/2 6 |x − z| 6 3|x|/2.
Hence h(x, 1) is bounded from above and below by constant multiples of

1
|x|α

∫

B1(0)

1
|z|n−α

dz =
c

|x|α ,

as needed.
Now, we suppose that |x| < 2 and establish the lower bound. For z ∈ B1(0)

we have |x− z| 6 3. Hence

h(x, 1) > 3−α

∫

B1(0)

|z|n−α dz = c.

Now, suppose that |x| < 1. For z 6∈ B|x|(0) we have |z − x| 6 |z|+ |x| 6 2|z|.
Hence

h(x, 1) >
∫

B1(0)\B|x|(0)

2−α

|z|n dz = c

∫ 1

|x|

1
r

dr = c log(1/|x|).

It remains to show the upper bound for |x| < 2. For |z| < |x|/2 we have
|x− z| > |x| − |z| > |x|/2. Hence

∫

B|x|/2(0)

1
|x− z|α

1
|z|n−α

dz 6 2α

|x|α
∫

B|x|/2(0)

|z|α−n dy = c.

Similarly, for |z − x| < |x|/2 we have |z| > |x| − |z − x| > |x|/2. Therefore,
∫

B|x|/2(x)

1
|x− z|α

1
|z|n−α

dz 6 2n−α

|x|n−α

∫

B|x|/2(x)

|x− z|−α dz = c.

Let A = B1(0) \ (
B|x|/2(0) ∪B|x|/2(x)

)
. Let A1 = {z ∈ A : |z− x| > |z|} and

let A2 = {z ∈ A : |z − x| < |z|}. Then
∫

A1

1
|x− z|α

1
|z|n−α

dz 6
∫

B1(0)\B|x|/2(0)

|z|−n dz 6 c
(
1 + log+(1/|x|)) .

Since |x| < 2, we have B1(0) ⊆ B3(x). Hence
∫

A2

1
|x− z|α

1
|z|n−α

dz 6
∫

B3(x)\B|x|/2(x)

|x− z|−n dz 6 c
(
1 + log+(1/|x|)) .

This estimate completes the proof of the lemma. ut
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Proof of Example 1.1. We apply Theorems 1.1 and 1.2. Here, m(x) = 1,
K(x, y) = cn,α|x − y|α−n is the Riesz kernel, and dω(x) = A|x|−αdx. In
Theorems 1.1 and 1.2, the balls determined by the quasimetric d(x, y) =
1/K(x, y) = c−1

n,α|x − y|n−α are Euclidean balls. Therefore, to check that
the condition (1.14) holds, it is enough to consider Euclidean balls in the
definitions. The measure ω is well known to be doubling. We check that
there exists C = Cn,α > 0 such that

∫

B(a,R)

∫

B(a,R)

1
|x|α

1
|x− y|n−α

1
|y|α dx dy 6 C

∫

B(a,R)

1
|z|α dz (5.6)

for all a ∈ Rn and all R > 0. Then putting in the factors of A in the definition
of ω shows that ‖ω‖∗ 6 CA. Hence taking A small enough yields (1.14).

We now prove (5.6). By a simple scaling argument, we may assume that
R = 1. By a translation argument, it is enough to show that

∫

B(0,1)

∫

B(0,1)

1
|x− a|α

1
|x− y|n−α

1
|y − a|α dx dy 6 C

∫

B(0,1)

1
|z − a|α dz

(5.7)
for all a ∈ Rn.

If |a| > 2, then for t ∈ B(0, 1), we have |a|/2 6 |t− a| 6 3|a|/2. Hence the
right-hand side of (5.7) is bounded from below by c|a|−α. The left-hand side
is bounded from above by

c|a|−2α

∫

B(0,1)

∫

B(0,1)

1
|x− y|n−α

dx dy

6 c|a|−2α

∫

B(0,1)

∫

B(y,2)

1
|x− y|n−α

dx dy 6 c|a|−2α 6 c|a|−α

since |a| > 2, as desired.
Now, suppose that |a| < 2. For z ∈ B(0, 1), then |z − a| 6 3, so the right-

hand side of (5.7) is bounded from below by a constant depending on n and
α. To show that the left-hand side is bounded from above by a constant, we
first replace B(0, 1) by the larger ball B(a, 3), then translate the integrals
back to the origin, and then use a dilation argument to replace the radius of
3 with 1. Hence it suffices to prove that

∫

B(0,1)

∫

B(0,1)

1
|x|α

1
|x− y|n−α

1
|y|α dx dy < ∞.

This estimate follows easily from Lemma 5.1 (with α and n−α interchanged).
Hence Theorem 1.2 applies, and Theorem 1.1 applies automatically. Hence

G(α)(x, y)ec1G
(α)
2 (x,y)/G(α)(x,y) 6 V (x, y) 6 C2G

(α)(x, y)ec2G
(α)
2 (x,y)/G(α)(x,y).

Now, we estimate G
(α)
2 (x, y)/G(α)(x, y) = cn,αAΦ(x, y), where
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Φ(x, y) ≡ |x− y|n−α

∫

Rn

1
|x− z|n−α

1
|y − z|n−α

1
|z|α dz.

A dilation argument shows that Φ(Rx, Ry) = Φ(x, y) for R > 0. Hence we
assume for the moment that |x − y| = 1. We claim that there exist positive
constants a1 and a2 such that for |x− y| = 1

Φ(x, y) > a1

(
(1 + |x|)−α + (1 + |y|)−α + log+(1/|x|) + log+(1/|y|)) (5.8)

and

Φ(x, y) 6 a2(1 + (1 + |x|)−α + (1 + |y|)−α+log+(1/|x|)+log+(1/|y|)). (5.9)

If z ∈ B(x, 1/2), then |y − z| > |y − x| − |x − z| > 1 − 1/2 = 1/2 and
|y − z| 6 |y − x|+ |x− z| 6 3/2. Therefore,

∫

B(x,1/2)

1
|x− z|n−α

1
|y − z|n−α

1
|z|α dz ≈

∫

B(x,1/2)

1
|x− z|n−α

1
|z|α dz

=
∫

B(0,1/2)

1
|t|n−α

1
|x− t|α dt ≈ (1 + |x|)−α + log+(1/|x|)

by Lemma 5.1. By symmetry,
∫

B(y,1/2)

1
|x− z|n−α

1
|y − z|n−α

1
|z|α dz ≈ (1 + |y|)−α + log+(1/|y|).

Since |x − y| = 1, the balls B(x, 1/2) and B(y, 1/2) are disjoint, so these
estimates establish (5.8).

These estimates also yield an upper bound of the needed form for the
integrals over B(x, 1/2) and B(y, 1/2) of the integrand in the definition of
Φ(x, y). Also,

∫

B(x,3)\(B(x,1/2)∪B(y,1/2))

1
|x− z|n−α

1
|y − z|n−α

1
|z|α dz

6 22(n−α)

∫

B(x,3)

|z|−α dz 6 c.

For z 6∈ B(x, 3) we have |z − y| > |z − x| − |x− y| = |z − x| − 1 > 2
3 |z − x|.

Hence ∫

Rn\B(x,3)

1
|x− z|n−α

1
|y − z|n−α

1
|z|α dz

6
(

3
2

)n−α ∫

Rn\B(x,3)

1
|x− z|2n−2α

1
|z|α dz.
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Let A1 = {z ∈ Rn : |z − x| > 3 and |z − x| 6 3|z|} and A2 = {z ∈ Rn :
|z − x| > 3 and |z − x| > 3|z|}. Then

∫

A1

1
|x− z|2n−2α

1
|z|α dz 6 3α

∫

Rn\B(x,3)

1
|z − x|2n−α

dz 6 c

since α < n.
Note that if A2 6= ∅, then |x| > 2 since for any z ∈ A2 we have |x| > |x−

z|− |z| > 2|x− z|/3 > 2. Hence the estimate is complete for |x| < 2. Suppose
that |x| > 2. Then for z ∈ B(0, |x|/2) we have |z − x| > |x| − |z| > |x|/2.
Hence

∫

A2∩B(0,|x|/2)

1
|x− z|2n−2α

1
|z|α dz 6

(
2
|x|

)2(n−α) ∫

B(0,|x|/2)

|z|−α dz

6 c |x|α−n 6 c,

since |x| > 2. Finally, since |z − x| > 3|z| for z ∈ A2,
∫

A2\B(0,|x|/2)

1
|x− z|2n−2α

1
|z|α dz 6 32(α−n)

∫

Rn\B(0,|x|/2)

|z|−(2n−α) dz

6 c|x|−(n−α) 6 c

because |x| > 2. This completes the proof of (5.9) under the assumption
|x− y| = 1.

Now, let x, y ∈ Rn be general. By the dilation property Φ(Rx,Ry) =
Φ(x, y) and the result in the case where |x− y| = 1,

Φ(x, y) = Φ

(
x

|x− y| ,
y

|x− y|
)

6 a2 + a2

(
1 +

|x|
|x− y|

)−α

+ a2

(
1 +

|y|
|x− y|

)−α

+ a2 log+

( |x− y|
|x|

)
+ a2 log+

( |x− y|
|y|

)
6 c̃ + c̃ log

(
max

{ |x|
|y| ,

|y|
|x|

})

for some constant c̃.
For the lower bound, by (5.8), we have

Φ(x, y) = Φ

(
x

|x− y| ,
y

|x− y|
)

> a1 log+

( |x− y|
|x|

)
+ a1 log+

( |x− y|
|y|

)
.

Hence ec1cn,αAΦ(x,y) > eb4A log(max{ |x||y| , |y||x|}) =
(

max
{ |x|
|y| ,

|y|
|x|

})b4A

for some

b4 depending only on α and n. Substituting these estimate above yields
(1.17). ut
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On Spectral Minimal Partitions: the
Case of the Sphere

Bernard Helffer, Thomas Hoffmann-Ostenhof, and Susanna Terracini

Abstract In continuation of previous work, we analyze the properties of
spectral minimal partitions and focus in this paper our analysis on the case
of the sphere. We prove that a minimal 3-partition for the sphere S2 is up to a
rotation the so-called Y-partition. This question is connected to a celebrated
conjecture of Bishop in harmonic analysis.

1 Introduction

Motivated by questions related to some conjecture of Bishop [4], we continue
the analysis of spectral minimal partitions developed for planar domains in
[21, 20, 6, 5] and analyze the case of the two-dimensional sphere S2. As in [21],
eigenvalue problems in domains with corners come up. Related problems were
investigated by Maz’ya, Plamenevskij and coworkers in important works.

Throught the paper, the Laplacian is the Laplace–Beltrami operator on
S2. As usual, we describe S2 in R3

x,y,z by the spherical coordinates

x = cosφ sin θ, y = sin φ sin θ, z = cos θ, φ ∈ [−π, π[ , θ ∈]0, π[ , (1.1)
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and add two poles “North” and “South” corresponding to the two points
(0, 0, 1) and (0, 0,−1). If Ω is a regular bounded open set with piecewise
C1,+ boundary1, we consider the Dirichlet Laplacian H = H(Ω) and we
would like to analyze the question of the existence and of the properties of
minimal partitions for open sets Ω on S2. When Ω is strictly contained in
S2, the question is not fundamentally different of the case of planar domains,
hence we will focus on the case of the whole sphere S2 and on the search for
possible candidates for minimal k-partitions of the sphere for k small.

To be more precise, let us recall a few definitions that the reader can, for
example, find in [21]. For 1 6 k ∈ N and Ω ⊂ S2 we call a spectral k-partition2

of Ω a family D = {Di}k
i=1 of pairwise disjoint open regular domains such

that
k⋃

i=1

Di ⊂ Ω. (1.2)

It is called strong if

Int
( k⋃

i=1

Di

)
\ ∂Ω = Ω . (1.3)

We denote by Ok the set of such partitions. For D ∈ Ok we introduce

Λ(D) = max
i

λ(Di) , (1.4)

where λ(Di) is the ground state energy of H(Di) , and

Lk(Ω) = inf
D∈Ok

Λ(D) . (1.5)

By a spectral minimal k-partition we mean a k-partition D ∈ Ok such that

Lk(Ω) = Λ(D) .

More generally, we can consider (cf. [21]) for p ∈ [1, +∞[

Λp(D) =
(1

k

∑

i

λ(Di)p
) 1

p

(1.6)

and
Lk,p(Ω) = inf

D∈Ok

Λp(D) . (1.7)

We write Lk,∞(Ω) = Lk(Ω) and recall the monotonicity property

Lk,p(Ω) 6 Lk,q(Ω) if p 6 q . (1.8)

1 i.e., piecewise C1,α boundary for some α > 0.
2 We say “k-partition” for brevity.
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The notion of p-minimal k-partition can be extended accordingly, by mini-
mizing Λp(D).

In this paper, we prove the following assertion.

Theorem 1.1. Any minimal 3-partition of S2 is obtained, up to a fixed rota-
tion, by the so-called Y-partition whose boundary is given by the intersection
of S2 with the three half-planes defined respectively by φ = 0, 2π

3 , −2π
3 . Hence

L3(S2) =
15
4

. (1.9)

This theorem is immediately related to (actually, is a consequence of) a
conjecture of Bishop (Conjecture 6) proposed in [4] stating that

Conjecture 1.2 (Bishop, 1992). The minimal 3-partition for

1
3

( 3∑

i=1

λ(Di)
)

corresponds to the Y-partition.

We can indeed observe that if for some (k, p) there exists a p-minimal k-
partition Dk,p such that λ(Di) = λ(Dj) for all i, j, then, by the monotonicity
property, Dk,p is a q-minimal partition for any q > p.

Remark 1.3. At the origin, Bishop’s conjecture was motivated by the anal-
ysis of the properties of harmonic functions in conic sets. The whole paper
by Friedland–Hayman [18] (see also references therein) which inspires our
Section 7 is written in this context. The link between our problem of min-
imal partitions and the problem in harmonic analysis can be summarized
in this way. If we consider a homogeneous Lipschitzian function of the form
u(x) = rαg(θ, φ) in R3, which is harmonic outside its nodal set and such that
the complementary of the nodal set divides the sphere in three parts, then

α(α + 1) > L3(S2) .

Hence Theorem 1.1 (and more specifically (1.9)) implies α > 3/2. This kind
of property can be useful to improve some statements in [11, 12] (cf. the
proofs of Lemma 2 in [11] and Lemma 4.1 in [12]).

A similar question was analyzed (with partial success) when looking in
[20] at candidates of minimal 3-partitions of the unit disk D(0, 1) in R2. The
most natural candidate was indeed the Mercedes Star, which is the 3-partition
given by three disjoint sectors with opening angle 2π/3, i.e.,

D1 = {x ∈ Ω | ω ∈]0, 2π/3[} (1.10)

and D2, D3 are obtained by rotating D1 by 2π/3 , respectively by 4π/3 . Hence
the Mercedes Star in [20] is replaced here by the Y-partition in Theorem 1.1.
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We observe that the Y-partition can also be described by the inverse image
of the Mercedes Star partition by the map S2 3 (x, y, z) 7→ (x, y) ∈ D(0, 1).

Here, let us mention the two main statements giving the proof of Theo-
rem 1.1.

Proposition 1.4. If D = (D1, D2, D3) is a 3-minimal partition, then its
boundary contains two antipodal points.

The proof of Proposition 1.4 will be achieved in Section 5 and involves the
Euler formula and the thorem of Lyusternik and Shnirelman.

Proposition 1.5. If there exists a minimal 3-partition D = (D1, D2, D3) of
S2 with two antipodal points in

⋃
i ∂Di, then it is (possibly, after a rotation)

the Y-partition.

The proof of Proposition 1.5 will be done in Section 6 by lifting this 3-
partition on the double covering S2

C of S̈2, where S̈2 is the sphere minus two
antipodal points.

More precisely, following what has been done in the approach of the Mer-
cedes Star conjecture in [20], the steps for the proof of Theorem 1.1 (or
towards Conjecture 1.2 if we were able to show that the minimal partition
for Λ1 has all the λ(Dj) equal) are the following.

1. One has to prove that minimal partitions on S2 exist and share the same
properties as for planar domains: regularity and equal angle meeting prop-
erty. This will be done in Section 2.

2. One can observe that the minimal 3-partition cannot be a nodal partition.
This is a consequence of Theorem 2.8 in Section 2 and of the fact that the
multiplicity of the second eigenvalue (i.e., the first nonzero one) is more
than 2, actually 3.

3. The Euler formula implies that there exists only one possible type of min-
imal 3-partitions. Its boundary consists of two points x1 and x2 and three
arcs joining these two points. This will be deduced in Subsection 4.1.

4. The next point is to show that a minimal partition has in its boundary
two antipodal points.

5. The next point is that any minimal 3-partition which contains two an-
tipodal points in its boundary can be lifted in a symmetric 6-partition
on the double covering S2

C . More precisely, if D = (D1, D2, D3) and Π

is the canonical projection of S2
C onto S̈2, we get the 6-partition DC by

considering
DC = (D+

1 , D+
2 , D+

3 , D−
1 , D−

2 , D−
3 ) ,

where for j = 1, 2, 3 D+
j and D−

j denote the two components of Π−1(Dj).
If I denotes the map on S2

C defined for m ∈ S2
C by

Π(I(m)) = Π(m) with I(m) 6= m, (1.11)
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we observe that
I(D+

j ) = D−
j .

6. The last point is to show that on this double covering a minimal symmetric
6-partition is necessarily the double Y-partition, which is the inverse image
in S2

C of the Y-partition.

All these points will be detailed in the following sections together with anal-
ogous questions in the case of minimal 4-partitions.

In the last section, we describe what can be said towards the proof of
Bishop’s conjecture and about the large k behavior of Lk using mainly the
tricky estimates of Friedland–Hayman [18].

2 Definitions, Notation, and Extension of Previous
Results to the Sphere

We first recall more notation, definitions and results essentially extracted
from [21], but which have to be extended from the case of planar domains to
the case of domains in S2.

Definition 2.1. An open domain D ⊂ S2 is said to be regular if it satisfies
an interior cone condition and ∂D is the union of a finite number of simple
regular arcs γi(Ii), with γi ∈ C1,+(Ii) with no mutual nor self intersections,
except possibly at the endpoints.

For a given set Ω ⊂ S2, we are interested in the eigenvalue problem for
H(Ω), the Dirichlet realization of the Laplace–Beltrami operator in Ω. We
denote for any open domain Ω by λ(Ω) the lowest eigenvalue of H(Ω). We
define for any eigenfunction u of H(Ω)

N(u) = {x ∈ Ω
∣∣ u(x) = 0} (2.1)

and call the components of Ω \N(u) the nodal domains of u. The number of
nodal domains of such a function is denoted by µ(u).

If D is a strong partition, we say that Di, Dj ∈ D are neighbors if

Int (Di ∪Dj) \ ∂Ω is connected (2.2)

and write in this case Di ∼ Dj . We then define a graph G(D) by associating
to each Di ∈ D a vertex vi and to each pair Di ∼ Dj we associate an edge
ei,j .

Attached to a regular partition D we can associate its boundary N = N(D)
which is the closed set in Ω defined by

N(D) =
⋃

i

(∂Di ∩Ω). (2.3)



158 B. Helffer et al.

This leads us to introduce the set M(Ω) of the regular closed sets.

Definition 2.2. A closed set N ⊂ Ω belongs to M(Ω) if N meets the
following requirements.

(i) There are finitely many distinct critical points xi ∈ Ω ∩N and associ-
ated positive integers ν(xi) with ν(xi) > 3 such that, in a sufficiently small
neighborhood of each of the xi, N is the union of ν(xi) disjoint (away from
xi non self-crossing) smooth arcs with one end at xi (and each pair defining
at xi a positive angle in ]0, 2π[) and such that in the complement of these
points in Ω, N is locally diffeomorphic to a smooth arc. We denote by X(N)
the set of these critical points.

(ii) ∂Ω∩N consists of a (possibly empty) finite set of points zi, such that
at each zi ρ(zi), with ρ(zi) > 1 arcs hit the boundary. Moreover, for each
zi ∈ ∂Ω, then N is near zi the union of ρ(zi) distinct smooth arcs which hit
zi with strictly positive distinct angles. We denote by Y (N) the set of these
critical points.

Conversely, if N is a regular closed set, then the family D(N) of connected
components of Ω \ N belongs (by definition) to R(Ω), hence regular and
strong.

Definition 2.3. We say that a closed set has the equal angle meeting property
(eamp) if the arcs meet with equal angles at each critical point xi ∈ N ∩ Ω
and also with equal angles at the zi ∈ N ∩ ∂Ω. For the boundary points zi

we mean that the two arcs in the boundary are included.

We say that the partition is eamp-regular if it is regular and satisfies the
equal angle meeting property.

The following assertion was proved in [13, 14, 15].

Theorem 2.4. For any k there exists a minimal eamp-regular strong k-
partition.

The following assertion was proved in [21].

Theorem 2.5. Any minimal spectral k-partition admits a representative
which is eamp-regular and strong.

A basic result concerns the regularity (up to the boundary if any) of the
nodal partition associated to an eigenfunction.

We first observe that the results about minimal partitions for plane do-
mains can be transferred to the sphere S2. It is indeed enough to use the
stereographic projection on the plane which gives an elliptic operator on the
plane with analytic coefficients. This map is a conformal map, hence respect-
ing the angles. The regularity questions being local there are no particular
problem for recovering the equal angle meeting property.

A natural question is whether a minimal partition is the nodal partition
induced by an eigenfunction. The next theorem gives a simple criterion for
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a partition to be associated to a nodal set. For this we need some additional
definitions.

We recall that the graph G(D) is bipartite if its vertices can be colored by
two colors (two neighbours having different colors). In this case, we say that
the partition is admissible. We recall that a collection of nodal domains of an
eigenfunction is always admissible.

We have now the following converse theorem [21].

Theorem 2.6. An admissible minimal k-partition is nodal, i.e., associated
to the nodal set of an eigenfunction of H(Ω) corresponding to an eigenvalue
equal to Lk(Ω).

This theorem was already obtained for planar domains in [19] by adding
a strong a priori regularity and the assumption that Ω is simply connected.
Any subpartition of cardinality 2 corresponds indeed to a second eigenvalue
and the criterion of pair compatibility (cf. [19]) can be applied.

A natural question is now to determine how general is the situation de-
scribed in Theorem 2.6. As for partitions in planar domains, this can only
occur in very particular cases when k > 2. If λk(Ω) denotes the kth eigen-
value of the Dirichlet realization of the Laplacian in an open set Ω of S2, the
Courant theorem says:

Theorem 2.7. The number of nodal domains µ(u) of an eigenfunction u
associated with λk(Ω) satisfies µ(u) 6 k .

Then we say, as in [21], that u is Courant-sharp if µ(u) = k. For any
integer k > 1, we denote by Lk(Ω) the smallest eigenvalue whose eigenspace
contains an eigenfunction with k nodal domains. In general, we have

λk(Ω) 6 Lk(Ω) 6 Lk(Ω) . (2.4)

The next result of [21] gives the full picture of the equality cases.

Theorem 2.8. Suppose that Ω ⊂ S2 is regular. If Lk(Ω) = Lk(Ω) or
λk(Ω) = Lk(Ω), then λk(Ω) = Lk(Ω) = Lk(Ω) , and any minimal k-partition
is nodal and admits a representative which is the family of nodal domains of
some eigenfunction u associated to λk(Ω).

This theorem will be quite useful for showing, for example, that for k = 3
and k = 4 a k-minimal partition of S2 cannot be nodal. This will be further
discussed in Section 3 (cf. Theorem 3.7).

3 The Courant Nodal Theorem with Inversion
Symmetry

We collect here some easy useful observations for the analysis of the sphere.
These considerations already appear in [24], but the application to minimal
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partitions is new. We consider the Courant nodal theorem for H(Ω), where
Ω is an open connected set in S2. Let

S2 3 (x, y, z) 7→ I(x, y, z) = (−x,−y,−z) (3.1)

denotes the inversion map and assume that

IΩ = Ω . (3.2)

Note that Ω = S2 satisfies the condition. These assumptions imply that we
can write H(Ω) as a direct sum

H(Ω) = HS(Ω)
⊕

HA(Ω) , (3.3)

where HS(Ω) and HA(Ω) are respectively the restrictions of H(Ω) to the
I-symmetric (respectively, antisymmetric) L2-functions in Ω in D(H(Ω)).

For simplicity, we just write HS , HA. For the spectrum of H(Ω), σ, we
have

σ = σS ∪ σA

so that σS = {λS
k }∞k=1 and analogously σA = {λA

k }∞k=1. It is of independent
interest to investigate how σS and σA are related. It is obvious that

λS
1 < λA

1 6 λA
2 and λS

1 < λS
2 ,

by standard spectral theory.
In the present situation, we can ask the question of a theorem à la Courant

separately for the eigenfunctions of HS and HA.
First we note the following easy properties:

1. Suppose that u is an eigenfunction and that u is either symmetric or
antisymmetric. Then I N(u) = N(u), i.e., the nodal set is symmetric with
respect to inversion.

2. If uA is an eigenfunction of HA, then for each nodal domain Di of uA, IDi

is a distinct nodal domain of uA. Hence the nodal domains come in pairs
and µ(uA) is even.

3. If uS is a symmetric eigenfunction, then there are two classes of nodal
domains:

• the symmetric domains,

Di,S = IDi,S , (3.4)

• the symmetric pairs of domains D1
i,S , D2

i,S so that

ID1
i,S = D2

i,S . (3.5)
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Theorem 3.1. Suppose that Ω satisfies the symmetry assumption (3.2).
Then, if (λA

k , uA) is a spectral pair for HA(Ω), we have

µ(uA) 6 2k . (3.6)

If (λS
k , uS) is a spectral pair for HS(Ω) and if we denote by `(k) the number

of pairs of nodal domains of uS satisfying (3.5) and m(k) the number of
domains satisfying (3.4), then we have

`(k) + m(k) 6 k (3.7)

and
µ(uS) 6 k + `(k) . (3.8)

Remark 3.2. Of course, the original Courant theorem holds, but the above
result gives additional informations.

Proof. We just have to mimick the proof of the original Courant theorem.
Let us first show (3.6). We can of course add the condition that

λA
k−1 < λA

k .

Assume for contradiction that for some uA
k we have µ(uA

k ) > 2k. To each pair
(Di, IDi) of nodal domains of uA

k , we associate the corresponding ground
states, so that

H(Di)φi = λA
k φi, φi ∈ W 1,2

0 (Di) ,

and, with Iφi = −φi ◦ I ,

H(IDi, V )Iφi = λA
k Iφi .

We use the variational principle in the form domain of HA . We have

λA
k = inf

ϕA⊥Qk−1
A

∫

Ω

(|∇ϕA|2) dµS2
∫

Ω

|ϕA|2 dµS2
, (3.9)

where IϕA = −ϕA and ϕA ∈ W 1,2
0 (Ω). Here, Qk−1

A is just the space spanned
by the first (k − 1) eigenfunctions of HA. We proceed now as in the proof of
the Courant nodal theorem. Hence, in other words, we have just replaced in
this proof the single domains by pairs of domains.

The proof of (3.8) is similar. ut
We can also find some immediate consequences concerning the relation

between σA and σS . Take, for instance, a spectral pair (uA, λA
j ) and assume

that µ(uA) = 2k. Then we can construct from the 2k ground states of each
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connected component k symmetric ones, each one being supported in a sym-
metric pair of components. By the variational principle, this time for HS we
obtain

λS
k = inf

ϕS⊥Qk−1
S

∫

Ω

|∇ϕS |2 dµS2
∫

Ω

|ϕS |2dµS2
. (3.10)

This implies:

Proposition 3.3. Any eigenvalue λA of HA, whose corresponding eigenspace
contains an eigenfunction with 2k nodal domains, satisfies λA > λS

k .

A similar argument can be also made for the symmetric case if `(k) > 0.
This gives us new versions of Courant-sharp properties.

If we call pair symmetric partition a partition which is invariant by the
symmetry, but such that no element of the partition is invariant, we have the
following Courant-sharp analog.

Theorem 3.4. If, for some eigenvalue λA
k of HA(Ω), there exists an eigen-

function uA such that µ(uA) = 2k, then the corresponding family of nodal
domains is a minimal pair symmetric partition.

Note that, if the labelling of the eigenvalue (counted as eigenvalue of H(Ω))
is > 2k), then it is not a minimal (2k)-partition of Ω.

Remark 3.5. Let us finally mention as connected result (cf., for example,
[3]), that if Ω satisfies (3.2), then λ2(Ω) = λA

1 (Ω).

Application. It is known that the eigenfunctions are the restriction to
S2 of the homogeneous harmonic polynomials. Moreover, the eigenvalues are
`(` + 1) (` > 0) with multiplicity (2` + 1). Then the Courant nodal theorem
says that for a spherical harmonic u` corresponding to `(` + 1) one should
have

µ(u`) 6 `2 + 1 . (3.11)

As observed in [24], one can, using the fact that

u`(−x) = (−1)`u`(x) , (3.12)

improve this result by using a variant of the Courant nodal theorem with
symmetry (cf. Theorem 3.1) and this leads to the improvement

µ(u`) 6 `(`− 1) + 2 . (3.13)

Let us briefly sketch the proof of (3.13). If ` is odd, any eigenfunction is
odd with respect to inversion. Hence the number of nodal domains is even
µ(u`) = 2n` and there are no nodal domains invariant by inversion. Using
the Courant nodal theorem for HA, we get with ` = 2p + 1 that



On Spectral Minimal Partitions 163

n` 6
p−1∑
q=0

(2(2q + 1) + 1) + 1 = 2p(p− 1) + 3p + 1

= p(2p + 1) + 1 =
1
2
`(`− 1) + 1 .

If ` is even, we can only write

µ(u`) = 2n` + p` ,

where p` is the cardinality of the nodal domains which are invariant by in-
version.

Using the Courant nodal theorem for HS , we get with ` = 2p, that

n` + p` 6
( p−1∑

q=0

(4q + 1)
)

+ 1 = 2p(p− 1) + p + 1

= p(2p− 1) + 1 =
1
2
`(`− 1) + 1 .

Using this improved estimate, we immediately obtain the following assertion.

Proposition 3.6. The only cases where u` can be Courant-sharp are for
` = 0 and ` = 1.

This proposition has the following consequence.

Theorem 3.7. A minimal k-partition of S2 is nodal if and only if k 6 2.

Note that in [24, 25] the more sophisticated conjecture (verified for ` 6 6)
is proposed:

Conjecture 3.8.

µ(u`) 6





1
2 (` + 1)2, ` is odd

1
2`(` + 2), ` is even .

Remark 3.9. As indicated by D. Jakobson to one of us, there is also a
probabilistic version of this conjecture [27]. Karpushkin [23] has also the
following bound for the number of components:

µ(u`) 6
{

(`− 1)2 + 2, ` is odd,

(`− 1)2 + 1, ` is even.

This is for ` large slightly better than what we obtained with the refined
Courant-sharp theorem. Let us also mention the recent paper [16] and refer-
ences therein.

Remark 3.10. Considering the Laplacian on the double covering S2
C of S̈2 :=

S2 \ {North,South}, Theorems 3.1 and 3.4 hold, where I is replaced by I
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(introduced in (1.11)) corresponding to the map φ 7→ φ+2π. The I-symmetric
eigenfunctions can be identified to the eigenfunctions of H(S2) by uS(x) =
u(π(x)) and the restriction HA(S2

C) of H(S2
C) to the I-antisymmetric space

leads to a new spectrum, which will be analyzed in Section 6.

4 On Topological Properties of Minimal 3-Partitions of
the Sphere

As in the case of planar domains, a classification of the possible types of
minimal partitions could simplify the analysis. The case of the whole sphere
S2 shows some difference with for example the case of the disk.

4.1 Around the Euler formula

As in the case of domains in the plane [20], we will use the following result.

Proposition 4.1. Let Ω be an open set in S2 with piecewise C1,+ bound-
ary, and let N ∈ M(Ω) be such that the associate D consists of µ domains
D1, . . . , Dµ. Let b0 be the number of components of ∂Ω, and let b1 be the
number of components of N ∪ ∂Ω. Denote by ν(xi) and ρ(zi) the numbers
associated to the xi ∈ X(N), respectively zi ∈ Y (N). Then

µ = b1 − b0 +
∑

xi∈X(N)

(ν(xi)
2

− 1
)

+
1
2

∑

zi∈Y (N)

ρ(zi) + 1 . (4.1)

Remark 4.2. In the case Ω = S2, the statement simply reads

µ = b1 +
∑

xi∈X(N)

(ν(xi)
2

− 1
)

+ 1 , (4.2)

where b1 is the number of components of N .

4.2 Application to 3- and 4-partitions.

The case of 3-partitions. Let us analyze in this spirit the topology of minimal
3-partitions of S2.

First we recall that a minimal 3-partition cannot be nodal. The multiplicity
of the second eigenvalue of −∆S2 is indeed 3. Hence our minimal 3-partition
cannot be admissible.
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Let us look now to the information given by the Euler formula. We argue
like in [20] for the case of the disk. We recall that, at any critical point xc

of N ,
ν(xc) > 3 . (4.3)

Hence (4.2) implies that b1 6 2 and we have

1 6 b1 6 2 . (4.4)

When b1 = 1, we get as a unique solution #X(N) = 2. So X(N) consists
of two points x1 and x2 such that ν(xi) = 3 for i = 1 and 2. The other case
where #X(N) = 1 leads indeed to an even number of half-lines arriving to
the unique critical point and to an admissible (hence excluded) partition.

When b1 = 2, we find that X(N) is empty and the partition should be
admissible which is excluded. Hence we have proved the following assertion.

Proposition 4.3. If D is a regular nonadmissible strong 3-partition of S2,
then X(N) consists of two points x1 and x2 such that ν(xi) = 3, and N
consists of three noncrossing (except at their ends) arcs joining the two points
x1 and x2.

In particular, this can be applied to minimal 3-partitions of S2.

The case of 4-partitions. We can analyze in the same way the case of
nonadmissible 4-partitions. The Euler formula leads to the following classifi-
cation.

Proposition 4.4. If D is a regular nonadmissible strong 4-partition of S2,
then we are in one of the following cases:

• X(N) consists of four points xi (i = 1, . . . , 4) such that ν(xi) = 3, and
N consists of six noncrossing (except at their ends) segments, each one
joining two points xi and xj (i 6= j).

• X(N) consists of three points xi (i = 1, 2, 3) such that ν(x1) = ν(x2) =
3, ν(x3) = 4 and N consists of five noncrossing (except at their ends)
segments joining two critical points.

• X(N) consists of two points xi (i = 1, 2) such that ν(xi) = 3, and N
consists of three noncrossing (except at their ends) segments joining the
two points x1 and x2 and of one closed line.

• X(N) consists of two points xi (i = 1, 2) such that ν(x1) = 3, ν(x2) = 5
and N consists of four noncrossing (except at their ends) segments joining
the two critical points and of one noncrossing (except at his ends) segment
starting from one critical point and coming back to the same one.

Note that the spherical tetrahedron corresponds to the first type and we
recall from Theorem 3.7 that minimal 4-partitions are not admissible.
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5 Lyusternik–Shnirelman Theorem and Proof of
Proposition 1.4

As was shown in the previous section, N(D) consists of two points x1 6= x2

and 3 mutually noncrossing arcs γ1, γ2, γ3 connecting x1 and x2. This means
that each Di has a boundary which is a closed curve which is away from x1,
x2 smooth.

We first recall the well-known theorem of Lyusternik and Shnirelman from
1930, that can be found for instance in [26, p.23]. It states the following
assertion.

Theorem 5.1. Suppose that S1, S2, . . . , Sd are closed subsets of Sd−1 such
that

⋃d
i=1 Si = Sd−1. Then there is at least one Si that contains a pair of

antipodal points.

We use this theorem in the case d = 3 and apply it with S1, S2, S3 defined
by

Si = Di. (5.1)

Proof of Proposition 1.4. It suffices to show that

N(D) ∩ I N(D) 6= ∅ , (5.2)

where we recall that I is the antipodal map.
By Theorem 5.1, we know that there is an Si = Di which contains a pair

of antipodal points. After relabelling the Di’s, we can assume that

I D1 ∩D1 6= ∅ , (5.3)

and the goal is to show that

I ∂D1 ∩ ∂D1 6= ∅ . (5.4)

Our Di’s have the properties of 3-minimal partitions established in the previ-
ous section. In particular, ∂D1 has one component and is also the boundary
of ∂D13, where D13 = Int (D2 ∪D3).

The proof is by contradiction. Let us assume that

I ∂D1 ∩ ∂D1 = ∅ . (5.5)

Then there are two possible cases

Case a. I ∂D1 ⊂ D1

Case b. I ∂D1 ∩D1 = ∅

Let us start with Case a. Again, there are two possibilities.

Case a1. I D1 ⊂⊂ D1 (⊂⊂ means compactly included).
Case a2. I D2 ⊂⊂ D1
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But Case a1 contradicts the fact that I is an isometry and Case a2 is
in contradiction with λ(D2) = λ(D1). Of course, we could have taken D3

instead of D2.
We now look at Case b. Then I ∂D1 is delimiting in S2 two components

and D1 is compactly supported in one component. One of the component is
I D1. But (5.3) implies that D1 is in this last component:

D1 ⊂⊂ I D1 .

This can not be true for two isometric domains. Hence we have a contradiction
with (5.5) in all the cases. This achieves the proof of the proposition. ut

6 The Laplacian on S2
C

6.1 Spherical harmonics with half integers

These spherical harmonics appear from the beginning of Quantum mechanics
in connection with the representation theory [28]. We refer to [17] (Problem 56
(NB2) in the first volume together with Problem 133 in the second volume).
We are looking for eigenfunctions of the Friedrichs extension of

L2 = − 1
sin2 θ

∂2

∂φ2
− 1

sin θ

∂

∂θ
sin θ

∂

∂θ
(6.1)

in L2(sin θdθ dφ), satisfying

L2Y`m = `(` + 1)Y`m . (6.2)

The standard spherical harmonics corresponding to ` > 0 are defined for an
integer m ∈ {−`, . . . , `} by

Y`m(θ, φ) = c`,m exp imφ
1

sinm θ
(− 1

sin θ

d

dθ
)`−m sin2` θ , (6.3)

where c`,m is an explicit normalization constant.
For future extensions, we prefer to take this as a definition for m > 0 and

then to observe that
Y`,−m = ĉ`,mY`,m . (6.4)

For ` = 0, we get m = 0 and the constant. For ` = 1, we obtain, for m = 1,
the function (θ, φ) 7→ sin θ exp iφ and for m = −1, the function sin θ exp−iφ
and for m = 0 the function cos θ, which shows that the multiplicity is 3 for
the eigenvalue 2.

Of course, concerning nodal sets, we look at the real-valued functions
(θ, φ) 7→ sin θ cos φ and (θ, φ) 7→ sin θ sin φ for |m| = 1.
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As observed a long time ago, these formulas still define eigenfunctions for
pairs (`, m) with ` a positive half-integer (and not integer), m ∈ {−`, . . . , `}
and m− ` integer.

For definiteness, we prefer (in the half-integer case) to only consider the
pairs with ` > 0 and m > 0 and to complete the set of eigenfunctions by
introducing

Ŷ`,m = Y−`,m. (6.5)

These functions are only defined on the double covering S2
C of S̈2 := S2\{{θ =

0}∪{θ = π}}, which can be defined by extending φ to the interval ]−2π, 2π].
When restricted to φ ∈]− π, π], they correspond to the antiperiodic prob-

lem with respect to period 2π in the φ variable.
To show the completeness, it is enough to show that, for given m > 0, the

orthogonal family (indexed by ` ∈ {m + N}) of functions

θ 7→ ψ`,m(θ) :=
1

sinm θ

(
− 1

sin θ

d

dθ

)`−m

sin2` θ

span all L2(]0, π[, sin θ dθ).
For this purpose, we consider χ ∈ C∞0 (]0, π[) and assume that

∫ π

0

χ(θ)ψ`,m(θ) sin θdθ = 0 ∀` ∈ {m + N} .

We would like to deduce that this implies χ = 0. After a change of variable
t = cos θ and an integration by parts, we see that this problem is equivalent
to the problem to show that, if

∫ 1

−1

ψ(t) [(1− t2)`](`−m) dt = 0 ∀` ∈ {m + N} ,

then ψ = 0.
Observing that the space spanned by the functions (1 − t2)−m((1 −

t2)`)(`−m) (which are actually polynomials of exact order `) is the space
of all polynomials we can conclude the completeness.

Hence we have obtained the following assertion.

Theorem 6.1. The spectrum of the Laplace–Beltrami operator on S2
C can be

described by the eigenvalues µ` = `(` + 1) (` ∈ N/2), each eigenvalue being
of multiplicity (2`+1). Moreover, the Y`,m, as introduced in (6.3), (6.4), and
(6.5), define an orthonormal basis for the eigenspace Eµ`

.

In particular, for ` = 1
2 we get a basis of two orthogonal real eigenfunc-

tions sin φ
2 (sin θ)

1
2 and cos φ

2 (sin θ)
1
2 for the eigenspace associated with 3

4 . For
` = 3

2 the multiplicity is 4 and the functions sin 3φ
2 (sin θ)

3
2 , cos 3φ

2 (sin θ)
3
2 ,

sin φ
2 (sin θ)

1
2 cos θ, and cos φ

2 (sin θ)
1
2 cos θ form a basis for the eigenspace as-

sociated with the eigenvalue 15
4 .
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6.2 Covering argument and minimal partition

Here, we give one part of the proof of Proposition 1.5.

Lemma 6.2. Assume that there exist a 3-minimal partition D = (D1, D2, D3)
of S2 containing two antipodal points in its boundary. Consider the associ-
ated punctured S̈2 and the corresponding double covering S2

C. Denote by Π

the projection of S2
C on S̈2. Then Π−1(Di) consists of two components and

π−1(D) defines a 6-partition of S2
C which is pairwise symmetric.

The only point to observe is that, according to the property of a mini-
mal partition established in Proposition 4.3, the boundary of the partition
necessarily contains a “broken” line joining the two antipodal points.

Using the minimax principle, one immediately gets that, under the as-
sumption of the lemma,

L3(S2) > λ3
AS(S2

C) , (6.6)

where λ3
AS is the third eigenvalue of the Laplace–Beltrami operator on S2

C
restricted to the antisymmetric spectrum. We will compute λ3

AS(S2
C) in the

next subsection.

6.3 Covering argument and Courant-sharp eigenvalues

In the case of the double covering S2
C of S̈2, we have seen that we have to

add the antisymmetric (or antiperiodic) spectrum (corresponding to the map
Π, which writes in spherical coordinates as φ 7→ φ + 2π). This adds the
eigenvalue 3

4 = 1
2 (1+ 1

2 ) with multiplicity 2 and the eigenvalue 15
4 = 3

2 (1+ 3
2 )

with multiplicity 4. Hence 15
4 is the 7th eigenvalue of the Laplacian on S2

C
hence not Courant-sharp, but it is the third antisymmetric eigenvalue

λ3
AS =

15
4

.

Hence, observing that the nodal set of an eigenfunction associated to λ3
AS has

six nodal domains which are pairwise symmetric and giving by projection the
Y -partition, we immediately obtain, under the assumption of the lemma,

L3(S2) =
15
4

.

But Proposition 1.5 says more. For getting this result, we have to prove
the following proposition.

Proposition 6.3. Let LAS
2` (S2

C) be the infimum obtained over the pairwise
symmetric (by Π) (2`)-partitions of S2

C. If
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LAS
2` (S2

C) = λ`
AS ,

then λ`
AS is Courant-sharp in the sense of the antisymmetric spectrum and

any minimal pairwise symmetric (2`)−partition is nodal.

The proof is the same as that of Theorem 1.17 in [21] and Theorem 2.6 in
[20], with the difference that we consider everywhere antisymmetric states.

Applying this proposition for ` = 3, we have the proof of Proposition 1.5.

7 On Bishop’s Approach for Minimal 2-Partitions and
Extensions to Strong k-Partitions

7.1 The main result for k = 2

For 2-partitions it is immediate to show that the minimal 2-partitions realiz-
ing L2(S2) are given by the two hemispheres. One is indeed in the Courant-
sharp situation. The case of L2,p(S2) for p < ∞ is more difficult. Bishop [4]
described, how one can show that the minimal 2-partitions realizing L2,1(S2)
are also given by the two hemispheres. It is then easy to see that it implies
the property for any p ∈ [1, +∞[. Hence the following assertion holds.

Theorem 7.1. For any p ∈ [1,+∞], L2,p(S2) is realized by the partition of
S2 by two hemispheres.

The proof is based on two theorems due to Sperner [29] and Friedland–
Hayman [18] respectively. We discuss their proof because it has some conse-
quences for the analysis of minimal 3 and 4-partitions.

7.2 The lower bounds of Sperner and
Friedland–Hayman

For a given domain D on the unit sphere Sm−1 in Rm, Sperner proved the
following theorem, which plays on the sphere the same role as the Faber-
Krahn inequality plays in Rm:

Theorem 7.2. Among all sets E ⊂ Sm−1 with given (m − 1)-dimensional
surface area σmS on (with σm being the area of Sm−1), a spherical cap has
the smallest characteristic constant.

Here, the characteristic constant for a domain D is related to the ground
state energy by

λ(D) = α(D)(α(D) + m− 2) , (7.1)



On Spectral Minimal Partitions 171

with α(D) > 0 .
We introduce for short

α(S, m) = α(SC(σmS)) , (7.2)

where SC(σmS) is a spherical cap of surface area σmS.
This theorem is not sufficient in itself for the problem. The second ingre-

dient3 is a lower bound of α(S,m) by various convex decreasing functions. In
[18], the following assertion was proved.4

Theorem 7.3. We have the following lower bound:

α(S, 3) > Φ3(S) , (7.3)

where Φ3 is the convex decreasing function defined by

Φ3 = max(Φ̂3, Φ∞) , (7.4)

Φ∞(S) =





1
2 log

( 1
4S

)
+

3
2
, 0 < S 6 1/4 ,

2(1− S), 1/4 6 S < 1.
(7.5)

Φ̂3(S) =





2(1− S), 1/2 6 S < 1,

1
2
j0

( 1
S
− 1

2

) 1
2 − 1

2
, S < 1/2,

(7.6)

and j0 being the first zero of the Bessel function of order 0:

j0 ∼ 2.4048 . (7.7)

7.3 Bishop’s proof for 2-partitions

With these two ingredients, we observe (following a remark of C. Bishop)
that for a 2-partition we have necessarily

α(D1) + α(D2) > 2 , (7.8)

the equality being obtained for two hemispheres.
The minimization for the sum corresponds to

inf (α(D1)(α(D1) + 1) + α(D2)(α(D2) + 1)) . (7.9)

This infimum is surely larger or equal to

3 See, for example, [1, p.441] and [4].
4 We write the result only for m = 3, but (7.3) holds for any m > 3.
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inf
α1+α2>2 , α1>0,α2>0

(α1(α1 + 1) + α2(α2 + 1)) .

It is then easy to see that the infimum is obtained for α1 = α2 = 1,

inf
α1+α2>2 , α1>0,α2>0

(α1(α1 + 1) + α2(α2 + 1)) = 4 . (7.10)

This gives a lower bound for L2,1(S2) which is equal to the upper bound of
L2(S2) and which is attained for the two hemispheres. This achieves the proof
of Theorem 7.1.

Remark 7.4. A natural question is to determine under which condition
the infimum of Λ1(D) for D ∈ O2 is realized for a pair (D1, D2) such that
λ(D1) = λ(D2) . Let us illustrate the question by a simple example. If we
consider two disks C1 and C2 such that λ(C1) < λ(C2) 6 λ2(C1) , it is not
too difficult to see that if we take Ω as the union of these two disks and
of a thin channel joining the two disks, then L2(Ω) = λ2(Ω) will be very
close to λ(C2) and the infimum of Λ1(D) will be less than 1

2 (λ(C1)+λ(C2)) .
Hence we will have strict inequality if the channel is small enough. We refer
to [8, 9, 2, 22] for the spectral analysis of this type of situation. These authors
are actually more interested in the symmetric situation where tunneling plays
an important role. This example is also considered in [10].

7.4 Application to general k-partitions

One can also discuss what can be obtained in the same spirit for k-partitions
(k > 3). This will not lead to the proof of Bishop’s conjecture, but give
rather accurate lower bounds corresponding in a slightly different context to
the ones proposed by Friedland–Hayman [18] for harmonic functions in cones
of Rm.

Let us first mention the easy result extending (7.10).

Lemma 7.5. Let k ∈ N∗ and ρ > 0. If

T k,ρ :=
{

α ∈ R k

+

∣∣
k∑

j=1

αj > ρ
}

,

then
1
k

inf
α∈T k,ρ

k∑

j=1

αj(αj + 1) > ρ

k

(ρ

k
+ 1

)
.

For a k-partition D = (D1, . . . , Dk) the corresponding characteristic num-
bers satisfy the inequality
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∑

j

α(Dj) >
∑

j

Φ3(Sj) (7.11)

with
σ3 Sj = Area (Dj) (j = 1, . . . , k) , (7.12)

and ∑

j

Sj = 1 . (7.13)

Using the convexity of Φ3, we obtain

Proposition 7.6. If D = (Dj)j=1,...,k is a strong k-partition of S2, then

1
k

k∑

j=1

α(Dj) > Φ3(1/k) . (7.14)

Applying Lemma 7.5 with ρ = kΦ3(1/k), this leads together with (7.14)
and (1.8) to the lower bound of Lk,1(S2):

Proposition 7.7.

Lk(S2) > Lk,1(S2) > Φ3(1/k) (1 + Φ3(1/k)) . (7.15)

Let us see what it gives coming back to the definition of Φ3.

Corollary 7.8.
Lk(S2) > Lk,1(S2) > γk , (7.16)

with
γk := Φ∞(1/k) (1 + Φ∞(1/k)) , (7.17)

and

Φ∞(1/k) :=





2(k − 1)
k

, k 6 4 ,

2 log
(k

4

)
+

3
2
, k > 4 .

(7.18)

In particular,

γ2 = 2 , γ3 =
28
9

, γ4 =
15
4

. (7.19)

We note that γ2 is optimal and γ3 < 15
4 . Hence for k = 3 the lower bound

is not optimal and does not lead to a proof of Bishop’s conjecture. Let us
now consider the estimates associated with Φ3.

Corollary 7.9.
Lk(S2) > Lk,1(S2) > δk , (7.20)

with
δk := Φ̂3(1/k) (1 + Φ̂3(1/k)) , (7.21)
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In particular,

δ3 =
5
8
j2
0 −

1
4

, δ4 =
7
8
j2
0 −

1
4

. (7.22)

7.5 Discussion for the cases k = 3 and k = 4.

We observe that δ3 > γ3 and δ4 > γ4. Simple computations 5 show that

Φ̂3(1/3) ∼ 1.401 , (7.23)

which is higher than Φ∞(1/3) = 4
3 , and

Φ̂3(1/4) ∼ 1.748 , (7.24)

which is higher than Φ∞(1/4) = 3
2 . This leads to the lower bound:

Proposition 7.10.

L4(S2) > L4,1(S2) > 15/4 = L3(S2) . (7.25)

In particular, the best lower bound of L4,1(S2) is approximately

δ4 ∼ 4.8035 . (7.26)

Note that by a third method, one can find in [18] (Theorem 5 and Ta-
ble 1, p. 155, computed by J.G. Wendel) another convex function Φ̃ such
that α(D) > Φ̃(S) and

Φ̃(1/3) ∼ 1.41167 . (7.27)

Note that Φ̃(1/4) < Φ̂3(1/4), so this improvment occurs only for 3-partitions.
In the case of S2, unlike the case of the square or the disk, the minimal 4-

partition is not nodal (as proved in Theorem 3.7). Note that this implies that
the 4-minimal partition realizing L4,p(Ω) for p ∈ [1, +∞] is neither nodal.

As already mentioned in [18], there is at least a natural candidate which
is the spherical regular tetrahedron. Numerical computations6 give, for the
corresponding 4-partition DTetra

4 ,

Λ(DTetra
4 ) ∼ 5.13 . (7.28)

Hence we obtain

15
4

< L4(S2) 6 Λ(DTetra
4 ) < 6 = L4(S2) . (7.29)

5 already done in [18].
6 transmitted to us by M. Costabel.
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It is interesting to compare it with (7.26).
According to a personal communication of M. Dauge, one can also observe

that the largest circle inside a face of the tetrahedron is actually a nodal
line corresponding to an eigenfunction with eigenvalue 6 (up to a rotation,
this is the (restriction to S2 of the) harmonic polynomial S2 3 (x, y, z) 7→
x2 + y2 − 2z2 ). This gives directly the comparison Λ(DTetra

4 ) < 6 .

7.6 Large k lower bounds

We can push the argument by looking at the asymptotic as k→ +∞ of δk.
This gives

L1,k(S2) > 1
4
j2
0k − 1

8
j2
0 −

1
4

. (7.30)

We note that at least for k large this is much better than the trivial lower
bound

L1,k(S2) > 1
k

Lk(S2) . (7.31)

We discuss in Remark 7.12 below an independent improvment.
Multiplying (7.30) by 4π, the area of S2, and dividing by k, we obtain

Area(S2) lim inf
k→+∞

L1,k(S2)
k

> πj2
0 . (7.32)

But πj2
0 is the groundstate energy λ(D1) of the Laplacian on the disk D1

in R2 of area 1. Although not written explicitly7 in [21, 6], the Faber-Krahn
inequality gives for planar domains

|Ω|Lk,1(Ω)
k

> λ(D1) = πj2
0 . (7.33)

We have not verified the details, but we think that as in [6] for planar domains,
we will have

Area(S2) lim sup
k→+∞

Lk(S2)
k

6 λ(Hexa1) , (7.34)

where Hexa1 denotes the regular hexagon of area 1.
As for the case of plane domains, it is natural to conjecture (cf., for exam-

ple, [6, 11], but we first heard of this question from van den Berg five years
ago) that:

Conjecture 7.11.

lim
k→+∞

Lk(S2)
k

= lim
k→+∞

Lk,1(S2)
k

= λ(Hexa1) .

7 The authors mention only the lower bound for Lk(Ω).
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The first equality in the conjecture corresponds to the idea, which is well
illustrated in the recent paper by Bourdin-Bucur-Oudet [7] that, asymptoti-
cally as k→+∞, a minimal k-partition for Λp will correspond to Dj ’s such
that the λ(Dj) are equal.

Remark 7.12. If Ω is a regular bounded open set in R2 or in S2, then

1
k

k∑

j=1

λj(Ω) 6 Lk,1(Ω) . (7.35)

The proof is “fermionic.” It is enough to apply the minimax characterization
for the groundstate energy λFermi,k of the Dirichlet realization of the Lapla-
cian on Ωk (in (R2)k or in (S2)k) restricted to the Fermionic space ∧kL2(Ω)
which is

λFermi,k =
k∑

j=1

λj(Ω) .

For any k-partition D of Ω, we can consider the Slater determinant of the
normalized groundstates φj of each Dj and observe that the corresponding
energy is kΛ1(D).

This suggests the following conjecture (which is proved for p = 1 and
p = +∞):

(1
k

k∑

j=1

λj(Ω)p
) 1

p 6 Lk,p(Ω) ∀k > 1 ∀p ∈ [1,+∞] . (7.36)

The case where Ω is the union of two disks considered in Remark 7.4 gives
an example for k = 2, where (7.35) becomes equality. In this case, we have
λ1(Ω) = λ(C1) and λ2(Ω) = λ(C2).

Acknowledgments. This work was motivated by questions of A. Lemenant
about Bishop’s conjecture. Discussions with (and numerical computations
of) M. Costabel and M. Dauge were also quite helpful. Many thanks also to
A. Ancona and D. Jakobson for indicating to us useful references.
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17. Flügge, S.: Practical Quantum Mechanics I, II. Springer, Berlin etc. (1971)

18. Friedland, S., Hayman, W.K.: Eigenvalue inequalities for the Dirichlet problem
on spheres and the growth of subharmonic functions. Comment. Math. Helv.
51, 133–161 (1976)

19. Helffer, B., Hoffmann-Ostenhof, T.: Converse spectral problems for nodal do-
mains. Moscow Math. J. 7, 67–84 (2007)

20. Helffer, B., Hoffmann-Ostenhof, T.: On spectral minimal partitions: new prop-
erties and applications to the disk. CRM Lecture Notes (2009) [To appear]

21. Helffer, B., Hoffmann-Ostenhof, T., Terracini, S.: Nodal domains and spectral
minimal partitions. Ann. Inst. H. Poincaré Anal. Non-Linéaire 26, 101–138
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Weighted Sobolev Space Estimates for
a Class of Singular Integral Operators

Dorina Mitrea, Marius Mitrea, and Sylvie Monniaux

In celebration of the distinguished career
of our esteemed friend, V.G. Maz’ya

Abstract The aim of this paper is to prove the boundedness of a category
of integral operators mapping functions from Besov spaces on the boundary
of a Lipschitz domain Ω ⊆ Rn into functions belonging to weighted Sobolev
spaces in Ω. The model we have in mind is the Poisson integral operator

(PIf)(x) := −
∫

∂Ω

∂ν(y)G(x, y)f(y) dσ(y), x ∈ Ω,

where G(·, ·) is the Green function for the Dirichlet Laplacian in Ω, ∂ν is the
normal derivative, and σ is the surface area on ∂Ω, in the case where Ω ⊆ Rn

is a bounded Lipschitz domain satisfying a uniform exterior ball condition.

1 Introduction

The main result of this paper is the following theorem.

Theorem 1.1. Let Ω be a bounded Lipschitz domain in Rn, n > 2. Denote
by σ the surface measure on ∂Ω, and set
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LATP - UMR 6632 Faculté des Sciences, de Saint-Jérôme - Case Cour A Université Aix-
Marseille 3, F-13397 Marseille Cédex 20, France
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δ(x) := dist (x, ∂Ω), x ∈ Rn. (1.1)

Consider the integral operator

Qf(x) :=
∫

∂Ω

q(x, y)f(y) dσ(y), x ∈ Ω, (1.2)

satisfying the following conditions:

(1) Q1 =constant in Ω,

(2) there exists N ∈ N0 := N ∪ {0} and ε ∈ [0, 1) such that for each
k ∈ {0, 1, . . . , N}

|∇k+1
x q(x, y)| 6 co δ(x)−k−ε|x− y|−n+ε (1.3)

for all x ∈ Ω and almost every y ∈ ∂Ω, for some constant co = co(Ω, k) > 0.
Assume that

n− 1
n− ε

< p 6 ∞, (n− 1)
(1

p
− 1

)
+

< s < 1− ε. (1.4)

Then for each k ∈ {0, 1, 2, . . . , N} there exists C = C(Ω, p, s, k) > 0 such
that

‖δk+1− 1
p−s|∇k+1Qf |‖Lp(Ω) +

k∑

j=0

‖∇jQf‖Lp(Ω) 6 C‖f‖Bp,p
s (∂Ω) (1.5)

for every f ∈ Bp,p
s (∂Ω).

Above, |∇ku| :=
∑
|β|6k |∂βu| and (a)+ := max{a, 0}. Also, Bp,p

s (∂Ω)
denotes the (diagonal) Besov scale on ∂Ω (cf. Section 2 for more details).

The primary motivation for considering this type of result comes from the
study of the Dirichlet problem

∆u = 0 in Ω, u ∈ Bp,q
s+1/p(Ω), Tru = f ∈ Bp,q

s (∂Ω), (1.6)

where Bp,q
α (Ω) denotes the scale of Besov spaces in Ω and Tr is the boundary

trace operator, via the potential theoretic representation

u(x) = −
∫

∂Ω

∂ν(y)G(x, y)f(y) dσ(y), x ∈ Ω, (1.7)

where ν is the outward unit normal to ∂Ω and G(x, y) is the Green function
for the Dirichlet Laplacian in Ω. In this scenario, the a priori estimate

‖u‖Bp,q
s+1/p

(Ω) 6 C‖f‖Bp,q
s (∂Ω) (1.8)
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is equivalent to the boundedness of the Poisson integral operator

PI : Bp,q
s (∂Ω) −→ Bp,q

s+ 1
p

(Ω) (1.9)

defined as

(PIf)(x) := −
∫

∂Ω

∂ν(y)G(x, y)f(y) dσ(y), x ∈ Ω. (1.10)

In the case where Ω ⊆ Rn is a smooth bounded domain, it is well known that

|∇yG(x, y)| 6 C |x− y|1−n, x, y ∈ Ω, (1.11)

from which it can be deduced that, for every k ∈ N0,

|∇k+1
x ∇yG(x, y)| 6 C

|x− y|−n

min{|x− y|, δ(x)}k
∀x ∈ Ω, ∀ y ∈ Ω. (1.12)

As a consequence, in the case ∂Ω ∈ C∞, the integral operator (1.10) has ker-
nel q(x, y) := −∂ν(y)G(x, y) which satisfies conditions (1)–(2) of Theorem 1.1
and hence

‖δk+1− 1
p−s|∇k+1PI f |‖Lp(Ω) +

k∑

j=0

‖∇jPI f‖Lp(Ω)

6 C‖f‖Bp,p
s (∂Ω) ∀ f ∈ Bp,p

s (∂Ω). (1.13)

In order to pass from the weighted Sobolev space estimate (1.13) to the
Besov estimate implicit in (1.9), we need an auxiliary regularity result which
we now describe. Let L be a homogeneous, elliptic differential operator of
even order with (possibly matrix-valued) constant coefficients. Fix a Lipschitz
domain Ω ⊂ Rn. Denote by Ker L the space of functions u satisfying Lu = 0
in Ω. Then for 0 < p 6 ∞ and s ∈ R denote by Hp

s(Ω; L) the space of
functions u ∈ KerL subject to the size/smoothness condition

‖u‖Hp
s(Ω;L) := ‖δ〈s〉−s|∇〈s〉u|‖Lp(Ω) +

〈s〉−1∑

j=0

‖∇ju‖Lp(Ω) < ∞. (1.14)

Hereinafter, for a given s ∈ R we set

〈s〉 :=





s, s ∈ N0,
[s] + 1, s > 0, s /∈ N,
0, s < 0,

(1.15)

where [·] is the integer-part function, i.e., 〈s〉 is the smallest nonnegative
integer greater than or equal to s. Let F p,q

α (Ω) denote the scale of Triebel–
Lizorkin spaces in Ω (again, cf. Section 2 for definitions).
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Theorem 1.2. Let L be as above, and let Ω be a bounded Lipschitz domain
in Rn. Then for any s ∈ R and p, q ∈ (0,∞),

Hp
s(Ω;L) = F p,q

s (Ω) ∩KerL. (1.16)

Consequently,

F p,q
s (Ω) ∩Ker L = Bp,p

s (Ω) ∩KerL (1.17)

for s ∈ R and p, q ∈ (0,∞). Finally, for p = ∞

H∞k+s(Ω;L) = B∞,∞
k+s (Ω) ∩KerL (1.18)

for any k ∈ N0 and s ∈ (0, 1).

For 1 < p, q < ∞, s > 0, this theorem was proved in [9] for L = ∆ and in [1]
for L = ∆2. The present formulation was stated in [14, 10]. The boundedness
of the operator (1.9) directly follows from Theorem 1.2 and (1.13).

Consider the case of an irregular ∂Ω. In this case, the estimate (1.11) is
not necessarily satisfied. Indeed, if (1.11) holds, then the Green operator

Gv(x) :=
∫

Ω

G(x, y)v(y) dy, x ∈ Ω, (1.19)

behaves itself like a fractional integral operator of order one. Thus, in partic-
ular,

G : Lp(Ω) −→ Lp∗(Ω) (1.20)

would be bounded whenever

1 < p < n and
1
p∗

=
1
p
− 1

n
, (1.21)

by the Hardy–Littlewood–Sobolev fractional integration theorem (cf., for
example, [22]). However, Dahlberg [4] showed that for a Lipschitz domain
Ω ⊆ Rn the operator (1.20) is bounded only if 1 < p < pn + ε (with
ε = ε(Ω) > 0), where

pn :=
3n

n + 3
for n > 3 and p2 :=

4
3
. (1.22)

By means of counterexamples, Dahlberg also showed that this result is sharp.
Thus, as a consequence, the estimate (1.11) cannot hold in a general Lipschitz
domain. Hence extra regularity properties need to be imposed.

Recall that Ω ⊆ Rn satisfies the uniform exterior ball condition (hence-
forth abbreviated as UEBC) if, outside Ω, one call “roll” a ball of a fixed
size along the boundary. It is easy to show that any convex domain satisfies
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UEBC. Parenthetically, we also note that a bounded open set Ω has C1,1

boundary if and only if Ω and Rn \Ω satisfy UEBC. However, UEBC alone
does allow the boundary to develop irregularities which are “outwardly di-
rected.” Grüter and Widman [7] showed that if Ω ⊂ Rn is a bounded open
domain satisfying UEBC, then there exists C = C(Ω) > 0 such that the
Green function for the Dirichlet Laplacian satisfies the following estimates
for all x, y ∈ Ω:

(i) G(x, y) 6 C dist (x, ∂Ω)|x− y|1−n;

(ii) G(x, y) 6 C dist (x, ∂Ω) dist (y, ∂Ω)|x− y|−n;

(iii) |∇xG(x, y)| 6 C|x− y|1−n;

(iv) |∇xG(x, y)| 6 C dist (y, ∂Ω)|x− y|−n;

(v) |∇x∇yG(x, y)| 6 C|x− y|−n.

Thus, it is possible to run the above program (based on Theorems 1.1
and 1.2) in order to conclude that for a bounded Lipschitz domain Ω ⊆ Rn

satisfying UEBC the Poisson integral operator (1.9) is bounded whenever

0 < q 6 ∞,
n− 1

n
< p 6 ∞ and (n− 1)

(1
p
− 1

)
+

< s < 1. (1.23)

In addition, a similar result is valid for

PI : Bp,p
s (∂Ω) −→ F p,q

s+ 1
p

(Ω) (1.24)

provided that p, q < ∞ (cf. Theorem 3.4).
The layout of the paper is as follows. Section 2 contains a background

material pertaining to Lipschitz domains; smoothness spaces defined first in
the whole Euclidean space Rn, then in open subsets of Rn and, finally, on
Lipschitz surfaces of codimension one in Rn, as well as basic interpolation
results and Green function estimates. In Section 3, we deduce a number of
estimates depending on the geometric properties of a domain, which are then
used to prove the main result, Theorem 1.1. We mention that a result sim-
ilar to Theorem 1.1 holds for matrix-valued kernels q(·, ·) and vector-valued
functions f (in this case, condition (1) should read: Q maps constant vectors
defined on ∂Ω into constant vectors in Ω). A result similar to Theorem 1.1,
but for a more restrictive class of operators was proved in [19, 14].

2 Preliminaries

Recall that an open, bounded set Ω in Rn is called a bounded Lipschitz
domain if there exists a finite open covering {Oj}16j6N of ∂Ω with the
property that, for every j ∈ {1, ..., N}, Oj ∩ Ω coincides with the portion
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of Oj lying above the graph of a Lipschitz function ϕj : Rn−1 → R (where
Rn−1 × R is a new system of coordinates obtained from the original one
via a rigid motion). As is known, for a Lipschitz domain Ω (bounded or
unbounded), the surface measure dσ is well defined on ∂Ω and there exists
an outward pointing normal vector ν = (ν1, · · · , νn) at almost every point on
∂Ω. In particular, this allows one to define the Lebesgue scale in the usual
fashion, i.e., for 0 < p 6 ∞

Lp(∂Ω) :=
{

f :∂Ω → R : f measurable, and

‖f‖Lp(∂Ω) :=
(∫

∂Ω

|f |p dσ
)1/p

< ∞
}

.

The Besov and Triebel–Lizorkin scales for a Lipschitz domain Ω are defined
by restrictions of the corresponding Besov and Triebel–Lizorkin spaces on Rn,
so we start by briefly reviewing the latter. One convenient point of view is
offered by the classical Littlewood–Paley theory (cf., for example, [20, 23, 24]).
More specifically, let Ξ be the collection of all systems {ζj}∞j=0 of Schwartz
functions with the following properties:

(i) there exist positive constants A, B, C such that

supp (ζ0) ⊂ {x : |x| 6 A};
supp (ζj) ⊂ {x : B2j−1 6 |x| 6 C2j+1} if j ∈ N;

(2.1)

(ii) for every multiindex α there is a positive finite constant Cα such that

sup
x∈Rn

sup
j∈N

2j|α||∂αζj(x)| 6 Cα; (2.2)

(iii)
∞∑

j=0

ζj(x) = 1 for every x ∈ Rn. (2.3)

Fix a family {ζj}∞j=0 ∈ Ξ. Also, let F and S′(Rn) denote the Fourier
transform and the class of tempered distributions in Rn respectively.. Then
the Triebel–Lizorkin space F p,q

s (Rn) is defined for s ∈ R, 0 < p < ∞ and
0 < q 6 ∞ as

F p,q
s (Rn) :=

{
f ∈ S′(Rn) :

‖f‖F p,q
s (Rn) :=

∥∥∥
( ∞∑

j=0

|2sjF−1(ζjFf)|q
)1/q∥∥∥

Lp(Rn)
< ∞

}
(2.4)

(with a natural interpretation when q = ∞). The case p = ∞ is somewhat
special, in that a suitable version of (2.4) needs to be used (cf., for example,
[20, p. 9]).
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If s ∈ R and 0 < p, q 6 ∞, then the Besov space Bp,q
s (Rn) can be defined

as

Bp,q
s (Rn) :=

{
f ∈ S′(Rn) :

‖f‖Bp,q
s (Rn) :=

( ∞∑

j=0

‖2sjF−1(ζjFf)‖q
Lp(Rn)

)1/q

< ∞
}

. (2.5)

Different choices of the system {ζj}∞j=0 ∈ Ξ yield the same spaces (2.4)–
(2.5) equipped with equivalent norms. Furthermore, the class of Schwartz
functions in Rn is dense in both Bp,q

s (Rn) and F p,q
s (Rn) provided s ∈ R and

0 < p, q < ∞.
Next, we discuss the adaptation of certain smoothness classes to the situ-

ation where the Euclidean space is replaced with the boundary of a Lipschitz
domain Ω. Consider three parameters p, q, s such that

0 < p, q 6 ∞, (n− 1)
(1

p
− 1

)
+

< s < 1 (2.6)

and assume that Ω ⊂ Rn is the upper-graph of a Lipschitz function
ϕ : Rn−1 → R. We then define Bp,q

s (∂Ω) as the space of locally integrable
functions f on ∂Ω for which the assignment Rn−1 3 x 7→ f(x, ϕ(x)) belongs
to Bp,q

s (Rn−1), the classical Besov space in Rn−1. We equip this space with
the (quasi-) norm

‖f‖Bp,q
s (∂Ω) := ‖f(·, ϕ(·))‖Bp,q

s (Rn−1). (2.7)

As far as Besov spaces with a negative amount of smoothness are concerned,
in the same context as above, we set

f ∈ Bp,q
s−1(∂Ω) ⇐⇒ f(·, ϕ(·))

√
1 + |∇ϕ(·)|2 ∈ Bp,q

s−1(R
n−1), (2.8)

‖f‖Bp,q
s−1(∂Ω) := ‖f(·, ϕ(·))

√
1 + |∇ϕ(·)|2‖Bp,q

s−1(Rn−1). (2.9)

As is known, the case p = q = ∞ corresponds to the usual (inhomogeneous)
Hölder spaces Cs(∂Ω) defined by the requirement

‖f‖Cs(∂Ω) := ‖f‖L∞(∂Ω) + sup
x6=y

x,y∈∂Ω

|f(x)− f(y)|
|x− y|s < +∞, (2.10)

i.e.,

B∞,∞
s (∂Ω) = Cs(∂Ω), s ∈ (0, 1). (2.11)

All the definitions then readily extend to the case of (bounded) Lipschitz
domains in Rn via a standard partition of unity argument. These Besov
spaces have been defined in such a way that a number of basic properties
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from the Euclidean setting carry over to spaces defined on ∂Ω in a rather
direct fashion. We continue by recording an interpolation result which is going
to be useful for us here (for a proof see [14, 10]). To state it, recall that (·, ·)θ,q

and [·, ·]θ stand for the real and complex interpolation brackets.

Proposition 2.1. Suppose that Ω is a bounded Lipschitz domain in Rn.
Assume that 0 < p, q, q0, q1 6 ∞ and

either , (n− 1)
(1

p
− 1

)
+

< s0 6= s1 < 1,

or − 1 + (n− 1)
(1

p
− 1

)
+

< s0 6= s1 < 0.

(2.12)

Then with 0 < θ < 1, s = (1− θ)s0 + θs1

(Bp,q0
s0

(∂Ω), Bp,q1
s1

(∂Ω))θ,q = Bp,q
s (∂Ω). (2.13)

Furthermore, if s0 6= s1 and 0 < pi, qi 6 ∞, i = 0, 1, satisfy min {q0, q1} <
∞ as well as either of the following two conditions:

either (n− 1)
(

1
pi
− 1

)
+

< si < 1, i = 0, 1,

or − 1 + (n− 1)
(

1
pi
− 1

)
+

< si < 0, i = 0, 1,
(2.14)

then
[Bp0,q0

s0
(∂Ω), Bp1,q1

s1
(∂Ω)]θ = Bp,q

s (∂Ω), (2.15)

where 0 < θ < 1, s := (1− θ)s0 + θs1, 1
p := 1−θ

p0
+ θ

p1
and 1

q := 1−θ
q0

+ θ
q1

.

We next discuss atomic decompositions of the diagonal Besov scale on
∂Ω. We call S = Sr = Sr(x) a surface ball provided that x ∈ ∂Ω, 0 < r 6
diam (Ω), and Sr = B(x, r) ∩ ∂Ω. Also, for κ > 0 and Sr(x) surface ball we
write κS := B(x,κr) ∩ ∂Ω. Recall that the tangential gradient is defined
by ∇tanu := ∇u − (∂νu)ν. A function aS ∈ Lip (∂Ω) is called an atom for
Bp,p

s (∂Ω), (n− 1)/n < p 6 1, (n− 1)( 1
p − 1) < s < 1, if

(1) ∃S = Sr, surface ball, such that supp(aS) ⊆ S, (2.16)

(2) ‖∇tanaS‖L∞(∂Ω) 6 rs−n−1
p −1. (2.17)

It is useful to observe that, by Fundamental Theorem of Calculus, (1)& (2)
above also entail

‖aS‖L∞(∂Ω) 6 Crs−n−1
p , (2.18)

where C depends exclusively on the Lipschitz character of Ω. The follow-
ing proposition, extending well-known results from the Euclidean setting,
appeared in [14].

Proposition 2.2. Let Ω ⊂ Rn be a bounded Lipschitz domain. Fix (n −
1)/n < p 6 1 and (n− 1)( 1

p − 1) < s < 1. Then



Singular Integral Operators 187

‖f‖Bp,p
s (∂Ω) ≈ inf

{(∑

S

|λS |p
)1/p

: f =
∑

S

λSaS ,

aS are Bp,p
s (∂Ω) atoms, {λS}S ∈ `p

}
, (2.19)

uniformly for f ∈ Bp,p
s (∂Ω).

In (2.19), the infimum is taken over all possible representations of f as∑
S λSaS , for countable families of surface balls, and the series is assumed to

converge absolutely in L1
loc(∂Ω).

Given an arbitrary open subset Ω of Rn, we denote by f |Ω the restriction
of a distribution f in Rn to Ω. For 0 < p, q 6 ∞ and s ∈ R, both Bp,q

s (Rn)
and F p,q

s (Rn) are spaces of (tempered) distributions, hence it is meaningful
to define

Ap,q
s (Ω) := {f distribution in Ω : ∃ g ∈ Ap,q

s (Rn) such that g|Ω = f},
‖f‖Ap,q

s (Ω) := inf {‖g‖Ap,q
s (Rn) : g ∈ Ap,q

s (Rn), g|Ω = f}, f ∈ Ap,q
s (Ω),

(2.20)
where A = B or A = F .

The existence of a universal extension operator for Besov and Triebel–
Lizorkin spaces in an arbitrary Lipschitz domain Ω ⊂ Rn was established by
Rychkov [21]. This allows us transferring a number of properties of the Besov–
Triebel–Lizorkin spaces in the Euclidean space Rn to the setting of a bounded
Lipschitz domain Ω ⊂ Rn. If k is a nonnegative integer and 1 < p < ∞, then

F p,2
k (Ω) = W k,p(Ω) := {f ∈ Lp(Ω) : ∂αf ∈ Lp(Ω), |α| 6 k}, (2.21)

the classical Sobolev spaces in Ω.
A proof of the following proposition can be found in [10].

Proposition 2.3. Suppose Ω is a bounded Lipschitz domain in Rn. Let
α0, α1 ∈ R, α0 6= α1, 0 < q0, q1, q 6 ∞, 0 < θ < 1, α = (1 − θ)α0 + θα1.
Then

(F p,q0
α0

(Ω), F p,q1
α1

(Ω))θ,q = Bp,q
α (Ω), 0 < p < ∞, (2.22)

(Bp,q0
α0

(Ω), Bp,q1
α1

(Ω))θ,q = Bp,q
α (Ω), 0 < p 6 ∞. (2.23)

Furthermore, if α0, α1 ∈ R, 0 < p0, p1 6 ∞, and 0 < q0, q1 6 ∞ are such
that

either max {p0, q0} < ∞, or max {p1, q1} < ∞, (2.24)

then
[F p0,q0

α0
(Ω), F p1,q1

α1
(Ω)]θ = F p,q

α (Ω), (2.25)

where 0 < θ < 1, α = (1− θ)α0 + θα1, 1
p = 1−θ

p0
+ θ

p1
and 1

q = 1−θ
q0

+ θ
q1

.
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On the other hand, if α0, α1 ∈ R, 0 < p0, p1, q0, q1 6 ∞ are such that

min {q0, q1} < ∞, (2.26)

then
[Bp0,q0

α0
(Ω), Bp1,q1

α1
(Ω)]θ = Bp,q

α (Ω), (2.27)

where θ, α, p, q are as above.

Let Ω be a bounded Lipschitz domain in Rn. The Green function for the
Laplacian in Ω is a unique function G : Ω ×Ω → [0, +∞] satisfying

G(·, y) ∈ W 1,2(Ω \Br(y)) ∩
◦

W 1,1(Ω) ∀ y ∈ Ω, ∀ r > 0, (2.28)

(
◦

W 1,1(Ω) denotes the closure in W 1,1(Ω) of smooth compactly supported
functions in Ω), and

∫

Ω

〈∇xG(x, y),∇ϕ(x)〉 dx = ϕ(y) ∀ϕ ∈ C∞c (Ω). (2.29)

Thus,

G(x, y)
∣∣∣
x∈∂Ω

= 0 for every y ∈ Ω,

−∆G(·, y) = δy for each fixed y ∈ Ω,
(2.30)

where the restriction to the boundary is taken in the sense of Sobolev trace
theory and δy is the Dirac distribution in Ω with mass at y (cf., for example,
[7, 11]). As is well known, the Green function is symmetric, i.e.,

G(x, y) = G(y, x) ∀x, y ∈ Ω, (2.31)

so that, by the second line in (2.30),

−∆G(x, ·) = δx for each fixed x ∈ Ω. (2.32)

Definition 2.4. An open set Ω ⊂ Rn satisfies a uniform exterior ball con-
dition (UEBC) if there exists r > 0 with the following property: For every
x ∈ ∂Ω there exists a point y = y(x) ∈ Rn such that

Br(y)
∖{x} ⊆ Rn\Ω and x ∈ ∂Br(y). (2.33)

The largest radius r satisfying the above property will be referred to as the
UEBC constant of Ω.

The relevance of the above concept is apparent from the following result
of Grüter and Widman (which is contained in [7, Theorem 3.3]).

Theorem 2.5. Let Ω ⊂ Rn be open and satisfy a UEBC. Then there exists
C = C(Ω) > 0 such that the Green function for the Laplacian satisfies
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|∇x∇yG(x, y)| 6 C|x− y|−n for all x, y ∈ Ω. (2.34)

We record here a version of the interpolation theorem of E. Stein for ana-
lytic families of operators which will be needed in the sequel. This particular
variant appeared in [2].

Theorem 2.6. Let (A0, A1) be an interpolation pair of complex Banach
spaces. We set X = A0

⋂
A1 and Xθ = [A0, A1]θ for 0 6 θ 6 1. Analo-

gously, let (B0, B1) be another interpolation pair of complex Banach spaces.
We set Y = B0

⋂
B1 and Yθ = [B0, B1]θ for 0 6 θ 6 1.

Let Lz be a family of linear operators defined in X , with values in Y,
indexed by a complex parameter z, with 0 6 <ez 6 1. Assume that l(Lzf) is
continuous and bounded in 0 6 <ez 6 1, and analytic in 0 < <ez < 1 for
every f ∈ X and every continuous linear functional l on Y. Assume further
that for <ez = 0 and f ∈ X

‖Lzf‖Y0 6 c0‖f‖X0 (2.35)

and for <ez = 1 and f ∈ X

‖Lzf‖Y1 6 c1‖f‖X1 . (2.36)

Then for 0 < <ez = θ < 1 there exists c = c(s, q0, q1, c0, c1) such that

‖Lzf‖Yθ
6 c‖f‖Xθ

(2.37)

uniformly for f ∈ X .

3 Geometric Estimates and the Proof of the Main
Result

In the proof of Theorem 1.1, we use a couple of geometric lemmas which we
discuss below (recall the notation in (1.1)).

Lemma 3.1. Let Ω ⊆ Rn be a Lipschitz domain. Then for each point y ∈
∂Ω and parameters α < 1, N < n − α there exists a finite constant C =
C(Ω,N, α) > 0 such that

∫

Ω∩B(y,r)

δ(x)−α

|x− y|N dx 6 Crn−α−N ∀ r > 0. (3.1)

Furthermore, if N > n− 1 and 1 > α > n−N , then
∫

Ω\B(y,r)

δ(x)−α

|x− y|N dx 6 Crn−α−N ∀ r > 0, (3.2)
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for some C = C(Ω, N, α) > 0.

This is the basic geometric result on which our entire subsequent analysis is
based. The proof is straightforward if Ω = Rn

+ and is reduced to this special
case in the case of a general Lipschitz domain by localizing and flattening
the boundary via a bi-Lipschitz map (which does not distort distances by
more than a fixed factor). We omit the details, but parenthetically mention
that Lemma 3.1 continues to hold for a more general class of domains (more
specifically, for domains satisfying an interior corkscrew condition and such
that ∂Ω is Ahlfors regular of dimension n − 1; for definitions, background,
and pertinent references the interested reader is referred to [8, 11]).

Lemma 3.2. Let Ω ⊆ Rn be a Lipschitz domain. Then for any points y, z ∈
∂Ω and parameters c > 1, β < n, M > n − β there exists a finite constant
C = C(Ω, c,N, α) > 0 such that

∫

Γ (z)

δ(x)−β

|x− y|M dx 6 C|y − z|n−β−M , (3.3)

where

Γ (z) := {x ∈ Ω : |x− z| < c δ(x)}. (3.4)

Proof. Once again, it is possible to show that the conclusion in Lemma 3.2
remains valid if Ω ⊆ Rn is a domain satisfying an interior corkscrew condition
and such that ∂Ω is Ahlfors regular of dimension n − 1. We shall, however,
not pursue this avenue here.

To start the proof in earnest, fix c > 1, z, y ∈ ∂Ω and set r := |z − y|. For
j ∈ N introduce

Γj(z) := {x ∈ Γ (z) : 2j−1r < |x− z| < 2jr} (3.5)

and define

Ij :=
∫

Γj(z)

δ(x)−β

|x− y|M dx. (3.6)

Note that for x ∈ Γj(z) we have |x−y| 6 |x−z|+ |z−y| 6 (2j +1)r 6 2j+1r
and δ(x) ≈ |x − z| ≈ 2jr, where the notation a ≈ b means that there exist
c1, c2 > 0 such that c1a 6 b 6 c2a. Keeping these in mind, we can write for
each α ∈ R

Ij 6 C(2jr)α−β

∫

B(y,2j+1r)∩Ω

δ(x)−α

|x− y|M dx ∀ j ∈ N. (3.7)

Now, we choose α < min{1, n−M} and apply Lemma 3.1 to the integral in
(3.7) to further obtain
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Ij 6 C(2jr)α−β(2jr)n−α−M = 2j(n−M−β)rn−M−β ∀ j ∈ N. (3.8)

Next, we note that from our hypothesis n−M−β < 0, so
∞∑

j=1

2j(n−M−β) < ∞
which, in the combination with (3.8), gives that there exists C > 0 such that

∫

Γ (z)\B(z,r/2)

δ(x)−β

|x− y|M dx 6 C|y − z|n−β−M . (3.9)

It remains to estimate
∫

Γ (z)∩B(z,r/2)

δ(x)−β

|x− y|M dx.

Observe that if x ∈ Γ (z) ∩ B(z, r/2), then |x − y| ≈ |z − y| = r. Thus, it
suffices to prove that

∫

Γ (z)∩B(z,r/2)

δ(x)−β dx 6 Crn−β . (3.10)

For each j = 0, 1, 2, . . . we consider

Γ j(z) := {x ∈ Γ (z) : 2−j−1r 6 |x− z| 6 2−jr}. (3.11)

If x ∈ Γ j(z), we have δ(x) ≈ |x− z| ≈ 2−jr. Thus,
∫

Γ j(z)

δ(x)−β dx 6 C(2−jr)−β(2−jr)n ∀ j = 0, 1, 2, . . . . (3.12)

Furthermore,

∫

Γ (z)∩B(z,r/2)

δ(x)−β dx =
∞∑

j=0

∫

Γ j(z)

δ(x)−β dx

6 Crn−β
∞∑

j=0

2j(β−n) 6 Crn−β , (3.13)

as desired, where for the last inequality in (3.13) we used the fact that β−n <
0. This proves (3.10). The proof of Lemma 3.2 is complete. ut

After these preliminaries, we are ready to prove Theorem 1.1.

Proof of Theorem 1.1. Consider first the case p = 1, in which scenario we
prove that for each k ∈ {0, 1, . . . , N} there exists C = C(Ω, k) > 0 such that

‖δk−s|∇k+1Qf | ‖L1(Ω) 6 C‖f‖B1,1
s (∂Ω) ∀ f ∈ B1,1

s (∂Ω). (3.14)
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Fix f ∈ B1,1
s (∂Ω). By property (1), the operator ∇k+1Q annihilates con-

stants. Hence

(∇k+1Qf)(x)=
∫

∂Ω

∇k+1q(x, y)(f(y)−f(z)) dσ(y) ∀x ∈ Ω, z ∈ ∂Ω. (3.15)

Combining (3.15) with (2), we obtain

|(∇k+1Qf)(x)| 6
∫

∂Ω

δ(x)−k−ε|x− y|−n+ε|f(y)− f(z)| dσ(y) (3.16)

for all x ∈ Ω and z ∈ ∂Ω. Next, fix c > 1 and for each x ∈ Ω define the set

Ex := {z ∈ ∂Ω : |x− z| < cδ(x)}. (3.17)

Now, consider x∗ ∈ ∂Ω such that |x− x∗| = δ(x). Then for every z ∈ Ex we
have |z−x∗| 6 |x−z|+ |x−x∗| < (c+1)δ(x). Moreover, if 0 < θ < c−1, then
for every z ∈ ∂Ω such that |z−x∗| < θδ(x) we have |x−z| 6 |x−x∗|+|x∗−z| <
cδ(x). Thus,

B(x∗, θδ(x)) ∩ ∂Ω ⊆ Ex ⊆ B(x∗, (c + 1)δ(x)) ∩ ∂Ω. (3.18)

From (3.18) it follows that

σ(Ex) ≈ δ(x)n−1 (3.19)

(note that for (3.19) to hold we only need ∂Ω to be Ahlfors regular). Next,
we take the integral average over Ex of (3.16) and use (3.19) to conclude
that, for all x ∈ Ω,

|(∇k+1Qf)(x)| 6 Cδ(x)1−n−k−ε

∫

Ex

∫

∂Ω

|f(y)− f(z)|
|x− y|n−ε

dσ(y) dσ(z). (3.20)

Multiplying the left- and right-hand sides of (3.20) by δ(x)k−s and then
integrating over Ω with respect to x, we obtain

∫

Ω

δ(x)k−s|∇k+1
x Qf(x)| dx

6 C

∫

Ω

δ(x)1−n−s−ε

∫

Ex

∫

∂Ω

|x− y|−n+ε|f(y)− f(z)| dσ(y) dσ(z) dx

= C

∫

∂Ω

∫

∂Ω

|f(y)− f(z)|
(∫

Γ (z)

δ(x)1−n−s−ε

|x− y|n−ε
dx

)
dσ(y) dσ(z), (3.21)

where

Γ (z) = {x ∈ Ω : |x− z| < cδ(x)}. (3.22)
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At this point, we use Lemma 3.2 with β = −1 + n + s + ε and M = n − ε
(note that since p = 1, we have 0 < s < 1− ε, so β < n and n−M − β < 0
as needed). By Lemma 3.2, the integral over Γ (z) in (3.21) is bounded by
C|x− y|−(n−1+s). The latter used back in (3.21) yields (3.14) since

‖f‖B1,1
s (∂Ω) ≈ ‖f‖L1(∂Ω) +

∫

∂Ω

∫

∂Ω

|f(x)− f(y)|
|x− y|n−1+s

dσ(x) dσ(y). (3.23)

Consider the case p = ∞. The goal is to show that

‖δk+1−s|∇k+1Qf |‖L∞(Ω) 6 C‖f‖B∞,∞
s (∂Ω), 0 6 k 6 N. (3.24)

For this purpose, we assume that x ∈ Ω is arbitrary and again denote by
x∗ ∈ ∂Ω a point such that |x− x∗| = δ(x). Then

δ(x)k+1−s|∇k+1Qf(x)| = δ(x)k+1−s

∣∣∣∣
∫

∂Ω

∇k+1
x q(x, y)(f(y)− f(x∗)) dσ(y)

∣∣∣∣ .

(3.25)
Since f ∈ B∞,∞

s (∂Ω) = Cs(∂Ω), we have

|f(y)− f(x∗)| 6 ‖f‖B∞,∞
s (∂Ω)|y − x∗|s ∀ y ∈ ∂Ω. (3.26)

To proceed, we split the integral in (3.25) into two parts, I1 and I2, corre-
sponding to y ∈ B(x∗, cr) ∩ ∂Ω and y ∈ ∂Ω \ B(x∗, cr) respectively, where
r := |x − x∗| and c = c(∂Ω) > 0 is a suitable constant. Using (3.26) and
(1.3), we obtain

|I1| 6 C‖f‖B∞,∞
s (∂Ω)r

k+1−s

∫

B(x∗,cr)∩∂Ω

|y − x∗|s
rk+ε|x− y|n−ε

dσ(y)

6 C‖f‖B∞,∞
s (∂Ω)r

1−s−ε

∫

B(x∗,cr)∩∂Ω

|x− y|s−n+ε dσ(y)

6 C‖f‖B∞,∞
s (∂Ω)r

1−s−ε

∫

B(x∗,cr)∩∂Ω

rs−n+ε dσ(y)

= C‖f‖B∞,∞
s (∂Ω). (3.27)

If y ∈ B(x∗, cr)∩∂Ω, then |y−x∗| 6 cr 6 c|x− y| and |x− y| > r, which are
used to obtain the second and third inequalities in (3.27) (for the third one
we also recall that s − n + ε < 0). Turning our attention to I2, we observe
that if y ∈ ∂Ω \B(x∗, cr), then |y−x∗| 6 |x−x∗|+ |x− y| 6 2|x− y|, which
yields

|I2| 6 C‖f‖B∞,∞
s (∂Ω)r

k+1−s

∫

∂Ω\B(x∗,cr)

|y − x∗|s
rk+ε|x− y|n−ε

dσ(y)

6 C‖f‖B∞,∞
s (∂Ω)r

1−s−ε

∫

∂Ω\B(x∗,cr)

|y − x∗|s−n+ε dσ(y)



194 D. Mitrea et al.

6 C‖f‖B∞,∞
s (∂Ω)r

1−s−ε

∫ ∞

cr

ρs−2+ε dρ 6 C‖f‖B∞,∞
s (∂Ω). (3.28)

Now, (3.24) follows by combining (3.27) and (3.28). Thus, the case p = ∞ is
complete.

To treat the case 1 < p < ∞, we use what we have proved so far and
Theorem 2.6. More precisely, for s0, s1 ∈ (0, 1) we consider the family of
operators

Lzf := δk+z−[(1−z)s0+zs1]|∇k+1Qf | (3.29)

such that

<ez = 0 ⇒ |L0f | = δk−s0 |∇k+1Qf |,
<ez = 1 ⇒ |L1f | = δk+1−s1 |∇k+1Qf |.

Our results for p = 1 and p = ∞ lead to the conclusion that the operators

L0 : B1,1
s0

(∂Ω) → L1(Ω),
L1 : B∞,∞

s1
(∂Ω) → L∞(Ω)

are well defined and are bounded for any s0, s1 ∈ (0, 1). Pick 0 < s0 < s1 <
1−ε, otherwise arbitrary, so that (2.15) applies. In this scenario, Theorem 2.6
can be used, and we can conclude that for each 0 6 k 6 N the operator

δk+1− 1
p−s|∇k+1Qf | : Bp,p

s (∂Ω) −→ Lp(Ω) (3.30)

is well define, linear and bounded for every s ∈ (0, 1) and p ∈ [1,∞]. This
takes care of the estimate for the “higher order term” on the left-hand side
of (1.5). The “lower order terms” ∇jQ in (1.5) can be handle in a simpler,
more straightforward fashion, so we omit the argument.

It remains to analyze the case where n−1
n−ε < p < 1, in which scenario (by

once again focusing only on the higher order term in the left-hand side of
(1.5)), it suffices to prove that for each k ∈ {0, 1, . . . , N} there exists some
finite constant C > 0 such that

‖δk+1− 1
p−s|∇k+1Qa‖Lp(Ω) 6 C for every Bp,p

s (∂Ω)-atom a. (3.31)

For this purpose, we assume that

supp a ⊆ Sr(x0) for some x0 ∈ ∂Ω and r > 0,

‖∇tana‖L∞(∂Ω) 6 rs−1−(n−1) 1
p .

(3.32)

Next, we proceed with the rescaling ã(x) := rτa(x) for x ∈ ∂Ω, with τ ∈ R
to be specified soon. Since s < 1, we have 1 − p(2 − s) < 1 − p, so we can
pick θ ∈ (1 − p(2 − s), 1 − p). Fix such a θ and select τ := n−θ

p − n. Then
−1 + s + 1−θ

p ∈ (s, 1) and ã is a B1,1

−1+s+ 1−θ
p

(∂Ω)-atom. In particular, there
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exists C = C(Ω, p, s, θ) > 0 such that

‖ã‖B1,1

−1+s+ 1−θ
p

(∂Ω) 6 C, (3.33)

and, based on what we proved for p = 1,

‖δk+1−s− 1−θ
p |∇k+1Qã‖L1(Ω) 6 C‖ã‖B1,1

−1+s+ 1−θ
p

(∂Ω) 6 C. (3.34)

Applying the Hölder inequality, we can write
∫

B(x0,2r)∩Ω

(
δ(x)k+1− 1

p−s|∇k+1Qa(x)|
)p

dx

= r−τp

∫

B(x0,2r)∩Ω

δ(x)kp+p−1−sp|∇k+1Qã(x)|p dx

6 r−τp

(∫

B(x0,2r)∩Ω

δ(x)k+1−s− 1
p + θ

p |∇k+1Qã(x)| dx

)p

×
(∫

B(x0,2r)∩Ω

δ(x)−
θ

1−p dx

)1−p

. (3.35)

Since θ < 1− p, it follows that − θ
1−p > −1 so that

∫

B(x0,2r)∩Ω

δ(x)−
θ

1−p dx 6 Crn−1

∫ cr

0

t−
θ

1−p dt = Crn− θ
1−p . (3.36)

Thus, combining (3.35), (3.36), and (3.34), we obtain
∫

B(x0,2r)∩Ω

(
δ(x)k+1− 1

p−s|∇k+1Qa(x)|
)p

dx

6 C

(∫

B(x0,2r)∩Ω

δ(x)k+1−s− 1
p + θ

p |∇k+1Qã(x)| dx

)p

6 C. (3.37)

Next, we turn our attention to the contribution away from the support of the
atom. For notational simplicity, we assume that x0 = 0 (which can always be
arranged via a translation). Taking into account ‖a‖L∞(∂Ω) 6 Crs−(n−1) 1

p

(cf. (2.18)) and recalling (2) again, we have

|∇k+1Qa(x)| 6 C

∫

B(0,r)∩∂Ω

|a(y)|
δ(x)k+ε|x− y|n−ε

dσ(y)

6 C
rs+(n−1)(1− 1

p )

δ(x)k+ε|x|n−ε
if x ∈ Ω \B(0, 2r). (3.38)
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At this point, we use (3.38) and (3.2) from Lemma 3.1 with α = 1−p+sp+εp
and N = np− εp to conclude that

∫

Ω\B(0,2r)

δ(x)(k+1− 1
p−s)p|∇k+1Qa(x)|p dx 6 C. (3.39)

Now, the estimate (3.31) follows from (3.37) and (3.39), completing the
proof of the case n−1

n−ε < p < 1. This completes the proof of the estimate (1.5)
for the full range of indices s and p. ut

We now discuss a setting where the kernel of the Poisson integral operator
satisfies the estimate (1.3).

Theorem 3.3. Let Ω ⊆ Rn be a Lipschitz domain satisfying a UEBC. Then
for every k ∈ N0 there exists a finite constant C = C(Ω, k) > 0 such that
G(·, ·), the Green function for the Laplacian in Ω, satisfies

|∇k+1
x ∇yG(x, y)| 6 C

|x− y|−n

min{|x− y|, δ(x)}k
∀x ∈ Ω, ∀ y ∈ Ω \ E, (3.40)

for some set E ⊆ ∂Ω with σ(E) = 0, where δ(x) = dist (x, ∂Ω) for all x ∈ Ω.

Proof. We first claim that it suffices to prove (3.40) for every x, y ∈ Ω. Indeed,
assume that the latter has been proved. Then, keeping x ∈ Ω, by the Fatou
theorem proved in [3] for bounded harmonic functions in Lipschitz domains,
it follows that there exists Ex ⊆ ∂Ω with σ(Ex) = 0 such that (3.40) holds
for every y ∈ Ω \ Ex. Fixing a countable dense subset D of Ω and setting
E :=

⋃
x∈D

Ex, we see that σ(E) = 0 and (3.40) holds for every x ∈ D and

y ∈ Ω \ E. Keeping now y ∈ Ω \ E fixed, by density then (3.40) holds for
every x ∈ Ω.

The case k = 0 is contained in Theorem 2.5. Thus, it remains to prove the
estimate in (3.40) for every x, y ∈ Ω and k > 1.

Step I. Proof of the statement for k = 1. Here, we distinguish two cases:
x, y ∈ Ω with δ(x) 6 |x− y| and x, y ∈ Ω with δ(x) > |x− y|.

Case (a). x, y ∈ Ω with δ(x) 6 |x−y|. In this scenario, min{|x−y|, δ(x)} =
δ(x). So, we need to show that

|∇2
x∇yG(x, y)| 6 Cδ(x)−1|x− y|−n. (3.41)

Consider D := B(x, δ(x)/2) ⊆ Ω so that y 6∈ D and, if we set d :=
dist (y, ∂D), then d = |x− y| − 1

2δ(x) > 1
2 |x− y|. Thus,

1
2
|x− y| 6 d 6 |x− y|. (3.42)

Note that ∇x∇yG(·, y) is harmonic in D and, by Theorem 2.5, we have
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|∇x∇yG(x, y)| 6 C|x− y|−n for all x, y ∈ Ω. (3.43)

Hence |∇x∇yG(x, y)| 6 Cd−n if x, y are as in case (a). The latter, combined
with interior estimates for the harmonic function ∇x∇yG(·, y) in D, implies

|∇2
x∇yG(x, y)| 6 Cδ(x)−1 sup

x∈D
|∇x∇yG(x, y)|

6 Cδ(x)−1d−n 6 Cδ(x)−1|x− y|−n, (3.44)

where for the last inequality in (3.44) we used (3.42). This completes the
proof of (3.41).

Case (b). x, y ∈ Ω with δ(x) > |x− y|.
Now, we have min{|x− y|, δ(x)} = |x− y|, and we seek to prove that

|∇2
x∇yG(x, y)| 6 C|x− y|−n−1. (3.45)

Consider the harmonic function ∇x∇yG(·, y) in B(x, 1
2 |x − y|) which, by

Theorem 2.5, is bounded by C|x−y|−n in this ball. This and interior estimates
further imply that, under the current assumptions on x and y,

|∇2
x∇yG(x, y)| 6 C|x− y|−1|x− y|−n = C|x− y|−n−1. (3.46)

This completes the proof of (3.45) and, consequently, the proof of Step I.

Step II. Proof of the fact that if (3.40) holds for some k ∈ N0 when
x, y ∈ Ω, then (3.40) also holds for k + 1 when x, y ∈ Ω.

Case (a). x, y ∈ Ω with δ(x) 6 |x− y|. Under the current assumptions on
x and y, it follows that for every z ∈ B(x, 1

2δ(x)) we have |z − y| > 1
2δ(x)

and δ(z) > 1
2δ(x), so that min{δ(z), |z − y|} > 1

2δ(x). Also, |z − y| > |x −
y| − |z − x| > |x − y| − 1

2δ(x) > 1
2 |x − y|. Hence, by invoking the induction

hypothesis, we obtain

|∇k
x∇yG(z, y)| 6 C

|z − y|−n

min{δ(z), |z − y|}k

6 Cδ(x)−k|x− y|−n ∀ z ∈ B
(
x,

1
2
δ(x)

)
. (3.47)

Thus, if we now use interior estimates for the harmonic function ∇k
x∇yG(·, y)

in B(x, 1
2δ(x)) combined with (3.47), we arrive at

|∇k+1
x ∇yG(x, y)| 6 Cδ(x)−1δ(x)−k|x− y|−n

=
C|x− y|−n

min{δ(x), |x− y|}k+1
. (3.48)

This concludes the proof of case (a) in step II.
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Case (b). x, y ∈ Ω with δ(x) > |x − y|. Under the current assumptions
on x and y, it follows that for every z ∈ B(x, 1

2 |x − y|) we have δ(z) >
1
2 |x − y| and |z − y| > |x − y| − |z − x| > |x − y| − 1

2 |x − y| > 1
2 |x − y|, so

that min{δ(z), |z − y|} > 1
2 |x − y|. The latter, together with the induction

hypothesis, implies that

|∇k
x∇yG(z, y)| 6 C

|z − y|−n

min{δ(z), |z − y|}k

6 C|x− y|−n−k ∀ z ∈ B(x,
1
2
|x− y|). (3.49)

Employing interior estimates for the harmonic function∇k
x∇yG(·, y) this time

in B(x, 1
2 |x− y|), and then recalling (3.49), we write

|∇k+1
x ∇yG(x, y)| 6 C|x− y|−n−k−1 = C

|x− y|−n

min{δ(x), |z − y|}k+1
. (3.50)

This completes the proof of case (b) in step II.
Combining steps I and II, we obtian the desired result. ut
It should be remarked that, with a little more effort, the conclusion in the

above theorem can be seen to hold in any nontangentially accessible domain
Ω ⊆ Rn (in the sense of D. Jerison and C. Kenig) with an Ahlfors regular
boundary, and which satisfies a UEBC.

We conclude this section with an application to the mapping prop-
erties of the Poisson integral operator on Besov–Triebel–Lizorkin spaces,
which has obvious implications for the solvability of the Dirichlet prob-
lem for the Laplacian in this context (the interested reader is referred to
[5, 6, 9, 12, 15, 16, 17, 18, 13, 14] and the references therein).

Theorem 3.4. Let Ω be a bounded Lipschitz domain in Rn with outward
unit normal ν and surface measure σ on ∂Ω. Let G(·, ·) denote the Green
function for the Laplacian in Ω. Define

(PIf)(y) := −
∫

∂Ω

∂ν(x)G(x, y)f(x) dσ(x), y ∈ Ω. (3.51)

Then, if Ω satisfies a UEBC, it follows that the operators

(i) PI : Bp,q
s (∂Ω) → Bp,q

s+ 1
p

(Ω)

(ii) PI : Bp,p
s (∂Ω) → F p,q

s+ 1
p

(Ω)

are bounded whenever 0 < p, q 6 ∞ and (n − 1)( 1
p − 1)+ < s < 1, with the

additional condition that p, q 6= ∞ in the case of Triebel–Lizorkin spaces.

Proof. By Theorem 3.3 (with the roles of x and y reversed), we know that
for every k ∈ N0 there exists C > 0 and E ⊆ ∂Ω with σ(E) = 0 such that
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∣∣∇k+1
y

[
∂ν(x)G(x, y)

]∣∣ 6 C

δ(y)k|x− y|n ∀ y ∈ Ω, ∀x ∈ ∂Ω \ E. (3.52)

Furthermore, it is not difficult to check that

PI(1) = 1 in Ω and ∆ ◦ PI = 0 in Ω. (3.53)

As a consequence, we can apply Theorem 1.1 in order to conclude that if
n−1

n < p 6 ∞ and (n− 1)( 1
p − 1)+ < s < 1, then for every k ∈ N there exists

C > 0 such that

‖δk+1− 1
p−s|∇k+1PIf‖Lp(Ω) +

k∑

j=0

‖∇jPIf‖Lp(Ω) 6 C‖f‖Bp,p
s (∂Ω) (3.54)

for all f ∈ Bp,p
s (∂Ω). Next, we recall from Theorem 1.2 that if 0 < p, q 6 ∞

and α ∈ R, then (recall (1.15))

∆u = 0 in Ω, δ〈α〉−α|∇〈α〉u| ∈ Lp(Ω) =⇒ u ∈ F p,q
α (Ω) ∩Bp,p

α (Ω) (3.55)

with the extra assumption that p, q < ∞ in the case of the Triebel–Lizorkin
spaces. Now, if we chose α := s+ 1

p and k := 〈α〉− 1, then (3.53), (3.54), and
(3.55) imply that the operator in (ii) is bounded. The boundedness of the op-
erator in (i) now follows from this and real interpolation (cf. Propositions 2.1
and 2.3). ut
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On General Cwikel–Lieb–Rozenblum
and Lieb–Thirring Inequalities

Stanislav Molchanov and Boris Vainberg

To our dear friend Vladimir Maz’ya

Abstract These classical inequalities allow one to estimate the number
of negative eigenvalues and the sums Sγ =

∑ |λi|γ for a wide class of
Schrödinger operators. We provide a detailed proof of these inequalities for
operators on functions in metric spaces using the classical Lieb approach
based on the Kac–Feynman formula. The main goal of the paper is a new set
of examples which include perturbations of the Anderson operator, operators
on free, nilpotent, and solvable groups, operators on quantum graphs, Markov
processes with independent increments. The study of the examples requires
an exact estimate of the kernel of the corresponding parabolic semigroup on
the diagonal. In some cases the kernel decays exponentially as t → ∞. This
allows us to consider very slow decaying potentials and obtain some results
that are precise in the logarithmical scale.

1 Introduction

Let us recall the classical estimates concerning the negative eigenvalues of
the operator H = −∆ + V (x) on L2(Rd), d > 3. Let NE(V ) be the number
of eigenvalues Ei of the operator H that are less than or equal to E 6 0. In
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particular, N0(V ) is the number of nonpositive eigenvalues. Let

N(V ) = #{Ei < 0}

be the number of strictly negative eigenvalues of the operator H. Then the
Cwikel–Lieb–Rozenblum and Lieb–Thirring inequalities have the following
form respectively (cf. [4, 15, 16, 17, 18, 23, 22]):

N(V ) 6 Cd

∫

Rd

W
d
2 (x)dx, (1.1)

∑

i:Ei<0

|Ei|γ 6 Cd,γ

∫

Rd

W
d
2 +γ(x)dx. (1.2)

Here, W = |V |, V (x) = min(V (x), 0), d > 3, γ > 0. The inequality (1.1)
can be considered as a particular case of (1.2) with γ = 0. Conversely, the
inequality (1.2) can be easily derived from (1.1) (cf. [22]). So, we mostly
discuss the Cwikel–Lieb–Rozenblum inequality and its extensions, although
some new results concerning the Lieb–Thirring inequality will also be stated.

A review of different approaches to the proof of (1.1) can be found in
[25]. We remind only several results. Lieb [15, 16] and Daubechies [5] offered
the following general form of (1.1) and (1.2). Let H = H0 + V (x), and let
V (x) = V+(x)− V−(x), V± > 0. Then

N(V ) 6 1
g(1)

∫ ∞

0

π(t)
t

dt

∫

X

G(tW (x))µ(dx). (1.3)

∑

i:Ei<0

|Ei|γ 6 1
g(1)

∫ ∞

0

π(t)
t

dt

∫

X

G(tW (x))W γ(x)µ(dx). (1.4)

Here, W = V− = max(0,−V (x)), G is a continuous, convex, nonnegative
function which grows at infinity not faster than a polynomial, and is such
that z−1G(z) is integrable at zero (hence G(0) = 0), and the integral (1.3) is
finite. The function g(λ), λ > 0, is defined by

g(λ) =
∫ ∞

0

z−1G(z)e−zλdz, i.e., g(1) =
∫ ∞

0

z−1G(z)e−zdz. (1.5)

Note that π(t) = (2πt)−
d
2 in the classical case of H0 = −∆ on L2(Rd), and

(1.1) follows from (1.3) in this case by substitution t → τ = tW (x) if G is
such that ∫ ∞

0

z−1− d
2 G(z)dz < ∞.

The inequalities above are meaningful only for those W for which integrals
converge. They become particularly transparent (cf. [16]) if G(z) = 0 for
z 6 σ, G(z) = z − σ for z > σ, σ > 0. Then (1.3), (1.4) take the form



Cwikel–Lieb–Rozenblum and Lieb–Thirring Inequalities 203

N(V ) 6 1
c(σ)

∫

X

W (x)
∫ ∞

σ
W (x)

π(t)dtµ(dx), (1.6)

∑

i:Ei<0

|Ei|γ 6 1
c(σ)

∫

X

W γ+1(x)
∫ ∞

σ
W (x)

π(t)dtµ(dx), (1.7)

where

c(σ) = e−σ

∫ ∞

0

ze−zdz

z + σ
.

Daubechies [5] used the Lieb method to justify the estimates above for
some pseudodifferential operators in Rd. She also mentioned there that the
Lieb method works in a wider setting. A slightly different approach based
on the Trotter formula was used by Rozenblum and Solomyak [24, 25]. They
proved (1.3) for a wide class of operators in L2(X, µ), where X is a measure
space with a σ-finite measure µ = µ(dx). They also suggested the following
form of (1.3). Assume that the function π(t) has different power asymptotics
as t → 0 and t →∞. Let

p0(t, x, x) 6 c/tα/2, t 6 h, p0(t, x, x) 6 c/tβ/2, t > h, , (1.8)

where h > 0 is arbitrary. The parameters α and β characterize the “local
dimension” and the “global dimension” of X respectively. For example, α =
β = d in the classical case of the Laplacian H0 = −∆ in the Euclidean space
X = Rd. If H0 = −∆ is the difference Laplacian on the lattice X = Zd, then
α = 0, β = d. If X = Sn × Rd is the product of n-dimensional sphere and
Rd, then α = n + d, β = d.

If α, β > 2, then the inequality (1.3) implies (cf. [25]) that

N(V ) 6 C(h)[
∫

{W (x)6h−1}
W

β
2 (x)µ(dx)+

∫

{W (x)>h−1}
W

α
2 (x)µ(dx)]. (1.9)

Note that the restriction β > 2 is essential here in the same way as the
condition d > 2 in (1.1). We show that the assumption on α can be omitted,
but the form of the estimate in (1.9) changes in this case.

The paper consists of two parts. In a shorter first part we give a detailed
proof of the general form of the Cwikel–Lieb–Rozenblum (1.3) and Lieb–
Thirring (1.4) inequalities for the Schrödinger operator in L2(X, µ), where
X is a metric space with a σ-finite measure µ. We use the Lieb method
which is based on trace inequalities and the Kac–Feynman representation of
the Schrödinger parabolic semigroup. This approach could be particularly
preferable for readers with a background in probability theory. We do not
go there beyond the results obtained in [24, 25]. This part has mostly a
methodological character. We also show that the inequality (1.3) is valid for
N0(V ), not only for N(V ).

The main goal of the paper is a new set of examples. We consider operators
which may have different power asymptotics of π(t) as t → 0 or t → ∞ or
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exponential asymptotics as t →∞. The latter case allows us to consider the
potentials which decay very slowly at infinity. This is particularly important
in some applications, such as the Anderson model, where the borderline be-
tween operators with a finite and infinite number of eigenvalues is defined by
the decay of the perturbation in the logarithmic scale.

The paper is organized as follows. The general statement will be proved
in Theorem 2.1 in the next section. Theorems 2.2 and 2.3 at the end of that
section are consequences of Theorem 2.1. They provide more transparent
results under additional assumptions on the asymptotic (power or exponen-
tial) behavior of π(t). Note that we consider all α > 0 in (1.8). Sections 3–6
are devoted to examples. Some cases of a low local dimension α are studied
in Section 3. Operators on lattices (cf. also ([25])) and graphs are consid-
ered there. Section 4 deals with perturbations of the Anderson operator. The
Lobachevsky plane (cf. also ([25])) and pseudodifferential operators related
to processes with independent increments are considered in Section 5. Section
6 is devoted to operators on free groups, continuous and discrete Heisenberg
group (cf. also [9, 11]), continuous and discrete groups of affine transforma-
tions of the line. The Appendix contains a justification of the asymptotics of
π(t) for the quantum graph operator.

Note that in order to apply any of the estimates (1.3), (1.4) or (1.6)–(1.9),
one needs an exact bound for π(t) which can be a challenging problem in
some cases.

2 General Cwikel–Lieb–Rozenblum and Lieb–Thirring
Inequalities

We assume that X is a complete σ-compact metric space with Borel σ-algebra
B(X) and a σ-finite measure µ(dx). Let H0 be a selfadjoint nonnegative
operator on L2(X,B,µ) with the following two properties:

(a) Operator −H0 is the generator of a semigroup Pt acting on C(X). The
kernel p0(t, x, y) of Pt is continuous with respect to all the variables when
t > 0 and satisfies the relations

∂p0

∂t
= −H0p0, t > 0, p0(0, x, y) = δy(x),

∫

X

p0(t, x, y)µ(dy) = 1, (2.1)

i.e., p0 is a fundamental solution of the corresponding parabolic problem. We
assume that p0(t, x, y) is symmetric, nonnegative, and it defines a Markov
process xs, s > 0, on X with the transition density p0(t, x, y) with respect to
the measure µ.

Note that this assumption implies that p0(t, x, x) is strictly positive for all
x ∈ X, t > 0 since
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p0(t, x, x) =
∫

X

p2
0(

t

2
, x, y)µ(dy) > 0. (2.2)

(b) There exists a function π(t) such that p0(t, x, x) 6 π(t) for t > 0 and
all x ∈ X. We also assume that π(t) has at most power singularity at t → 0
and is integrable at infinity, i.e., there exists m such that

∫ ∞

0

tm

1 + tm
π(t)dt < ∞. (2.3)

Note that condition (b) implies that

p0(t, x, y) 6 π(t), x, y ∈ X. (2.4)

In fact,

p0(t, x, y) =
∫

X

p0

( t

2
, x, z

)
p0

( t

2
, z, y

)
µ(dz)

6
( ∫

X

p2
0

( t

2
, x, z

)
µ(dz)

) 1
2
( ∫

X

p2
0

( t

2
, z, y

)
µ(dz)

) 1
2
,

which implies (2.4) due to (2.2). Let us note that (2.3), (2.4) imply that the
process xs is transient.

We decided to put an extra requirement on X to be a metric space in order
to be able to assume that p0 is continuous and use a standard version of the
Kac–Feynman formula. This makes all the arguments more transparent. In
fact, X is a metric space in all examples below. However, all the arguments
can be modified to be applicable to the case where X is a measure space by
using the L2-theory of Markov processes based on Dirichlet forms.

Many examples of operators which satisfy conditions (a) and (b) will be
given later. At this point, we would like to mention only a couple of examples.
First, note that selfadjoint uniformly elliptic operators of second order satisfy
conditions (a) and (b). Condition (b) holds with π(t) = Ct−d/2 due to the
Aronson inequality.

Another wide class of operators with conditions (a) and (b) consists of
operators which satisfy condition (a) and are invariant with respect to trans-
formations from a rich enough subgroup Γ of the group of isometries of X.
The subgroup Γ has to be transitive, i.e., for some reference point x0 ∈ X
and each x ∈ X there exists an element gx ∈ Γ for which gx(x0) = x. Then
p0(t, x, x) = p0(t, x0, x0) = π(t). The simplest example of such an operator
is given by H0 = −∆ on L2(Rd,B(Rd),dx). The group Γ in this case is the
group of translations or the group of all Euclidean transformations (trans-
lations and rotations). Another example is given by X = Zd being a lattice
and −H0 a difference Laplacian. Other examples will be given later.

(c) Our next assumption mostly concerns the potential. We need to know
that the perturbed operator H = H0 + V (x) is well defined and has pure
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discrete spectrum on the negative semiaxis. For this purpose it is enough
to assume that the operator V (x)(H0 − E)−1 is compact for some E > 0.
This assumption can be weakened. If the domain of H0 contains a dense in
L2(X,B,µ) set of bounded compactly supported functions, then it is enough
to assume that V−(x)(H0−E)−1 is compact for some E > 0 and the positive
part of the potential is locally integrable (cf. [1]). Other criteria of discreteness
of the spectra can be found in [19, 20].

Typically (in particular, in all the examples below) H0 is an elliptic oper-
ator, the kernel of the resolvent (H0 − E)−1 has singularity only at x = y,
this singularity is weak, and the assumptions (c) holds if the potential has
an appropriate behavior at infinity. Therefore, we do not need to discuss the
validity of this assumption in the examples below.

Theorem 2.1. Let (X,B,µ) be a complete σ-compact metric space with the
Borel σ-algebra B and a σ-finite measure µ on B.

Let H = H0 + V (x), where H0 is a selfadjoint, nonnegative operator on
L2(X,B,µ), the potential V = V (x) = V+ − V−, V± > 0, is real valued, and
conditions (a)–(c) hold.

Then

N0(V ) 6 1
g(1)

∫ ∞

0

π(t)
t

∫

X

G(tW (x))µ(dx)dt (2.5)

and ∑

i:Ei<0

|Ei|γ 6 1
g(1)

∫ ∞

0

π(t)
t

∫

X

G(tW (x))W (x)γµ(dx)dt, (2.6)

where W (x) = V−(x) and the functions G and g are introduced in (1.3)
and (1.5) respectively.

Remark 2.1. Note that (2.5) differs from (1.3) only by inclusion of the
dimension of the null space of the operator H into the left-hand side of (2.5).
This difference is not very essential, and the first goal of this part of the paper
is to give an alternative proof of (1.3) suitable for readers with a background
in probability theory.

Remark 2.2. If G(z) = 0 for z 6 σ, G(z) = z − σ for z > σ, σ > 0, then
(2.5), (2.6) take the form

N0(V ) 6 1
c(σ)

∫

X

W (x)
∫ ∞

σ
W (x)

π(t)dtµ(dx), (2.7)

∑

i:Ei<0

|Ei|γ 6 1
c(σ)

∫

X

W γ+1(x)
∫ ∞

σ
W (x)

π(t)dtµ(dx), (2.8)

where

c(σ) = e−σ

∫ ∞

0

ze−zdz

z + σ
.

Some applications of these inequalities will be given below.
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Remark 2.3. The inequalities (2.5), (2.6) are valid with π(t) moved under
sign of the interior integrals and replaced by p0(t, x, x). For example, (2.5)
holds in the following form

N0(V ) 6 1
g(1)

∫ ∞

0

1
t

∫

X

p0(t, x, x)G(tW (x))µ(dx)dt.

The same change can be made in (2.7), (2.8). A very minor change in the
proof of the theorem is needed in order to justify this remark. Namely, one
needs only to omit the last line in (2.23).

Proof of Theorem 2.1. Step 1. Since the eigenvalues Ei depend monotonically
on the potential V (x), without loss of generality one can assume that V (x) =
−W (x) 6 0.

First (Steps 1–6), we prove the inequality (2.5) for N(V ) instead of N0(V ).
Here, we can assume that V (x) ∈ Ccom(X). Indeed, when N(V ) is considered,
the inequality (2.5) with V (x) ∈ Ccom(X) implies the same inequality with
any V such that the integral in (2.5) converges (cf. [22]). Then (step 7),
we’ll show that the inequality (2.5) for N(V ) leads to the same inequality for
N0(V ). Finally (step 8), we remind the reader of standard arguments which
allow us to derive (2.6) from (2.5).

Step 2. We denote by B and Bn the operators

B = W 1/2(H0+κ2)−1W 1/2, Bn = W 1/2(H0+κ2+nW )−1W 1/2, W = W (x).

If N−κ2(V ) = #{Ei 6 −κ2 < 0}, λk are eigenvalues of the operator B and
n(λ,B) = #{k : λk > λ}, then the Birman–Schwinger principle implies

N−κ2(V ) = n(1, B). (2.9)

Thus, if F = F (λ), λ > 0, is a nonnegative strictly monotonically growing
function, and {µk} is the set of eigenvalues of the operator F (B), then

N−κ2(V ) 6
∑

k:µk>F (1)

1 6 1
F (1)

∑

k:µk>F (1)

µk 6 1
F (1)

TrF(B). (2.10)

This inequality will be used with a function F of the form

F (λ) =
∫ ∞

0

P (e−z)e
−z
λ dz, P (t) =

N∑
0

cntn, (2.11)

The exponential polynomial P (e−z), z > 0 will be chosen later, but it will
be a nonnegative function with zero of order m at z = 0, i.e.,

P (e−z) 6 C
zm

1 + zm
, z > 0, (2.12)
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where m is defined in the condition (b). Since P (e−z) > 0, (2.11) implies that
F is nonnegative and monotonic, and therefore (2.10) holds.

From (2.11) it follows that

F (λ) =
N∑

n=0

cn
λ

1 + nλ
,

and the obvious relation Bn = B(1 + nB)−1 implies that

F (B) =
N∑

n=0

cnBn = W
1
2

N∑
n=0

cn(H0 + κ2 + nW )−1W
1
2 .

For an arbitrary operator K, we denote its kernel by K(x, y). The kernel
of the operator F (B) can be expressed trough the fundamental solutions
p = pn(t, x, y) of the parabolic problem

pt = (H0 + nW (x))p, t > 0, p(0, x, y) = δy(x).

Namely,

F (B)(x, y) = W
1
2 (x)

∫ ∞

0

e−κ
2t

N∑
n=0

cnpn(t, x, y)dtW
1
2 (y). (2.13)

It will be shown below that the integral above converges uniformly in x and
y when κ = 0. Hence the kernel F (B)(x, y) is continuous. Since the operator
F (B) is nonnegative, from the last relation and (2.10), after passing to the
limit as κ → 0, it follows that

N(V ) 6 1
F (1)

∫ ∞

0

∫

X

W (x)
N∑

n=0

cnpn(t, x, x)dtµ(dx). (2.14)

Step 3. The Kac–Feynman formula allows us to write an ”explicit” rep-
resentation for the Schrödinger semigroup et(−H0−nW (x)) using the Markov
process xs associated to the unperturbed operator H0. Namely, the solution
of the parabolic problem

∂u

∂t
= −H0u− nW (x)u, t > 0, u(0, x) = ϕ(x) ∈ C(X), (2.15)

can be written in the form

u(t, x) = Exe−n
∫ t
0 W (xs)dsϕ(xt).

Note that the finite-dimensional distributions of xs (for 0 < t1 < . . . < tm,
Γ1, . . . , Γm ∈ B(X) ) are given by the formula
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Px(xt1 ∈ Γ1, . . . , xtm ∈ Γm) =
∫

Γ1

. . .

∫

Γm

p0(t1, x, x1)

× p0(t2 − t1, x1, x2) . . . p0(tm − tm−1, xm−1, xm)µ(dx1) . . . µ(dxm).

If p0(t, x, y) > 0, then one can define the conditional process (bridge) b̂s =
b̂x→y,t
s , s ∈ [0, t], which starts at x and ends at y. Its finite-dimensional

distributions are

Px→y (̂bt1 ∈ Γ1, . . . , b̂tn ∈ Γn)

=
1

p0(t, x, y)

∫

Γ1

. . .

∫

Γm

p0(t1, x, x1) . . . p0(tm − tm−1, xm−1, xm)

× p0(t− tm, xm, y)µ(dx1) . . . µ(dxm).

In particular, the bridge b̂x→x,t
s , s ∈ [0, t], is defined since p0(t, x, x) > 0

(cf. condition (a)).
Let p = pn(t, x, y) be the fundamental solution of the problem (2.15). Then

pn(t, x, y) can be expressed in terms of the bridge b̂s = b̂x→y,t
s , s ∈ [0, t] :

pn(t, x, y) = p0(t, x, y)Ex→ye−n
∫ t
0 W (̂bs)ds. (2.16)

One of the consequences of (2.16) is that

pn(t, x, y) 6 p0(t, x, y). (2.17)

Another consequence of (2.16) is the uniform convergence of the integral
in (2.13) (and in (2.14)). In fact, (2.12) implies that

N∑
n=0

cne−n
∫ t
0 W (̂bs)ds 6 C

tm

1 + tm
.

Hence from (2.16) and (2.4) it follows that the integrand in (2.13) can be
estimated from above by Cπ(t) tm

1+tm . Then the uniform convergence of the
integral in (2.13) follows from (2.3).

Now, (2.14) and (2.16) imply

N(V ) 6 1
F (1)

∫ ∞

0

∫

X

W (x)p0(t, x, x)Ex→x[
N∑

n=0

cne−n
∫ t
0 W (̂bs)ds]µ(dx)dt.

Here, b̂s = b̂x→x,t
s .

Step 4. We would like to rewrite the last inequality in the form
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N(V ) 6 1
F (1)

∫ ∞

0

∫

X

p0(t, x, x)Ex→x

[
W (̂bτ )

N∑
n=0

cne−n
∫ t
0 W (̂bs)ds

]
µ(dx)dt

(2.18)
with an arbitrary τ ∈ [0, t]. For that purpose, it is enough to show that

∫

X

p0(t, x, x)Ex→x

[
W (̂bτ )e−

∫ t
0 mW (̂bs)ds

]
µ(dx)

=
∫

X

p0(t, x, x)W (x)Ex→x

[
e−

∫ t
0 mW (̂bs)ds

]
µ(dx). (2.19)

The validity of (2.19) can be justified using the Markov property of b̂s and
its symmetry (reversibility in time). We fix τ ∈ (0, t). Let y = b̂τ . We split
b̂s into two bridges b̂x→y,τ

u , u ∈ [0, τ ], and b̂y→x,t
v , v ∈ [τ, t]. The first bridge

starts at x and ends at y, the second one starts at y and goes back to x.
Using these bridges, one can represent the left hand side above as
∫

X

∫

X

W (y)[p0(τ, x, y)p0(t− τ, y, x)− pm(τ, x, y)pm(t− τ, y, x)]µ(dx)µ(dy)

=
∫

X

W (y)[p0(t, y, y)− pm(t, y, y)]µ(dy),

which coincides with the right hand side of (2.19). This proves (2.18).

Step 5. We take the average of both sides of (2.18) with respect to τ ∈ [0, t].
Thus, N(V ) does not exceed

1
F (1)

∫ ∞

0

∫

X

p0(t, x, x)
t

Ex→x

N∑
0

(cm

∫ t

0

W (̂bs)dse−
∫ t
0 mW (̂bs)ds)µ(dx)dt

=
1

F (1)

∫ ∞

0

∫

X

p0(t, x, x)
t

Ex→x(uP (e−u))µ(dx)dt, u =
∫ t

0

W (̂bs)ds,

(2.20)
where P is the polynomial defined in (2.11) and (2.14).

Let P be such that
uP (e−u) 6 G(u), (2.21)

where G is defined in the statement of Theorem 2.1. Then one can replace
uP (e−u) in (2.20) by G(u). Then the Jensen inequality implies that

G(
∫ t

0

W (̂bs))ds = G(
1
t

∫ t

0

tW (̂bs))ds 6 1
t

∫ t

0

G(tW (̂bs))ds.

This allows us to rewrite (2.20) in the form
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N(V ) 6 1
F (1)

∫ ∞

0

∫

X

p0(t, x, x)
t

1
t

∫ t

0

Ex→xG(tW (̂bs))dsµ(dx)dt. (2.22)

It is essential that one can use the exact formula for the distribution above:

Ex→xG(tW (̂bs)) =
∫

X

G(tW (z))
p0(s, x, z)p0(t− s, z, x)

p0(t, x, x)
µ(dz).

From here and (2.22) it follows that N(V ) can be estimated from above by

1
F (1)

∫ ∞

0

1
t2

∫ t

0

ds

∫

X

∫

X

G(tW (z))p0(s, x, z)p0(t− s, z, x)µ(dx)µ(dz)dt

=
1

F (1)

∫ ∞

0

1
t2

∫ t

0

ds

∫

X

µ(dz)G(tW (z))p0(t, z, z)dt

=
1

F (1)

∫ ∞

0

1
t

∫

X

G(tW (z))p0(t, z, z)µ(dz)dt

6 1
F (1)

∫ ∞

0

π(t)
t

∫

X

G(tW (z))µ(dz)dt, (2.23)

where F (1) is defined in (2.11).

Step 6. Now, we are going to specify the choice of the polynomial P which
was used in the previous steps. It must be nonnegative and satisfy (2.3) and
(2.21). The polynomial P will be determined by the choice of the function G.
Note that it suffices to prove (2.5) for functions G which are linear at infinity.
In fact, for arbitrary G, let GN 6 G be a continuous function which coincides
with G when z 6 N and is linear when z > N . For example, if G is smooth,
GN can be obtained if the graph of G for z > N is replaced by the tangent
line through the point (N,G(N). Since GN 6 G, the validity of (2.5) for GN

implies (2.5) with the function G in the integrand and g(1) being replaced
by gN (1). Passing to the limit as N → ∞ in this inequality, one gets (2.5)
since gN (1) → g(1) as N → ∞. Similar arguments allow us to assume that
G = 0 in a neighborhood of the origin (The validity of (2.5) for Gε(z) =
G(z − ε) 6 G(z) implies (2.5)). Now, consider Gε(z) = max(G(z), y(ε, z)),
where y(ε, z)) = zm+1, z 6 ε, y(ε, z) = (m + 1)(z − ε) + εm+1, z > ε, with m
defined in condition (b). We will show later that the right-hand side of (2.5)
is finite for G = Gε. Thus, if (2.5) is proved for G = Gε, then passing to the
limit as ε → 0 one gets (2.5) for G. Hence we can assume that G = az at
infinity and G = zm+1 in a neighborhood of the origin. Note that a 6= 0 since
G is convex.

A special approximation of the function G by exponential polynomials will
be used. Consider the function

H(z) =
G(z)

z(1− e−z)m
, z > 0.
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It is continuous, nonnegative and has positive limits as z → 0 and z → ∞.
Hence there is an exponential polynomial pε(e−z) which approximates H(z)
from below, i.e.,

|H(z)− pε(e−z)| < ε, 0 < pε(e−z) 6 H(z) 6 2pε(e−z), z > 0.

In order to find pε, one can change the variable t = e−z and reduce
the problem to the standard Weierstrass theorem on the interval (0,1). If
Pε(e−z) = (1− e−z)mpε(e−z), then

|z−1G(z)− Pε(e−z)| < ε, 0 < Pε(e−z) 6 z−1G(z), z > 0,

Pε(e−z) < Czm, z → 0.
(2.24)

We choose a polynomial P in (2.11) and (2.14) to be equal to Pε. The last
two relations in (2.24) show that P = Pε satisfies all the properties used to
obtain (2.23). The function F in (2.23) is defined by (2.11) with P = Pε,
and therefore F (1) = Fε(1) depends on ε. From the first relation of (2.24) it
follows that Fε(1) → g(1) as ε → 0. Thus, passing to the limit in (2.23) as
ε → 0 we complete the proof of the inequality (2.5) for N(V ).

Step 7. Now, we are going to show that the inequality (2.5) for N(V )
implies the validity of this inequality for N0(V ) under the assumption that
the integral (2.5) converges. We can assume that G is linear at infinity and
G(z) = zm+1 in a neighborhood of the origin (cf. step 6). (Note that the
above properties of G imply easily the convergence of the integral (2.5) if
W ∈ Ccom(X), but (2.5) must be proved without this additional restriction
on W )

Let {ψi}, 1 6 i 6 n, be a basis for the null space of the operator H. We
need to show that n is finite and N(V ) + n does not exceed the right-hand
side of (2.5).

Let Vk = Vk(x), k = 1, 2, . . ., be arbitrary functions such that Vk(x) = 1
when x ∈ Xk ∈ X, Vk(x) = 0 when x /∈ Xk, where the sets Xk have finite
measures, µ(Xk) = ck < ∞, and

∫

X

Vk(x)|ψj |2(x)µ(dx) =
∫

Xk

|ψj |2(x)µ(dx) > 0, 1 6 j 6 k.

Consider the operator

Hε,k = −H0 + V (x)− εVk(x) = −H0 −W (x)− εVk(x).

This operators has at least N(V ) + k strictly negative eigenvalues. In fact,
the Dirichlet form

∫

X

[−(H0φ)φ + (V − εVk)|φ|2]µ(dx)
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with ε > 0 is negative if φ is an eigenfunction of H with a negative eigenvalue
or φ = ψj , j 6 k. Therefore, there exist at least N(V )+k linearly independent
functions φ for which the Dirichlet form is negative. Now, from the inequality
(2.5) for strictly negative eigenvalues of the operator Hε,k it follows that

N(V ) + k 6 1
g(1)

∫ ∞

0

π(t)
t

∫

X

G(tWε(x))µ(dx)dt, Wε = W + εVk. (2.25)

Assume that the double integral in (2.25) converges when ε = 1. Then one
can pass to the limit as ε → 0 in (2.25) and get

N(V ) + k 6 1
g(1)

∫ ∞

0

π(t)
t

∫

X

G(tW (x))µ(dx)dt.

Here, k is arbitrary if n = ∞, and one can take k = n if n < ∞. This proves
(2.5). Hence it remains only to justify the convergence of the double integral
in (2.25) with ε = 1 under the condition that the double integral in (2.5)
converges.

The integrands in (2.25) and (2.5) coincide when x /∈ Xk. Hence we only
need to prove the convergence of the integral (2.25) with X replaced by Xk.
We denote by Ik and Jk the double integral in (2.25) with X replaced by
X ′

k = Xk

⋂{W (x) > 1} and X ′′
k = Xk

⋂{W (x) < 1} respectively. Since
W + Vk 6 2W , from the properties of G mentioned above it follows that

G(t(W + Vk)) 6 CG(tW ), x ∈ X ′
k.

This implies that Ik < ∞. Since µ(X ′′
k ) < ∞ and

G(t(W + Vk)) 6 C
tm+1

1 + tm+1
, x ∈ X ′′

k ,

from (2.3) it follows that Jk < ∞. Hence (2.5) is proved.

Step 8. In order to prove (2.6), we note that

∑

i:Ei<0

|Ei|γ = γ

∫ ∞

0

Eγ−1NE(V )dE 6 γ

∫ ∞

0

Eγ−1N0(−(W − E)+)dE

6 γ

g(1)

∫ ∞

0

Eγ−1

∫ ∞

0

π(t)
t

∫

X

G(t(W (x)− E)+)µ(dx)dtdE

=
γ

g(1)

∫ ∞

0

π(t)
t

∫

X

∫ W

0

Eγ−1G(t(W (x)− E))dEµ(dx)dt

=
γ

g(1)

∫ ∞

0

π(t)
t

∫

X

∫ 1

0

uγ−1W γ(x)G(tW (x)(1− u))duµ(dx)dt.
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One can replace G(tW (x)(1 − u)) by G(tW (x)) since G is monotonically
increasing. This immediately implies (2.6). ut
Theorem 2.2. Let H = H0 + V (x), where H0 is a selfadjoint, nonnegative
operator on L2(X,B,µ), the potential V = V (x) is real valued, and condition
(a)–(c) hold.

If
π(t) 6 c/tβ/2, t →∞; π(t) 6 c/tα/2, t → 0 (2.26)

for some β > 2 and α > 0, then

N0(V ) 6 C(h)[
∫

X−
h

W (x)β/2µ(dx) +
∫

X+
h

bW (x)max(α/2,1)µ(dx)], (2.27)

where X−
h = {x : W (x) 6 h−1}, X+

h = {x : W (x) > h−1}, b = 1 if α 6= 2,
b = ln(1 + W (x)) if α = 2.

In some cases, max(α/2, 1) can be replaced by α/2, as will be discussed in
Section 3.

Proof of Theorem 2.2. We write (2.7) in the form N0(V ) 6 I− + I+, where
I∓ correspond to integration in (2.7) over X∓

h respectively.
Let x ∈ X−

h , i.e., W < h−1. Then the interior integral in (2.7) does not
exceed

C(h)
∫ ∞

σ
W

t−β/2dt = C(h)W (β/2)−1. (2.28)

Thus, I− can be estimated by the first term on the right-hand side of (2.27).
Similarly,

I+ 6 C(h)
∫

X+
h

W
( ∫ h

σ
W

+
∫ ∞

h

)
π(t)dt

6 C(h)
∫

X+
h

W
( ∫ h

σ
W

t−α/2dt +
∫ ∞

h

t−β/2dt
)
dx,

which does not exceed the second term on the right-hand side of (2.27). ut
Theorem 2.3. Let H = H0 + V (x), where H0 is a selfadjoint, nonnegative
operator on L2(X,B,µ), the potential V = V (x) is real valued, and condition
(a)–(c) hold.

If
π(t) 6 ce−atγ

, t →∞; π(t) 6 c/tα/2, t → 0 (2.29)

for some γ > 0 and α > 0, then for each A > 0,

N0(V ) 6 C(h,A)[
∫

X−
h

e−AW (x)−γ

µ(dx) +
∫

X+
h

bW (x)max(α/2,1)µ(dx)],

(2.30)
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where X−
h , X+

h , b are the same as in Theorem 2.2.

Proof of Theorem 2.3. The proof is the same as that of Theorem 2.2. One
only needs to replace (2.28) by the estimate

C(h)
∫ ∞

σ
W

e−atγ

dt = C(h)W−1

∫ ∞

σ

e−a( τ
W )γ

dτ

6 C(h)W−1e−
a
2 ( σ

W )γ

∫ ∞

σ

e−
a
2 ( τ

W )γ

dτ

6
[
C(h)W−1

∫ ∞

σ

e−
a
2 (hτ)γ

dτ
]
e−

a
2 ( σ

W )γ

and note that σ can be chosen as large as we please. ut

3 Low Local Dimension (α < 2)

3.1 Operators on lattices and groups

It is easy to see that Theorems 2.3 and 2.2 are not exact if α 6 2. We are
going to illustrate this fact now and provide a better result in the case α = 0
which occurs, for example, when operators on lattices and discrete groups
are considered. An important example with α = 1 will be discussed in next
subsection (operators on quantum graphs).

Let X = {x} be a countable set, and let H0 be a difference operator on
L2(X) which is defined by

(H0ψ)(x) =
∑

y∈X

a(x, y)ψ(y), (3.1)

where
a(x, x) > 0, a(x, y) = a(y, x) 6 0,

∑

y∈X

a(x, y) = 0.

A typical example of H0 is the negative difference Laplacian on the lattice
X = Zd, i.e.,

(H0ψ)(x) = −∆ψ =
∑

y∈Zd:|y−x|=1

[ψ(x)− ψ(y], x ∈ Zd, (3.2)

We assume that 0 < a(x, x) 6 c0 < ∞. Then SpH0 ⊂ [0, 2c0]. The operator
−H0 defines the Markov chain x(s) on X with continuous time s > 0 which
spends exponential time with parameter a(x, x) at each point x ∈ X and then
jumps to a point y ∈ X with probability r(x, y) = a(x,y)

a(x,x) ,
∑

y:y 6=x r(x, y) = 1.
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The transition matrix p(t, x, y) = Px(xt = y) is the fundamental solution of
the parabolic problem

∂p

∂t
+ H0p = 0, p(0, x, y) = δy(x).

Let π(t) = supx p(t, x, x). Obviously, π(t) 6 1 and π(t) → 1 uniformly in x as
t → 0. The asymptotic behavior of π(t) as t → ∞ depends on the operator
H0 and can be more or less arbitrary.

Consider now the operator H = H0−mδy(x) with the potential supported
on one point. The negative spectrum of H contains at most one eigenvalue
(due to rank one perturbation arguments), and such an eigenvalue exists if
m > c0. The latter follows from the variational principle since

〈H0δy, δy〉 −m〈δy, δy〉 6 c0 −m < 0.

However, Theorems 2.2 and 2.3 estimate the number of negative eigenvalues
N(V ) of the operator H by Cm. Similarly, if

V = −
∑

16i6n

miδ(x− xi)

and mi > c0, then N(V ) = n, but Theorems 2.2 and 2.3 give only that
N(V ) 6 C

∑
mi. The following statement provides a better result in the case

under consideration than the theorems above. The meaning of the statement
below is that we replace max(α/2, 1) = 1 in (2.27), (2.30) by α/2 = 0. Let us
also mention that these theorems cannot be strengthened in a similar way if
0 < α 6 2 (cf. Example 3.1).

Theorem 3.1. Let H = H0 + V (x), where H0 is defined in (3.1), and let
assumptions of Theorem 2.1 hold. Then for each h > 0

N0(V ) 6 C(h)
[
n(h) +

∫ ∞

0

π(t)
t

∑

x∈X−
h

G(tW (x))dt
]
, n(h) = #{x ∈ X+

h }.

If, additionally, either (2.26) or (2.29) is valid for π(t) as t → ∞, then for
each A > 0

N0(V ) 6 C(h)
[ ∑

x∈X−
h

W (x)
β
2 + n(h)

]
, n(h) = #{x ∈ X+

h }, (3.3)

N0(V ) 6 C(h,A)
[ ∑

x∈X−
h

e−AW (x)−γ

+ n(h)
]
, n(h) = #{x ∈ X+

h }

respectively.

Remark 3.1. The estimate (3.3) for N(V ) in the case X = Zd can be found
in [25].
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Proof. In order to prove the first inequality, we split the potential V (x) =
V1(x) + V2(x), where V2(x) = V (x) for x ∈ X+

h , V2(x) = 0 for x ∈ X−
h . Now,

for each ε ∈ (0, 1),

N0(V ) 6 N0(ε−1V1) + N0((1− ε)−1V2) = N0(ε−1V1) + n(h). (3.4)

It remains to apply Theorem 2.1 to the operator −∆ + ε−1V1 and pass
to the limit as ε → 1. The next two inequalities follow from Theorems
2.2 and 2.3. ut

3.2 Operators on quantum graphs

We consider a specific quantum graph Γ d, the so-called Avron–Exner–Last
graph. Its vertices are points of the lattice Zd, and edges are all the segments
of length one connecting neighboring vertices. Let s ∈ [0, 1] be the natural
parameter on the edges (the distance from one of the end points of the edge).
Consider the space D of smooth functions ϕ on edges of Γ d with the following
(Kirchhoff) boundary conditions at vertices: at each vertex ϕ is continuous
and

d∑

i=1

ϕ′i = 0, (3.5)

where ϕ′i are the derivatives along the adjoint edges in the direction out of
the vertex. The operator H0 acts on functions ϕ ∈ D as − d2

ds2 . The closure
of this operator in L2(Γ d) is a selfadjoint operator with the spectrum [0,∞)
(cf. [3])

Theorem 3.2. The assumptions of Theorems 2.1, 2.2 hold for the operator
H0 introduced in this section with the constants α, β in Theorem 2.2 equal to
1 and d respectively.

One can easily see that there is a Markov process with the generator
−H0, and condition (a) of Theorem 2.1 holds. In Appendix, we estimate the
function p0 in order to show that condition (b) holds and find constants α,
β defined in Theorem 2.2. In fact, the same arguments can be used to verify
condition (a) analytically.

As we discussed above, Theorem 2.2 is not exact if α 6 2. Theorem 3.1
provides a better result in the case α = 0. The situation is more complicated
if α = 1. We illustrate it using the operator H0 on the quantum graph Γ d. We
consider two specific classes of potentials. In one case, the inequality (2.27) is
valid with max(α/2, 1) = 1 replaced by α/2 = 1/2. However, the inequality
(2.27) cannot be improved for potentials of the second type. The first class
(regular potentials) consists of piecewise constant functions.
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Theorem 3.3. Let d > 3 and V be constant on each edge ei of the graph:
V (x) = −vi < 0, x ∈ ei. Then

N0(V ) 6 c(h)
( ∑

i: vi6h−1

v
d/2
i +

∑

i: vi>h−1

√
vi

)
.

Proof. Put V (x) = V1(x) + V2(x), where V1(x) = V (x) if |V (x)| > h−1,
V1(x) = 0 if |V (x)| 6 h−1. Then (cf. (3.4))

N0(V ) 6 N0(2V1) + N0(2V2).

One can estimate N(V1) from above (below) by imposing the Neumann
(Dirichlet) boundary conditions at all vertices of Γ . This leads to the es-
timates

∑

i: vi>h−1

√
2vi

π
6 N0(V ) 6

∑

i: vi>h−1

(√2vi

π
+ 1

)
6 c(h)

∑

i: vi>h−1

√
vi,

which, together with Theorem 2.2 applied to N0(2V2), justifies the statement
of the theorem. ut

The same arguments allow one to get a more general result.

Theorem 3.4. Let d > 3. Let Γ d
− be the set of edges ei of the graph Γ d,

where W 6 h−1, Γ d
+ be the complementary set of edges, and let

supx∈ei
W (x)

minx∈ei W (x)
6 k0 = k0(h), x ∈ Γ d

+,

where W = V−. Then

N0(V ) 6 c(h, k0)
( ∫

Γ d
−

W (x)d/2dx +
∫

Γ d
+

√
W (x)dx

)
.

Example 3.1. The next example shows that there are singular potentials
on Γ d for which max(α/2, 1) in (2.27) cannot be replaced by any value less
than one. Consider the potential

V (x) = −A
m∑

i=1

δ(x− xi),

where xi are middle points of some edges, and A > 4. One can easily modify
the example by considering δ -sequences instead of δ-functions (in order to
get a smooth potential.) Then

∫

Γ d

Wσ(x)dx = 0
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for any σ < 1, while N(V ) > m. In fact, consider the Sturm–Liouville problem
on the interval [−1/2, 1/2] :

−y′′ −Aδ(x)y = λy, y(−1/2) = y(1/2) = 0, A > 4.

It has (a unique) negative eigenvalue which is the root of the equation
tanh(

√−λ/2) = 2
√−λ/A. The corresponding eigenfunction is

y = sinh[
√
−λ(|x|+ 1/2)].

The estimate N(V ) > m follows by imposing the Dirichlet boundary condi-
tions on the vertices of Γ d.

4 Anderson Model

4.1 Discrete case

Consider the classical Anderson Hamiltonian

H0 = −∆ + V (x, ω)

on L2(Zd) with random potential V (x, ω). Here,

∆ψ(x) =
∑

x′:|x′−x|=1

ψ(x′)− 2dψ(x).

We assume that random variables V (x, ω) on the probability space (Ω,F, P )
have the Bernoulli structure, i.e., they are i.i.d. and P{V (·) = 0} = p > 0,
P{V (·) = 1} = q = 1− p > 0. The spectrum of H0 is equal to (cf. [2])

Sp(H0) = Sp(−∆)⊕ 1 = [0, 4d + 1].

Let us stress that 0 ∈Sp(H0) due to the existence P-a.s. of arbitrarily large
clearings in realizations of V , i.e., there are balls Bn = {x : |x − xn| < rn}
such that V (x) = 0, x ∈ Bn, and rn → ∞ as n → ∞ (cf. the proof of the
theorem below for details).

Let
H = H0 −W (x), W (x) > 0.

The operator H has discrete random spectrum on (−∞, 0] with possible ac-
cumulation point at λ = 0. Put N0(−W ) = #{λi 6 0}. Obviously, N0(−W )
is random. Denote by E the expectation of a r.v., i.e.,

EN0 =
∫

Ω

N0P (dω).
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Theorem 4.1. (a) For each h > 0 and γ < d
d+2 ,

EN0(−W ) 6 c1(h)[#{x ∈ Zd : W (x) > h−1}] + c2(h, γ)
∑

x:W (x)<h−1

e−
1

W γ (x) .

In particular, if

W (x) <
C

logσ |x| , |x| → ∞,

with some σ > d+2
d , then EN0(−W ) < ∞, i.e., N0(−W ) < ∞ almost surely.

(b) If

W (x) >
C

logσ |x| , |x| → ∞, and σ <
2
d
, (4.1)

then N0(−W ) = ∞ a.s. (in particular, EN0(−W ) = ∞).

Proof. Since V > 0, the kernel p0(t, x, y) of the semigroup exp(−tH0) =
exp(t(∆−V )) can be estimated by the kernel of exp(t∆), i.e., by the transition
probability of the random walk with continuous time on Zd. The diagonal
part of this kernel p0(t, x, x, ω) is a stationary field on Zd. Due to the Donsker–
Varadhan estimate (cf. [6, 7]),

Ep0(t, x, x, ω) = Ep0(t, x, x, ω)
log∼ exp(−cdt

d
d+2 ), t →∞,

i.e.,
log Ep0 ∼ −cdt

d
d+2 , t →∞.

On the rigorous level, the relations above must be understood as estimates
from above and from below, and the upper estimate has the following form:
for each δ > 0,

Ep0 6 C(δ) exp(−cdt
d

d+2−δ), t →∞. (4.2)

Now, the first part of the theorem is a consequence of Theorems 2.1 and 2.3.
In fact, from Remarks 2.2 and 2.3 and (4.2) it follows that

EN0(V ) 6 1
c(σ)

∫

X

W (x)
∫ ∞

σ
W (x)

Ep0(t, x, x, ω)dtµ(dx)

6 C(δ)
c(σ)

∫

X

W (x)
∫ ∞

σ
W (x)

e−cdt
d

d+2−δ

dtµ(dx).

Then it only remains to repeat the arguments used to prove Theorem 2.3.
The proof of the second part is based on the following lemma which indi-

cates the existence of large clearings at the distances which are not too large.
We denote by C(r) the cube in the lattice,
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C(r) = {x ∈ Zd : |xi| < r, 1 6 i 6 d}.

Let us divide Zd into cubic layers Ln = C(an+1)\C(an) with some constant
a > 1 which will be selected later. One can choose a set Γ (n) = {z(n)

i ∈ Ln}
in each layer Ln such that

|z(n)
i − z

(n)
j | > 2n

1
d + 1, d(z(n)

i , ∂Ln) > n
1
d ,

and

|Γ (n)| > c
(2a)n(d−1)an+1

(2n1/d)d
> cand, n →∞.

Let C(n1/d, i) be the cube C(n1/d) with the center shifted to the point z
(n)
i .

Obviously, cubes Cn1/d,i do not intersect each other, C(n1/d, i) ⊂ Ln and
|C(n1/d, i)| 6 c′n.

Consider the following event An ={each cube C(n1/d, i) ⊂ Ln contains at
least one point where V (x) = 1}. Obviously,

P (An) = (1−p|C(n1/d,i)|)|Γ
(n)| 6 e−|Γ

(n)|p|C(n1/d,i)| 6 e−candc′pn

= e−c(adpc′ )n

.

We choose a big enough, so that adpc′ > 1. Then
∑

P (An) < ∞, and the
Borel–Cantelli lemma implies that P -a.s. there exists n0(ω) such that each
layer Ln, n > n0(ω), contains at least one empty cube C(n1/d, i), i = i(n).
Then from (4.1) it follows that

W (x) > C

n
2
d−δ

= εn, x ∈ C(n1/d, i), i = i(n).

One can easily show that the operator H = −∆ − ε in a cube C ⊂ Zd

with the Dirichlet boundary condition at ∂C has at least one negative eigen-
value if |C|εd/2 is big enough. Thus the operator H in C(n1/d, i(n)) with the
Dirichlet boundary condition has at least one eigenvalue if n is big enough,
and therefore N(−W ) = ∞. ut

4.2 Continuous case

Theorem 4.1 is also valid for the Anderson operators in Rd. Let

H0 = −∆ + V (x, ω)

on L2(Rd) with the random potential

V (x, ω) =
∑

n∈Zd

εnIQn
(x), x ∈ Rd, n = (n1, . . . , nd),
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where Qn = {x ∈ Rd : ni 6 xi < ni + 1, i = 1, 2, . . . , d} and εn are
independent Bernoulli r.v. with P{εn = 0} = p, P{εn = 1} = q = 1− p. Put

H = H0 −W (x) = −∆ + V (x, ω)−W (x).

Theorem 4.2. (a) If d > 3, then for each h > 0 and γ < d
d+2

EN0(−W ) 6 c1(h)
∫

W (x)>h−1
W (x)d/2dx + c2(h, γ)

∫

W (x)<h−1
e−

1
W γ (x) dx.

In particular, if

W (x) <
C

logσ |x| , |x| → ∞,

with some σ > d+2
d , then EN0(−W ) < ∞, i.e., N0(−W ) < ∞ almost surely.

(b) If

W (x) >
C

logσ |x| , |x| → ∞, and σ <
2
d
,

then N0(−W ) = ∞ a.s. (in particular, EN0(−W ) = ∞).

The proof of this theorem is identical to the proof of Theorem 4.1 with the
only difference that now p0(t, 0, 0) is not bounded as t → 0, but p0(t, 0, 0) 6
c/td/2 as t → 0.

5 Lobachevsky Plane, Processes with Independent
Increments

5.1 Lobachevsky plane (cf. [8, 21])

We use the Poincaré upper half plane model, where X = {z = x+ iy : y > 0}
and the (Riemannian) metric on X has the form

ds2 = y−2(dx2 + dy2). (5.1)

The geodesic lines of this metric are circular arcs perpendicular to the real
axis (half-circles whose origin is on the real axis) and straight vertical lines
ending on the real axis. The group of transformations preserving ds2 is
SL(2, R), i.e., the group of real valued 2 × 2 matrices with the determinant

equal to one. For each A =
[

a b
c d

]
∈ SL(2, R), the action A(z) is defined by

A(z) =
az + b

cz + d
.
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For each z0 ∈ X, there is a one-parameter stationary subgroup which consists
of A such that Az0 = z0. The Laplace–Beltrami operator ∆′ (invariant with
respect to SL(2, R)) is defined uniquely up to a constant factor, and is equal
to

∆′ = y2∆ = y2
( ∂2

∂x2
+

∂2

∂y2

)
. (5.2)

The operator −∆′ is selfadjoint with respect to the Riemannian measure

µ(dz) = y−2dxdy (5.3)

and has absolutely continuous spectrum on [1/4,∞). In order to find the
number N ′(V ) of eigenvalues of the operator −∆′ + V (x) less than 1/4, one
can apply Theorem 2.1 to the operator H0 = −∆′ − 1

4I.
One needs to know constants α, β in order to apply Theorem 2.2. It is

shown in [12] that the fundamental solution for the parabolic equation ut =
−∆′u has the following asymptotic behavior

p(t, 0, 0) ∼ c1/t, t → 0; p(t, 0, 0) ∼ c2e
−t/4/t3/2, t →∞.

Thus, α = 2, β = 3 for the operator H0 = −∆′ − 1
4I. A similar result for

the Laplacian in the Hyperbolic space of the dimension d > 3 can be found
in [25].

5.2 Markov processes with independent increments
(homogeneous pseudodifferential operators)

We estimate N0(V ) for shift invariant pseudodifferential operators H0 as-
sociated with Markov processes with independent increments. Similar esti-
mates were obtained in [5] for pseudodifferential operators under assumptions
that the symbol f(p) of the operator is monotone and nonnegative, and the
parabolic semigroup e−tH0 is positivity preserving. This class includes im-
portant cases of f(p) = |p|α, α < 2 and f(p) =

√
p2 + m2 − m. Note that

necessary and sufficient conditions of the positivity of p0(t, x, x) are given by
Levy–Khinchin formula. We omit the monotonicity condition. What is more
important, the results are expressed in terms of the Levy measure responsible
for the positivity of p0(t, x, x). This allows us to consider variety estimates
with power and logarithmical decaying potentials.

Let H0 be a pseudodifferential operator in X = Rd of the form

H0u = F−1Φ(k)Fu, (Fu)(k) =
∫

Rd

u(x)e−i(x,k)dx, u ∈ S(Rd),

where the symbol Φ(k) of the operator H0 has the following form
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Φ(k) =
∫

Rd

(1− cos(x, k))ν(x)dx. (5.4)

Here, µ(dx) = ν(x)dx is an arbitrary measure (for simplicity we assumed
that it has a density) such that

∫

|x|>1

ν(x)dx +
∫

|x|<1

|x|2ν(x)dx < ∞. (5.5)

Assumption (5.4) is needed (and is sufficient) to construct a Markov process
with the generator L = −H0 below. However, we impose an additional restric-
tion on the measure µ(dx) assuming that the density ν(x) has the following
power asymptotics at zero and at infinity

ν(x) ∼ |x|−d−2+ρ, x → 0, ν(x) ∼ |x|−d−δ, x →∞,

with some ρ, δ ∈ (0, 2). Note that assumption (5.5) holds in this case. To be
more rigorous, we assume that

ν(x) = a
( x

|x|
)
|x|−d−ρ(1 + O(|x|ε)), x → 0, (5.6)

ν(x) = b
( x

|x|
)
|x|−d−δ(1 + O(|x|−ε)), x →∞, (5.7)

where a, b, ε > 0. We also consider another special case where the asymptotic
behavior of ν(x) at infinity is at logarithmical borderline for the convergence
of the integral (5.5). Namely, we assume that (5.6) holds and

ν(x) > C|x|−d log−σ |x|, x →∞, σ > 1. (5.8)

The solution of problem (2.1) is given by

p0(t, x− y) =
1

(2π)d

∫

Rd

e−tΦ(k)+i(x−y,k)dk. (5.9)

A special form of the pseudodifferential operator H0 is chosen in order
to guarantee that p0 > 0. In fact, let xs, s > 0, be a Markov process in Rd

with symmetric independent increments. It means that for arbitrary 0 < s1 <
s2 < . . ., the random variables xs1−x0, xs2−xs1 , . . . are independent and the
distribution of xt+s−xs is independent of s. The symmetry condition means
that Law(xs − x0) =Law(x0 − xs), or p(s, x, y) = p(s, y, x), where p is the
transition density of the process. According to the Levy–Khinchin theorem
(cf. [10]), the Fourier transform (characteristic function) of this distribution
has the form

Eei(k,xt+s−xs) = e−tΦ(k),

with Φ(k) given by (5.4). Moreover, each measure (5.5) corresponds to some
process. One can consider the family of processes x

(x0)
s = x0 +xs, s > 0, with



Cwikel–Lieb–Rozenblum and Lieb–Thirring Inequalities 225

an arbitrary initial point x0. The generator L of this family can be evaluated
in the Fourier space. If ϕ(x) ∈ S(Rd) and ϕ̂(k) = Fϕ, then

Lϕ(x) = lim
t→0

Eϕ(x + x
(0)
t )− ϕ(x)
t

= lim
t→0

1
(2π)d

∫

Rd

Eei(x+x
(0)
t ,k) − ei(x,k)

t
ϕ̂(k)dk

=
−1

(2π)d

∫

Rd

ei(x,k)Φ(k)ϕ̂(k)dk = −H0ϕ.

Thus, the function (5.9) is the transition density of some process, and there-
fore p0(t, x) > 0, i.e., assumption (a) of Theorem 2.1 holds. Since the operator
H0 is translation invariant, assumption (b) also holds with π(t) = p0(t, 0).
Hence Theorem 2.1 can be applied to study negative eigenvalues of the op-
erator H0 + V (x) when the (Levy) measure νdx satisfies (5.5). If (5.6), (5.7)
or (5.6), (5.8) hold, then Theorems 2.2 and 2.3 can be used. Namely, the
following statement is valid.

Theorem 5.1. If a measure νdx satisfies (5.6) and (5.7), then (2.26) is
valid with β = 2d/δ, α = 2d/ρ.

If a measure νdx satisfies (5.6) and (5.8), then (2.29) is valid with γ =
1/σ, α = 2d/ρ.

Proof. Consider first the case where (5.6) and (5.7) hold. Let us prove that
these relations imply the following behavior of Φ(k) at zero and at infinity

Φ(k) = f
( k

|k|
)
|k|δ(1 + O(|k|ε1)), k → 0,

Φ(k) = g
( k

|k|
)
|k|ρ(1 + O(|k|−ε1)), k →∞

(5.10)

with some f, g, ε1 > 0. We write (5.4) in the form

Φ(k) =
∫

|x|<1

2 sin2(x, k))ν(x)dx+
∫

|x|>1

2 sin2(x, k))ν(x)dx = Φ1(k)+Φ2(k).

(5.11)
The term Φ1(k) is analytic in k and is of order O(|k|2) as k → 0. We represent
the second term as

∫

Rd

2 sin2(x, k))b(
·
x)|x|−d−δdx−

∫

|x|<1

2 sin2(x, k))b(
·
x)|x|−d−δdx

+
∫

|x|>1

2 sin2(x, k))h(x)dx,

where
·
x= x/|x| and
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h(x) = ν(x)− b(
·
x)|x|−d−δ, |h| 6 C|x|−d−δ−ε.

The middle term above is of order O(|k|2) as k → 0. The first term above can
be evaluated by substitution x → x/|k|. It coincides with f( k

|k| )|k|δ. One can
reduce ε to guarantee that δ + ε < 2. Then the last term can be estimated
using the same substitution. This leads to the asymptotics (5.10) as k → 0.

Now. let |k| → ∞. Since Φ2(k) is bounded uniformly in k, it remains to
show that Φ1(k) has the appropriate asymptotics as |k| → ∞. We write v(x)
in the integrand of Φ1(k) as follows:

v(x) = a(
·
x)|x|−d−ρ + g(x), |g(x)| 6 C|x|−d−ρ+ε.

Then

Φ1(k) =
∫

Rd

2 sin2(x, k))a(
·
x)|x|−d−ρdx−

∫

|x|>1

2 sin2(x, k))a(
·
x)|x|−d−ρdx

+
∫

|x|<1

2 sin2(x, k))g(x)dx.

The middle term on the right hand side above is bounded uniformly in k. The
substitution x → x/|k| justifies that the first term coincides with g( k

|k| )|k|ρ.
The same substitution shows that the order of the last term is smaller if ε < ρ.
This gives the second relation of (5.10), and therefore, (5.10) is proved.

Let us estimate π(t) when (5.10) holds. From (5.9) it follows that

π(t) =
1

(2π)d

∫

|k|<1

e−tΦ(k)dk + O(e−ηt) as t →∞, η > 0. (5.12)

Now, the substitution k → t−1/δk leads to

π(t) ∼ ct−d/δ, t →∞, c =
1

(2π)d

∫

Rd

e−g( k
|k| )|k|δdk.

Hence the first relation in (2.26) holds with β = 2d/δ. In order to estimate
π(t) as t → 0, we put

π(t) =
1

(2π)d

∫

|k|>1

e−tΦ(k)dk + O(1), t → 0,

and make the substitution k → t−1/ρk. This leads to

π(t) ∼ ct−d/ρ, t → 0, c =
1

(2π)d

∫

Rd

e−f( k
|k| )|k|ρdk.

Hence the second relation in (2.26) holds with α = 2d/ρ. The first statement
of the theorem is proved.

Let us prove the second statement. If (5.6) and (5.8) hold, then
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Φ(k) > c
(

log
1
|k|

)1−σ

, k → 0,

Φ(k) = g
( k

|k|
)
|k|ρ(1 + O(|k|−ε1)), k →∞.

(5.13)

In fact, only the integrability of v(x) at infinity, but not (5.7), was used in
the proof of the second relation of (5.10). Thus, the second relation of (5.13)
is valid. Let us prove the first estimate. Let Ωk = {x : |k|−2 > |x| > |k|−1},
|k| < 1. We have

Φ(k) >
∫

Ωk

2 sin2(x, k))ν(x)dx > C

∫

Ωk

sin2(x, k))|x|−d log−σ |x|dx

> C(2 log
1
|k| )

−σ

∫

Ωk

sin2(x, k))|x|−ddx, |k| → 0.

It remains to show that
∫

Ωk

sin2(x, k))|x|−ddx ∼ log
1
|k| , |k| → 0. (5.14)

After the substitution x = y/|k|, the last integral can be written in the form

1
2

∫

|k|−1>|y|>1

|y|−ddy − 1
2

∫

|k|−1>|y|>1

cos(y,
·
k))|y|−ddy.

This justifies (5.14) since the second term above converges as |k| → 0. Hence
(5.13) is proved.

Finally, we need to obtain (2.29). The estimation of π(t) as t → 0 remains
the same as in the proof of the first statement of the theorem. To get the
estimate as t →∞, we use (5.12) (with a smaller domain of integration) and
(5.13). Then we obtain

π(t) 6 1
(2π)d

∫

|k|<1/2

e−ct(log 1
|k| )

1−σ

dk + O(e−ηt), t →∞, η > 0.

After integrating with respect to angle variables and substitution log 1
|k| = z,

we get

π(t) 6 C

∫ ∞

log 2

zd−1e−z−ctz1−σ

dz + O(e−ηt), t →∞, η > 0.

The asymptotic behavior of the last integral can be easily found using
standard Laplace method, and the integral behaves as C1t

2d−1
2dσ e−c1t

1
σ when

t →∞. This completes the proof of (2.29). ut



228 S. Molchanov and B. Vainberg

6 Operators on Continuous and Discrete Groups

6.1 Free groups

Suppose that X is a group Γ with generators a1, a2, . . . , ad, inverse elements
a−1, a−2, . . . , a−d, the unit element e, and with no relations between genera-
tors except aia−i = a−iai = e. The elements g ∈ Γ are the shortest versions
of the words g = ai1 · . . . · ain (with all factors e and aja−j being omitted).
The metric on Γ is given by

d(g1, g2) = d(e, g−1
1 g2) = m(g−1

1 g2),

where m(g) is the number of letters a±i in g. The measure µ on Γ is defined
by µ({g}) = 1 for each g ∈ Γ . It is easy to see that |{g : d(e, g) = R}| =
2d(2d− 1)R−1, i.e., the group Γ has an exponential growth rate.

Define the operator ∆Γ on X = Γ by the formula

∆Γ ψ(g) =
∑

−d6i6d, i 6=0

[ψ(gai)− ψ(g)]. (6.1)

Obviously, the operator −∆Γ is bounded and nonnegative in L2(Γ, µ). In
fact, ||∆Γ || 6 4d. As it is easy to see, the operator ∆Γ is left-invariant:

(∆Γ ψ)(gx) = ∆Γ (ψ(gx)), x ∈ Γ,

for each fixed g ∈ Γ . Thus, conditions (a), (b) hold for operator −∆Γ . In
order to apply Theorem 2.2, one also needs to find the parameters α and β.

Theorem 6.1. (a) The spectrum of the operator −∆Γ is absolutely con-
tinuous and coincides with the interval ld = [γ, γ + 4

√
2d− 1], γ = 2d −

2
√

2d− 1 > 0.

(b) The kernel of the parabolic semigroup πΓ (t) = (et∆Γ )(t, e, e) on the
diagonal has the following asymptotic behavior at zero and infinity

πΓ (t) → c1, t → 0, πΓ (t) ∼ c2
e−γt

t3/2
, t →∞. (6.2)

Remark 6.1. Since the absolutely continuous spectrum of the operator −∆Γ

is shifted (it starts from γ, not from zero), the natural question about the
eigenvalues of the operator −∆Γ +V (g) is to estimate the number NΓ (V ) of
eigenvalues less than the threshold γ. Obviously, NΓ (V ) coincides with the
number N(V ) of the negative eigenvalues of the operator H0 + V (g), where
H0 = −∆Γ − γI. Hence one can apply Theorems 2.1, 3.1 to this operator.
From (6.2) it follows that constants α, β for the operator H0 = −∆Γ − γI
are equal to 0 and 3 respectively and
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NΓ (V ) 6 c(h)
[
n(h) +

∑

g∈Γ :W (g)6h−1

W (x)3/2
]
,

n(h) = #{g ∈ Γ : W (g) > h−1}.
Proof of Theorem 6.1. Let us find the kernel Rλ(g1, g2) of the resolvent
(∆Γ −λ)−1. From the Γ -invariance it follows that Rλ(g1, g2) = Rλ(e, g−1

1 g2).
Hence it is enough to determine uλ(g) = Rλ(e, g). This function satisfies the
equation ∑

i 6=0

uλ(gai)− (2d + λ)uλ(g) = −δe(g), (6.3)

where δe(g) = 1 if g = e, δe(g) = 0 if g 6= e. Since the equation above is
preserved under permutations of the generators, the solution uλ(g) depends
only on m(g). Let ψλ(m) = uλ(g), m = m(g). Obviously, if g 6= e, then
m(gai) = m(g)− 1 for one of the elements ai, i 6= 0, and m(gai) = m(g) + 1
for all other elements ai, i 6= 0. Hence (6.3) implies

2dψλ(1)− (2d + λ)ψλ(0) = −1,

ψλ(m− 1) + (2d− 1)ψλ(m + 1)− (2d + λ)ψλ(m) = 0, m > 0.
(6.4)

Two linearly independent solutions of these equations have the form
ψλ(m) = νm

± , where ν± are the roots of the equation

ν−1 + (2d− 1)ν − (2d + λ) = 0.

Thus

ν± =
2d + λ±

√
(2d + λ)2 − 4(2d− 1)
2(2d− 1)

.

The interval ld was singled out as the set of real λ such that the discriminant
above is not positive. Since ν+ν− = 1/(2d− 1), we have

|ν±| = 1√
2d− 1

, λ ∈ ld; |ν+| > 1√
2d− 1

, |ν−| < 1√
2d− 1

for real λ /∈ ld.

Now, if we take into account that the set Am0 = {g ∈ Γ , m(g) = m0} has
exactly 2d(2d− 1)m0−1 points, i.e., µ(Am0) = 2d(2d− 1)m0−1, we get that

ν
m(g)
− ∈ L2(Γ, µ), ν

m(g)
+ /∈ L2(Γ, µ) for real λ /∈ ld, (6.5)

and
∫

Γ∩{g:m(g)6m0}
|ν±|2m(g)µ(dg) ∼ m0, 0 →∞ for λ /∈ ld. (6.6)

The relations (6.5) imply that R\ld belongs to the resolvent set of the
operator ∆Γ and that Rλ(e, g) = cν

m(g)
− . The relation (6.6) implies that
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ld belongs to the absolutely continuous spectrum of the operator ∆Γ with
functions (νm(g)

+ −ν
m(g)
− ) being the eigenfunctions of the continuous spectrum.

Hence statement (a) is justified.
Note that the constant c in the formula for Rλ(e, g) can be found from

(6.4). This gives

Rλ(e, g) =
1

(2d + λ)− 2dν−
ν

m(g)
− .

Thus
Rλ(e, e) =

1
(2d + λ)− 2dν−

.

Hence for each a > 0

πΓ (t) =
1
2π

∫ a+i∞

a−i∞
eλtRλ(e, e)dλ =

1
2π

∫ a+i∞

a−i∞
eλt dλ

(2d + λ)− 2dν−
.

The integrand here is analytic with branching points at the ends of the seg-
ment ld, and the contour of integration can be bent into the left half plane
Reλ < 0 and replaced by an arbitrary closed contour around ld. This im-
mediately implies the first relation of (6.2). The asymptotic behavior of the
integral as t →∞ is defined by the singularity of the integrand at the point
−γ (the right end of ld). Since the integrand there has the form

eλt[a + b
√

λ + γ + O(λ + γ)], λ + γ → 0,

this leads to the second relation of (6.2). ut

6.2 General remark on left invariant diffusions on Lie
groups

The examples below concern differential operators on the continuous and
discrete noncommutative groups Γ (processes with independent increments
considered in the previous section are examples of operators on the abelian
groups Rd).

First, we consider the Heisenberg (nilpotent) group Γ = H3 of the upper
triangular matrices

g =




1 x z
0 1 y
0 0 1


 , (x, y, z) ∈ R3, (6.7)

with units on the diagonal, and its discrete subgroup ZH3, (x, y, z) ∈ Z3.
Then we study (solvable) group of the affine transformations of the real

line: x → ax + b , a > 0, which has the matrix representation:
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Aff
(
R1

)
=

{
g =

[
a b
0 1

]
, a > 0, (a, b) ∈ R2

}
,

and its subgroup generated by

α1 =
[

e e
0 1

]
and α2 =

[
e −e
0 1

]

and their inverses

α−1 =
[

e−1 −1
0 1

]
and α−2 =

[
e−1 1
0 1

]
.

There are two standard ways to construct the Laplacian on a Lie group.
A usual differential-geometric approach starts with the Lie algebra AΓ on Γ ,
which can be considered either as the algebra of the first order differential op-
erators generated by the differentiations along the appropriate one-parameter
subgroups of Γ , or simply as a tangent vector space TΓ to Γ at the unit el-
ement I. The exponential mapping AΓ → Γ allows one to construct (at
least locally) the general left invariant Laplacian 4Γ on Γ as the image of
the differential operator

∑
ij aijDiDj +

∑
i biDi with constant coefficients on

AΓ . The Riemannian metric ds2 on Γ and the volume element dv can be
defined now using the inverse matrix of the coefficients of the Laplacian 4Γ .
It is important to note that additional symmetry conditions are needed to
determine 4Γ uniquely.

The central object in the probabilistic construction of the Laplacian (cf.,
for instance, McKean [14]) is the Brownian motion gt on Γ . We impose the
symmetry condition gt

law= g−1
t . Since AΓ is a linear space, one can define the

usual Brownian motion bt on AΓ with the generator
∑

ij aijDiDj +
∑

i biDi.

The symmetry condition holds if (I + dbt)
law= (I + dbt)−1. The process

gt (diffusion on Γ ) is given (formally) by the stochastic multiplicative in-
tegral

gt =
t∏

s=0

(I + dbs),

or (more rigorously) by the Ito stochastic differential equation

dgt = gtdbt. (6.8)

The Laplacian 4Γ is defined now as the generator of the diffusion

4Γ f(g) = lim
∆t→0

Ef(g(I + b∆t))− f(g)
∆t

, f ∈ C2(Γ ). (6.9)

The Riemannian metric form is defined as above (by the inverse matrix of
the coefficients of the Laplacian).
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We use the probabilistic approach to construct the Laplacian in the exam-
ples below since it allows us to easily incorporate the symmetry condition.

6.3 Heisenberg group

Consider the Heisenberg group Γ = H3 of the upper triangular matrices (6.7)
with units on the diagonal. We have

AΓ = {A =




0 α γ
0 0 β
0 0 0


 , (α, β, γ) ∈ R3}, eA =




1 α γ + αβ
2

0 1 β
0 0 1


 .

Thus, A → exp(A) is a one-to-one mapping of AΓ onto Γ . Consider the
following Brownian motion on AΓ :

bt =




0 ut σwt

0 0 vt

0 0 0


 ,

where σ is a constant and ut, vt, wt are (standard) independent Wiener
processes. Then equation (6.8) has the form

dgt =




0 dxt dzt

0 0 dyt

0 0 0


 =




1 xt zt

0 1 yt

0 0 1







0 dut σdwt

0 0 dvt

0 0 0


 ,

which implies that

dxt = dut, dyt = dvt, dzt = σdwt + xtdvt.

Under condition g(0) = I, we get

gt =




1 ut σwt +
∫ t

0
usdvs

0 1 vt

0 0 1


 .

Let us note that the matrix

(gt)−1 =




1 −ut utvt − σwt −
∫ t

0
usdvs

0 1 −vt

0 0 1


 =




1 −ut −σwt +
∫ t

0
vsdus

0 1 −vt

0 0 1




has the same law as gt. Now, from (6.9) it follows that

(∆Γ f)(x, y, z) =
1
2
[fxx + fyy + (σ2 + x2)fzz + 2σxfyz].
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The matrix of the left invariant Riemannian metric has the form



1 0 0
0 1 σx
0 σx σ2 + x2



−1

=




1 0 0
0 σ2 + x2 −σx
0 −σx 1


 ,

i.e.,

ds2 = dx2 + (σ2 + x2)dy2 + dz2 − 2σxdydz, dV = dxdydz.

Denote by pσ(t, x, y, z) the transition density for the process gt (fundamen-
tal solution of the parabolic equation ut = ∆Γ u). Let πσ(t) = pσ(t, 0, 0, 0).

Theorem 6.2. The function πσ(t) has the following asymptotic behavior at
zero and infinity:

πσ(t) ∼ c0

t3/2
, t → 0; πσ(t) ∼ c

t2
, t →∞, c = p0(1, 0, 0), (6.10)

i.e., Theorem 2.2 holds for the operator H = ∆Γ + V (x, y, z) with α = 3,
β = 4.

Proof. Since H3 is a three-dimensional manifold, the asymptotics at zero is
obvious. Let us prove the second relation of (6.10). We start with the simple
case of σ = 0. The operator ∆Γ in this case is degenerate. However, the
density p0(t, x, y, z) exists and can be found using Hörmander hypoellipticity
theory or by direct calculations. In fact, the joint distribution of (xt, yt, zt) is
selfsimilar: (

ut√
t
,

vt√
t
,

∫ t

0
usdvs

t

)
=

(
u1, v1,

∫ 1

0

usdvs

)
,

i.e.,

p0(t, x, y, z) =
1
t2

p0

(
1,

x√
t
,

y√
t
,
z

t

)
,

and therefore,
p0(t, 0, 0, 0) =

c

t2
, c = p0(1, 0, 0, 0).

Let σ2 > 0. Then

pσ(t, x, y, z) =
1√

2πσ2t

∫

R1
p0(t, x, y, z1)e−

(z−zz1)2

2σ2t dz1.

After rescaling x√
t
→ x, y√

t
→ y, z

t → z, we get

pσ(t, x, y, z) =
√

t

t2
√

2πσ2

∫

R1
p0(1, x, y, z1)e−

t(z−zz1)2

2σ2 dz1.

It follows that pσ(t, 0, 0, 0) ∼ c/t2, t →∞, with c = p0(1, 0, 0, 0). ut
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Theorem 6.2 can be proved for the group Hn of upper triangular n × n
matrices with units on the diagonal. In this case,

α = dimHn =
n(n− 1)

2
, β = (n−1)+2(n−2)+3(n−3)+ . . . =

n(n2 − 1)
2

.

6.4 Heisenberg discrete group

Consider the Heisenberg discrete group Γ = ZH3 of integer valued matrices
of the form

g =




1 x y
0 1 z
0 0 1


 , x, y, z ∈ Z1.

Consider the Markov process gt on ZH3 defined by the equation

gt+dt = gt




1 dξt dζt

0 1 dηt

0 0 1


 , (6.11)

where ξt, ηt, ζt are three independent Markov processes on Z1 with generators

∆1ψ(n) = ψ(n + 1) + ψ(n− 1)− 2ψ(n), n ∈ Z1.

Equation (6.11) can be solved using discretization of time. This gives

gt =




1 xt yt

0 1 zt

0 0 1







1 ξt ζt +
∫ t

0
ξsdηs

0 1 ηt

0 0 1


 .

The generator L of this process has the form (6.1) with

a±1 =




1 ±1 0
0 1 0
0 0 1


 , a±2 =




1 0 0
0 1 ±1
0 0 1


 , a±3 =




1 0 ±1
0 1 0
0 0 1


 ,

i.e.,
L = ∆Γ ψ(g) =

∑

i=±1,±2,±3

[ψ(gai)− ψ(g)]. (6.12)

If ψ = ψ(g) is considered as a function of (x, y, z) ∈ Z3, then

Lψ(x, y, z) = ψ(x + 1, y, z) + ψ(x− 1, y, z)
+ ψ(x, y + 1, z + x) + ψ(x, y − 1, z − x)
+ ψ(x, y, z + 1) + ψ(x, y, z − 1)− 6ψ(x, y, z). (6.13)
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The analysis of the transition probability in this case is similar to the
continuous case, and it leads to the following result

Theorem 6.3. If gt is the process on ZH3 with the generator (6.13), then

P{gt = I} = P{xt = yt = zt = 0} ∼ c

t2
, t →∞,

with c defined in (6.10). In particular, Theorem 3.1 can be applied to the
operator H0 = L with β = 4.

This result is valid in a more general setting (cf. [13]). Consider three
independent processes ξt, ηt, ζt, t > 0, on Z1 with independent increments
and such that

Eeikξt = e−t(1−∑∞
i=1 pi cos ki),

∞∑

i=1

pi = 1,

Eeikηt = e−t(1−∑∞
i=1 qi cos ki),

∞∑

i=1

qi = 1,

Eeikζt = e−t(1−∑∞
i=1 ri cos ki),

∞∑

i=1

ri = 1.

Assume also that there exist α1, α2, α3 on the interval (0, 2) such that

pi ∼ c1

i1+α1
, qi ∼ c2

i1+α2
, ri ∼ c3

i1+α3

as i →∞, i.e., distributions with characteristic functions

∞∑

i=1

pi cos ki,
∞∑

i=1

qi cos ki,
∞∑

i=1

ri cos ki

belong to the domain of attraction of the symmetric stable law with param-
eters α1, α2, α3. Let gt be the process on ZH3 defined by (6.11). Then

P{gt = I} ∼ c

tγ
, t →∞, γ = max

( 2
α1

+
2
α1

,
1
α3

)
.

6.5 Group Aff (R1) of affine transformations of the
real line

This group of transformations x → ax+b, a > 0, has a matrix representation:

Γ = Aff
(
R1

)
=

{
g =

[
a b
0 1

]
, a > 0, (a, b) ∈ R2

}
.
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We start with the Lie algebra for Aff
(
R1

)
:

AΓ =
{[

α β
0 0

]
, (α, β) ∈ R2

}
.

Obviously, for arbitrary A =
[

α β
0 0

]
, one has

exp (A) =
[

eα β eα−1
α

0 1

]
,

i.e., the exponential mapping of AΓ coincides with the group Γ . Consider the
diffusion

bt =
[

wt + αt vt

0 0

]

on AΓ , where (wt, vt) are independent Wiener processes. Consider the matrix

valued process gt =
[

xt yt

0 1

]
, g0 =

[
1 0
0 1

]
, on Γ satisfying the equation

dgt = gtdbt =
[

xt yt

0 1

] [
dwt + αdt dvt

0 0

]
=

[
xt (dwt + αdt) xtdvt

0 0

]
.

This implies

dxt = xt (dwt + αdt) ,

dyt = xtdvt,

i.e.,

xt = ewt+(α− 1
2 )t, yt =

∫ t

0

xsdvs

due to the Ito formula.
We impose the following symmetry condition:

(gt)
−1 law= gt, (6.14)

It holds if α = 1
2 . In fact,

gt =
[

ewt
∫ t

0
ewsdvs

0 1

]
, g−1

t =
[

e−wt − ∫ t

0
ews−wtdvs

0 1

]
, (6.15)

and (6.14) follows after the change of variables s = t− τ in the matrix g−1
t .

Then the generator of the process gt has the form

4Γ f =
x2

2

[
∂2f

∂x2
+

∂2f

∂y2

]
+

x

2
∂f

∂x
.
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Theorem 6.4. Operator 4Γ is selfadjoint with respect to the measure
x−1dxdy. The function π (t) = p (t, 0, 0) has the following behavior at zero
and infinity:

π (t) ∼ c0

t
, t → 0; π (t) ∼ C

t3/2
, t →∞. (6.16)

Remark 6.2. Let H = 4Γ + V , where the negative part W = V− of the
potential is bounded: W 6 h−1. From (6.16) and Theorem 2.2 it follows that

N0(V ) 6 C(h)
∫ ∞

−∞

∫ ∞

0

W 3/2(x, y)
x

dxdy.

Remark 6.3. The left-invariant Riemannian metric on Aff
(
R1

)
is given by

the inverse diffusion matrix of 4Γ , i.e.,

dξ2 = x−2
(
dx2 + dy2

) (
g =

[
x y
0 1

]
, x > 0

)

After the change (x, y) → (y, x), this formula coincides with the metric on the
Lobachevsky plane (cf. the previous section). However, one cannot identity
the Laplacian on Aff

(
R1

)
and on the Lobachevsky plane L2 since they are de-

fined by different symmetry conditions. The plane L2 has a three-dimensional
group of transformations, and each point z ∈ L2 has a one-parameter station-
ary subgroup. The Laplacian on the Lobachevsky plane was defined by the
invariance with respect to this three-dimensional group of transformations.
In the case Γ = Aff

(
R1

)
, the group of transformations is two-dimensional.

It acts as a left shift g → g1g, g1, g ∈ Γ , and the Laplacian is specified by the
left invariance with respect to this two-dimensional group and the symmetry
condition (6.14).

Proof. Since Γ is a two-dimensional manifold, the asymptotics of π(t) at zero
is obvious. One needs only to justify the asymptotics of π (t) at infinity.

Let us find the density of

(xt, yt) =
(
ewt ,

∫ t

0

ewsdvs

)
.

The second term, for a fixed realization of w·, has the Gaussian law with
(conditional) variance

σ2 =
∫ t

0

e2wsds

and

P{xt ∈ 1+dx, yt ∈ 0+dy} = p(t, 0, 0)dxdy =
1√
2πt

E
1√

2π
∫ t

0
e2ŵsds

. (6.17)
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Here, ŵs, s ∈ [0, t], is the Brownian bridge on [0, t]. The distribution of the
exponential functional

A(t) =
∫ t

0

e2ŵsds

and the joint distribution of (A (t) , w (t)) were calculated in [26]. Together
with (6.17), these easily imply the statement of the theorem. ut

6.6 A relation between Markov processes and random
walks on discrete groups

Let Γ be a discrete group generated by elements a1, . . . , ad, a−1 = a−1
1 , . . . ,

a−d = a−1
d , with some identities. Define the Laplacian on Γ by the formula

∆ψ(g) =
d∑

i=−d

ψ(gai)− 2dψ(g), g ∈ Γ.

Consider the Markov process gt on Γ with continuous time and the generator
∆. Let g̃k, k = 0, 1, 2, . . ., be the Markov chain on Γ with discrete time
(symmetric random walk) such that

P{g̃0 = e} = 1, P{g̃n+1 = gai | g̃n = g} =
1
2d

, i = ±1,±2, . . . ,±d.

Then there is a relation between transition probability p(t, e, g) of the Markov
process gt and the transition probability P{g̃k = g } of the random walk.
In particular, one can estimate π(t) = p(t, e, e) for large t through π̃(2k) =
P{g̃2k = e} under minimal assumptions on π̃(2k). For example, it is enough to
assume that π̃(2k) = kγL(k), γ > 0, where L(k) for large k can be extended
as slowly varying monotonic function of continuous argument k. We are not
going to provide a general statement of this type, but we restrict ourself to a
specific situation needed in the next section. Note that we consider here only
even arguments of π̃ since π̃(2k + 1) = 0.

Theorem 6.5. Let π̃(2n) 6 e−c0(2n)α

as n →∞, c0 > 0, 0 < α < 1. Then

π(t) 6 e−c0(2dt)α

, t > t0.

Proof. The number νt of jumps of the process gt on the interval (0, t)
has Poisson distribution. At the moments of jumps, the process performs
the symmetric random walk with discrete time and transition probabilities
P{g → gai} = 1/2d, i = ±1,±2, . . . ,±d. Thus (taking into account that
π̃(2k + 1) = 0),
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π(t) = p(t, e, e) =
∞∑

n=0

π̃(2n)P{νt = 2n}.

Due to the exponential Chebyshev inequality

P{|νt − 2dt| > εt} 6 e−cε2t, t →∞.

Secondly,

P{νt is even} =
1
2

+ O(e−4dt), t →∞.

These relations imply that, for t →∞ and δ > 0

π(t) =
∑

n:|2n−2dt|<εt

π̃(2n)P{νt = 2n}+ O(e−c0(2dt)α

)

6
∑

n:|2n−2dt|<εt

e−c0(2n)α

P{νt = 2n}+ O(e−c0(2dt)α

)

6 (1 + δ)e−c0(2dt)α ∑

n:|2n−2dt|<εt

P{νt = 2n}+ O(e−c0(2dt)α

)

6 1 + δ

2
e−c0(2dt)α

+ O(e−c0(2dt)α

).

The proof is complete ut

6.7 Random walk on the discrete subgroup of Aff (R1)

Let us consider the following two matrices:

α1 =
[

e e
0 1

]
and α2 =

[
e −e
0 1

]

in Aff
(
R1

)
and their inverses

α−1 =
[

e−1 −1
0 1

]
and α−2 =

[
e−1 1
0 1

]
.

Let G be a subgroup of Aff
(
R1

)
generated by α±1and α±2. Consider the

random walk on G of the form

gn = h1h2 . . . hn,

where one step random matrices hi coincide with one of the matrices α±1,
α±2 with probability 1/4, i.e.,
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hi =
[

eεi δi

0 1

]
,

where

P{εi = 1, δi = e} = P{εi = 1, δi = −e}
= P{εi = −1, δi = −1} = P{εi = −1, δi = 1} = 1/4. (6.18)

Let ∆G be the Laplacian on G which corresponds to the generators
a±1, a±2, i.e. (cf. (6.1), (6.12)),

L = ∆Γ ψ(g) =
∑

i=±1,±2

[ψ(gai)− ψ(g)].

Theorem 6.6. (a) The following estimate is valid for π̃(2n) :

π̃(2n) 6 e−c0(2n)1/3
, n →∞, c0 > 0.

(b) Theorem 3.1 can be applied to the operator H = ∆G + V (g) with
γ = 1/3, i.e.,

N0(V ) 6 C(h,A)
[ ∑

g:V (g)6h−1

e−AW (g)−1/3
+ n(h)

]
,

n(h) = #{g : W (g) > h−1}.
Proof. The random variables (εi, δi) are dependent, but (6.18) implies that
(εi, δ̃i), where δ̃i =sgnδi, are independent symmetric Bernoulli r.v. It is easy
to see that

gn =
[

eSn
∑n

k=1 δkeSk−1

0 1

]
,

where S0 = 1, Sk = ε1 + . . . + εk, k > 0, is a symmetric random walk on
Z1. This formula is an obvious discrete analogue of (6.15). Our goal is to
calculate the probability

π̃(2n) = P{g2n = I} = P
{

S2n = 0,
2n∑

k=1

δkeSk−1 = 0
}

=
(

2n
n

)
1

22n
P

{ 2n∑

k=2

δkeŜk−1 = 0
}
∼ 1√

πn
P

{ 2n−1∑

k=1

δk+1e
Ŝk = 0

}

as n →∞. Here, Ŝk, k = 0, 1, . . . , 2n, is the discrete bridge, i.e., the random
walk Sk under conditions S0 = S2n = 0.
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Put M2n =max
k62n

Ŝk, m2n =min
k62n

Ŝk. Let Γ+
s−1, Γ−s be the sets of moments

of time k when the bridge Ŝk changes value from s− 1 to s or from s to s− 1
respectively. Introduce local times τ+

s−1 =CardΓ+
s−1 and τ−s =CardΓ−s , i.e.,

τ+
s−1 = #(jumps of Ŝk from s − 1 to s) and τ−s = #(jumps of Ŝk from s to

s− 1). Note that δk+1e
Ŝk = δ̃k+1e

s when k ∈ Γ+
s−1 ∪ Γ−s , and therefore

2n−1∑

k=1

δk+1e
Ŝk =

M2n∑
s=m2n+1

es
∑

j∈Γ+
s−1∪Γ−s

δ̃j .

Since r.v. {δ̃j} are independent of the trajectory Sk and numbers es, s =
0,±1,±2, . . ., are rationally independent, we have

P{g2n = I} ∼ 1√
πn

E
M2n

Π
s=m2n+1

(
2τ−s
τ−s

) (1
2

)2τ−s 6 1√
πn

(1
2

)M2n−m2n

=
1√
πn

(1
2

)M2n−m2n[
IM2n−m2n>

√
2n + IM2n−m2n<

√
2n

]

6 1√
πn

(1
2

)√2n

+

√
2n∑

r=1

(
1
2
)rP{|Sk| 6 r, k = 1, 2, . . . , 2n, S2n = 0}

6 e−c1
√

2n +

√
2n∑

r=1

(1
2

)r

P{|Sk| 6 r, k = 1, 2, . . . , 2n, S2n = 0}.

The proof is complete. ut

Lemma 6.1. P{|Sk| 6 r, k = 1, 2, . . . , 2n, S2n = 0} 6 (cos π
2(r+1) )

2n.

Proof. Introduce the operator

H0ψ(x) =
ψ(x + 1) + ψ(x− 1)

2

on the set [−r, r] ∈ Z1 with the Dirichlet boundary conditions ψ(r + 1) =
ψ(−r − 1) = 0. Then ϕ(x) = cos πx

2(r+1) is an eigenfunction of H0 with the
eigenvalue λ0,r+1 = cos π

2(r+1) . Hence

H2n
0 ϕ(x) = λ2n

0,r+1ϕ(x).

Let pr(k, x, z) be the transition probability of the random walk on [−r, r] ∈ Z1

with the absorption at ±(r + 1). Then
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∑

|z|6r

pr(2n, x, z)ϕ(z) = λ2n
0,r+1ϕ(x).

Since ϕ(z) 6 1, ϕ(0) = 1, the latter relation implies
∑

|z|6r

pr(2n, x, z) 6 λ2n
0,r+1.

Since Sk, k = 0, 1, . . . , 2n, is the symmetric random walk on Z1, we have

P{|Sk| 6 r, k = 1, 2, . . . , 2n, S2n = 0} = pr(2n, 0, 0) 6 λ2n
0,r+1.

A direct calculation shows that

max
r6
√

2n

(1
2

)r

(cos
π

2(r + 1)
)2n 6 e−c(2n)1/3

,

with the maximum achieved at r = r0 ∼ c1(2n)1/3. Thus

P{g2n = I} 6
(1

2

)√2n

+
√

2ne−c0(2n)1/3 6 e−c̃0(2n)1/3

for arbitrary c̃0 < c0 and sufficiently large n. This proves the first statement
of the theorem. Now, the second statement follows from Theorem 6.5. ut

7 Appendix

Proof of Theorem 3.2. As it was mentioned after the statement of the the-
orem, it is enough to show the validity of condition (b) and evaluate α, β.
Let

ut = −H0u, t > 0, u|t=0 = f,

with a compactly supported f and

ϕ = ϕ(x, λ) =
∫ ∞

0

ueλtdt, Reλ 6 −a < 0, x ∈ Γ d.

Note that we replaced −λ by λ in the Laplace transform above. It is conve-
nient for future notations. Then ϕ satisfies the equation

(H0 − λ)ϕ = f, (7.1)

and u can be found using the inverse Laplace transform

u =
1

(2π)d

∫ −a+i∞

−a−i∞
ϕe−λtdλ. (7.2)
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The spectrum of H0 is [0,∞), and ϕ is analytic in λ when λ ∈ C\[0,∞).
We are going to study the properties of ϕ when λ → 0 and λ → ∞. Let
ψ(z) = ψ(z, λ), z ∈ Zd, be the restriction of the function ϕ(x, λ), x ∈ Γ d, on
the lattice Zd. Let e be an arbitrary edge of Γ d with end points z1, z2 ∈ Zd

and parametrization from z1 to z2. By solving the boundary value problem
on e, we can represent ϕ on e in the form

ϕ =
ψ(z1) sin k(1− s) + ψ(z2) sin ks

sin k
+ ϕpar,

ϕpar =
∫ 1

0

G(s, t)f(t)dt,

(7.3)

where k =
√

λ, Imk > 0, and

G =
1

k sin k

{
sin ks sin k(1− t), s < t,

sin kt sin k(1− s), s > t.

Due to the invariance of H0 with respect to translations and rotations in
Zd, it is enough to estimate p0(t, x, x) when x belongs to the edge e0 with
z1 being the origin in Zd and z2 = (1, 0, . . . , 0). Let f be supported on one
edge e0. Then (7.3) is still valid, but ϕpar = 0 on all the edges except e0. We
substitute (7.3) into (3.5) and get the following equation for ψ :

(∆−2d cos k)ψ(z) =
1
k

∫ 1

0

sin k(1−t)f(t)dtδ1+
1
k

∫ 1

0

sin ktf(t)dtδ0, z ∈ Zd.

Here, ∆ is the lattice Laplacian defined in (3.2) and δ0, δ1 are functions on
Zd equal to one at z, y respectively, and vanish elsewhere. In particular, if f
is the delta function at a point s of the edge e0, then

(∆− 2d cos k)ψ =
1
k

sin k(1− s)δ1 +
1
k

sin ksδ0. (7.4)

Let Rµ(z − z0) be the kernel of the resolvent (∆ − µ)−1 of the lattice
Laplacian. Then (7.4) implies that

ψ(z) =
1√
λ

sin
√

λsRµ(z) +
1√
λ

sin
√

λ(1− s)Rµ(z − z2),

µ = 2d cos
√

λ.

(7.5)

The function Rµ(z) has the form

Rµ(z) =
∫

T

ei(σ,z)dσ

(
∑

16j6d 2 cos σj)− µ
, T = [−π, π]d.
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Hence the function sin(
√

λs)Rµ(z), s ∈ (0, 1), µ = 2d cos
√

λ, decays
exponentially as |Im

√
λ| → ∞. This allows one to change the contour of

integration in (7.2), when z ∈ Zd, and rewrite (7.2) in the form

u(z, t) =
1

(2π)d

∫

l

ψλ(z)e−λtdλ, z ∈ Zd, (7.6)

where the contour l consists of the ray λ = ρe−iπ/4, ρ ∈ (∞, 1), a smooth
arc starting at λ = e−π/4, ending at λ = eπ/4, and crossing the real axis at
λ = −a, and the ray λ = ρeiπ/4, ρ ∈ (1,∞). It is easy to see that |ψ(z, λ)| 6
C/|

√
λ| as λ ∈ l uniformly in s and z ∈ Zd. This immediately implies that

|u(z, t)| 6 C/
√

t. Now, from (7.3) it follows that the same estimate is valid
for p0(t, x, x), x ∈ e0, i.e., condition (b) holds, and α = 1.

From (7.6) it also follows that the asymptotic behavior of u as t → ∞
is determined by the asymptotic expansion of ψ(z, λ) as λ → 0, λ /∈ [0,∞).
Note that the spectrum of the difference Laplacian is [−2d, 2d], and µ =
2d− dλ + O(λ2) as λ → 0. From here and the well known expansions of the
resolvent of the difference Laplacian near the edge of the spectrum it follows
that the first singular term in the asymptotic expansion of Rµ(z) as λ → 0,
λ /∈ [0,∞), has the form

cdλ
d/2−1(1 + O(λ)), d is odd,

cdλ
d/2−1 ln λ(1 + O(λ)), d is even.

Then (7.5) implies that a similar expansion is valid for ψ(z, λ) with the main
term independent of s and the remainder estimated uniformly in s. This
allows one to replace l in (7.6) by the contour which consists of the rays
arg λ = ±π/4. From here it follows that for each z ∈ Zd and uniformly in s,

u(z, t) ∼ t−d/2, t →∞.

This and (7.3) imply the same behavior for p0(t, x, x), x ∈ e0, i.e., β = d. ut
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Estimates for the Counting Function of
the Laplace Operator on Domains with
Rough Boundaries

Yuri Netrusov and Yuri Safarov

Abstract We present explicit estimates for the remainder in the Weyl for-
mula for the Laplace operator on a domain Ω, which involve only the most
basic characteristics of Ω and hold under minimal assumptions about the
boundary ∂Ω.

This is a survey of results obtained by the authors in the last few years.
Most of them were proved or implicitly stated in our papers [10, 11, 12]; we
give precise references or outline proofs wherever it is possible. The results
announced in Subsection 5.2 are new.

Let Ω ⊂ Rn be an open bounded domain in Rn , and let −∆B be the
Laplacian on Ω subject to the Dirichlet (B = D) or Neumann (B = N)
boundary condition. Further on, we use the subscript B in the cases where
the corresponding statement refers to (or result holds for) both the Dirichlet
and Neumann Laplacian. Let NB(Ω, λ) be the number of eigenvalues of ∆B

lying below λ2. If the number of these eigenvalues is infinite or −∆B has
essential spectrum below λ2, then we define NN(Ω,λ) := +∞. Let

RB(Ω,λ) := NB(Ω,λ)− (2π)−n ωn |Ω|λn ,

where ωn is the volume of the n-dimensional unit ball and |Ω| denotes the
volume of Ω. According to the Weyl formula, RB(Ω, λ) = o(λn) as λ → +∞.
If B = D , then this is true for every bounded domain [4]. If B = N , then the
Weyl formula holds only for domains with sufficiently regular boundaries. In
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the general case, RN may well grow faster than λn; moreover, the Neumann
Laplacian on a bounded domain may have a nonempty essential spectrum
(see, for instance, Remark 6.1 or [6]). The necessary and sufficient conditions
for the absence of the essential spectrum in terms of capacities were obtained
by Maz’ya [8].

The aim of this paper is to present estimates for RB(Ω, λ), which involve
only the most basic characteristics of Ω and constants depending only on the
dimension n. The estimate from below (1.2) for RB(Ω,λ) and the estimate
from above (4.1) for RD(Ω, λ) hold for all bounded domains. The upper
bound (4.2) for RN(Ω, λ) is obtained for domains Ω of class C , i.e., under
the following assumption:

• every point x ∈ ∂Ω has a neighborhood Ux such that Ω∩Ux coincides (in a
suitable coordinate system) with the subgraph of a continuous function fx.

If all the functions fx satisfy the Hölder condition of order α , one says
that Ω belongs to the class Cα . For domains Ω ∈ Cα with α ∈ (0, 1)
our estimates RD(Ω,λ) = O (λn−α) and RN(Ω, λ) = O(λ(n−1)/α) are order
sharp in the scale Cα as λ →∞ . The latter estimate implies that the Weyl
formula holds for the Neumann Laplacian whenever α > 1− 1

n . If α 6 1− 1
n ,

then there exist domains in which the Weyl formula for NN(Ω,λ) fails (see
Remark 4.2 for details or [11] for more advanced results).

For domains of class C∞ our methods only give the known remain-
der estimate RB(Ω, λ) = O(λn−1 log λ) . To obtain the order sharp esti-
mate O(λn−1) , one has to use more sophisticated techniques. The most
advanced results in this direction were obtained in [7], where the estimate
RB(Ω,λ) = O(λn−1) was established for domains which belong to a slightly
better class than C1.

Throughout the paper, we use the following notation.
d(x) is the Euclidean distance from the point x ∈ Ω to the boundary ∂Ω;
Ωb

δ := {x ∈ Ω | d(x) 6 δ} is the internal closed δ-neighborhood of ∂Ω ;
Ωi

δ := Ω \Ωb
δ is the interior part of Ω.

1 Lower Bounds

Denote by ΠB(λ) the spectral projection of the operator −∆B corresponding
to the interval [0, λ2). Let eB(x, y;λ) be its integral kernel (the so-called spec-
tral function). It is well known that eB(x, y; λ) is an infinitely differentiable
function on Ω × Ω for each fixed λ and that eB(x, x; λ) is a nondecreasing
polynomially bounded function of λ for each fixed x ∈ Ω.

By the spectral theorem, the cosine Fourier transform of d
dλeB(x, y; λ)

coincides with the fundamental solution uB(x, y; t) of the wave equation in
Ω. On the other hand, due to the finite speed of propagation, uB(x, x; t)
is equal to u0(x, x; t) whenever t ∈ (−d(x), d(x)), where u0(x, y; t) is the
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fundamental solution of the wave equation in Rn. By a direct calculation,
u0(x, x; t) is independent of x and coincides with the cosine Fourier transform
of the function n (2π)−nωn λn−1

+ . Applying the Fourier Tauberian theorem
proved in [12], we obtain

|eB(x, x;λ)− (2π)−nωn λn|

6 2n(n + 2)2 (2π)−nωn

d(x)

(
λ +

(n + 2) n+2
√

3
d(x)

)n−1

(1.1)

for all x ∈ Ω and λ > 0 [12, Corollary 3.1]. Since

NB(Ω,λ) =
∫

Ω

eB(x, x;λ) dx >
∫

Ωi
δ

eB(x, x; λ) dx

for all δ > 0 , integrating (1.1) over Ωi
λ−1 , we arrive at

RB(λ, Ω) > −2n(n + 2)2 (2π)−nωn

(
1 + (n + 2) n+2

√
3
)n−1

λn−1

∫

Ωi
λ−1

dx

d(x)
.

Estimating constants and taking into account the obvious inequality

∫

Ωi
δ

dx

d(x)
=

∫ ∞

δ

s−1 d(|Ωb
s |) 6

∫ δ−1

0

|Ωb
t−1 |dt ,

we see that

RB(λ,Ω) > −Cn,1 λn−1

∫ ∞

λ−1
s−1 d(|Ωb

s |)

> −Cn,1 λn−1

∫ λ

0

|Ωb
t−1 | dt (1.2)

for all λ > 0, where Cn,1 :=
2 (n + 2)n+1

πn/2 Γ (n/2)
and Γ is the gamma-function.

2 Variational Formulas

In order to obtain upper bounds for RB(λ,Ω), we need to estimate the con-
tribution of Ωb

δ . For the Neumann Laplacian
∫

Ωb
δ

eN(x, x; λ) dx
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may well not be polynomially bounded, even if Ω ∈ C . In this case, the
Fourier Tauberian theorems are not applicable. Instead, we use the variational
technique.

The idea is to represent Ω as the union of relatively simple domains and
estimate the counting function for each of these domains. Then upper bounds
for NB(λ,Ω) are obtained with the use of the following two lemmas.

Let NN,D(Ω̃, Υ, λ) be the counting function of the Laplacian on Ω̃ with
Dirichlet boundary condition on Υ ⊂ ∂Ω̃ and Neumann boundary condition
on ∂Ω̃ \ Υ .

Lemma 2.1. If {Ωi} is a countable family of disjoint open sets Ωi ⊂ Ω such
that |Ω| = | ∪i Ωi|, then

∑

i

ND(Ωi, λ) 6 ND(Ω, λ) 6 NN(Ω,λ) 6
∑

i

NN(Ωi, λ)

and
NN(Ω,λ) >

∑

i

NN,D(Ωi, ∂Ωi \ ∂Ω, λ) .

Proof. It is an elementary consequence of the Rayleigh–Ritz formula. ut
Given a collection of sets {Ωj}, let us denote by ℵ{Ωj} the multiplicity

of the covering {Ωj}, i.e., the maximal number of the sets Ωj containing a
common element.

Lemma 2.2. Let {Ωj} be a countable family of open sets Ωj ⊂ Ω such that
|Ω| = | ∪j Ωj | , and let ℵ{Ωj} 6 κ < +∞ . If Υ ⊂ ∂Ω and Υj := ∂Ωj

⋂
Υ ,

then
NN,D(Ω, Υ,κ−1/2λ) 6

∑

j

NN,D(Ωj , Υj , λ).

Proof. See [11, Lemma 2.2]. ut

Remark 2.1. Lemmas 2.1 and 2.2 remain valid for more general differential
operators. This allows one to extend our results to some classes of higher
order operators [11].

3 Partitions of Ω

The following theorem is due to H. Whitney.

Theorem 3.1. There exists a countable family {Qi,m}m∈Mi , i∈I of mutu-
ally disjoint open n-dimensional cubes Qi,m with edges of length 2−i such
that
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Ω =
⋃

i∈I

⋃

m∈Mi

Qi,m and Qi,m ⊂ (
Ωb

4δi
\Ωb

δi

)

where δi :=
√

n 2−i , I is a subset of Z, and Mi are some finite index sets.

Proof. See, for example, [13, Chapter VI]. ut

Lemma 3.1. For every δ > 0 there exists a finite family of disjoint open sets
{Mk} such that

(i) each set Mk coincides with the intersection of Ω and an open n-dimen-
sional cube with edges of length δ ;

(ii) Ωb
δ0
⊂ ⋃

k Mk ⊂ Ωb
δ1

⋃
∂Ω , where δ0 := δ/

√
n and δ1 :=

√
n δ + δ/

√
n .

Proof. Consider an arbitrary covering of Rn by cubes with disjoint interiors
of size δ and select the cubes which have nonempty intersections with Ω. ut

Theorem 3.1 and Lemma 3.1 imply that Ω can be represented (modulo
a set of measure zero) as the union of Whitney cubes and the subsets Mk

lying in cubes of size δ. This is sufficient to estimate RD(λ,Ω). However, the
condition (i) of Lemma 3.1 does not imply any estimates for NN(λ,Mk). In
order to obtain an upper bound for RN(λ,Ω), one has to consider a more
sophisticated partition of Ω.

If Ω′ is an open (d− 1)-dimensional set and f is a continuous real-valued
function on the closure Ω′, let

• Gf,b(Ω′) := {x ∈ Rn | b < xd < f(x′), x′ ∈ Ω′} , where b is a constant
such that inf f > b ;

• Osc (f, Ω′) := sup
x′∈Ω′

f(x′)− inf
x′∈Ω′

f(x′) ;

• Vδ(f, Ω′) be the maximal number of disjoint (n − 1)-dimensional cubes
Q′i ⊂ Ω′ such that Osc (f, Q′

i) > δ for each i.

If n = 2 , then, roughly speaking, Vδ(f, Ω′) coincides with the maximal
number of oscillations of f which are not smaller than δ. Further on,

• V(δ) is the class of domains V which are represented in a suitable coordi-
nate system in the form V = Gf, b(Q′) , where Q′ is an (n−1)-dimensional
cube with edges of length not greater than δ , f : Q′ 7→ R is a continuous
function, b = inf f − δ , and Osc (f,Q′) 6 δ/2 ;

• P(δ) is the set of n-dimensional rectangles such that the length of the
maximal edge does not exceed δ .

Assume that Ω ∈ C . Then there is a finite collection of domains Ωl ⊂ Ω
such that Ωl = Gfl, bl

(Q′l) ∈ V(δl) with some δl > 0 and ∂Ω ⊂ ⋃
l∈LΩl .

Let us fix such a collection, and set

• nΩ is the number of the sets Ωl;
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• Vδ(Ω) := max{1,Vδ(f1, Q
′
1),Vδ(f2, Q

′
2), . . .} ;

• δΩ is the largest positive number such that Ωb
δΩ

⊂ ⋃
l∈LΩl , δΩ 6

diamQ′l , and 2δΩ 6 inf fl − bl for all l.

Theorem 3.2. Let Ω ∈ C . Then for each δ ∈ (0, δΩ ] there exist finite
families of sets {Pj} and {Vk} satisfying the following conditions:

(i) Pj ∈ P(δ) and Vk ∈ V(δ);

(ii) ℵ{Pj} 6 4n nΩ and ℵ{Vk} 6 4n−1 nΩ ;

(iii) Ωb
δ0
⊂ ∪j,k

(
Pj

⋃
Vk

) ⊂ Ωb
δ1

, where δ0 := δ/
√

n and δ1 :=
√

n δ+δ/
√

n ;

(iv) #{Vk} 6 23(n−1)
(
3n−1 Vδ/2(Ω) + nΩ δ−n |Ωb

δ1
|) and

#{Pj} 6 23n−13n−1 δ−1

∫ 4/δ

(2 diamΩ)−1
t−2 Vt−1(Ω) dt + 23n nn/2 nΩ δ−n |Ωb

δ1
| .

Proof. The theorem follows from [11, Corollary 3.8]. ut

4 Upper Bounds

The counting functions of the Laplacian on Whitney cubes can be evaluated
explicitly. For other domains introduced in the previous section the counting
functions are estimated as follows.

Lemma 4.1. (i) If P ∈ P(δ), then NN(P, λ) = 1 for all λ 6 πδ−1.

(ii) If V ∈ V(δ), then NN(V, λ) = 1 for all λ 6 (1 + 2π−2)−1/2δ−1.

(iii) If M is a subset of an n-dimensional cube Q with edges of length δ
and Υ := ∂M

⋂
Q , then

NN,D(M,Υ, λ) = 0 for all λ 6 (2−1 − 2−1δ−n|M |)1/2 πδ−1

and
NN,D(M, Υ, λ) 6 1 for all λ 6 πδ−1.

Proof. See [11, Lemma 2.6]. ut

Remark 4.1. The first result in Lemma 4.1(iii) is very rough. Much more pre-
cise results in terms of capacities were obtained in [9, Chapter 10, Section 1].

Applying Theorem 3.1 and Lemmas 2.1, 2.2, 3.1, 4.1 and putting δ = Cλ−1

with an appropriate constant C, we obtain
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RD(Ω,λ) 6 27n n2n λn−1

∫ λ

0

|Ωb
t−1 | dt ∀λ > 0 . (4.1)

Similarly, if Ω ∈ C , then Theorems 3.1, 3.2 and Lemmas 2.1, 2.2, 4.1 imply

RN(Ω, λ) 6 27n n
1/2
Ω λ

∫ CΩ λ

(2 diamΩ)−1
t−2 Vt−1(Ω) dt

+ 28n n2n nΩ λn−1

∫ CΩ λ

0

|Ωb
t−1 | dt (4.2)

for all λ > δ−1
Ω , where CΩ := 2n+3 n

1/2
Ω (see [11] for details). Note that

|Ωb
t−1 | 6 22n−2 3n nΩ (diamΩ)d−1t−1 + 23n−3 32n t−n Vt−1(Ω)

for all t > 0 [11, Lemma 4.3]. Therefore, (4.2) implies the estimate

RN(Ω,λ) 6 C ′Ω λn−1

(
log λ +

∫ C′Ω λ

(2 diamΩ)−1
t−n Vt−1(Ω) dt

)
(4.3)

with a constant C ′Ω depending on Ω .

Remark 4.2. Assume that Ω belongs to the Hölder class Cα for some α ∈
(0, 1). Then, by [11, Lemma 4.5], there are constants C ′1 and C ′2 such that

Vt−1(Ω) 6 C ′1 t(n−1)/α + C ′2 .

Now, (1.2) and (4.2) imply that

RN(Ω,λ) = O
(
λ(n−1)/α

)
, λ →∞ .

This estimate is order sharp. More precisely, for each α ∈ (0, 1) there ex-
ists a domain Ω with Cα-boundary such that RN(Ω, λ) > c λ(n−1)/α for all
sufficiently large λ, where c is a positive constant [11, Theorem 1.10 ]. The
inequalities (1.2) and (4.1) imply the well known estimate

RD(Ω, λ) = O
(
λn−α

)
, λ →∞ .

It is obvious that (n − 1)/α > n − α . Moreover, if α < 1 − n−1 , then
(n − 1)/α > n , which means that RN(Ω,λ) may grow faster than λn as
λ →∞ .

Remark 4.3. In a number of papers, estimates for RD(Ω, λ) were obtained
in terms of the so-called upper Minkowski dimension and the corresponding
Minkowski content of the boundary (see, for instance, [2, 3] or [5]). Our
formulas (1.2) and (4.1) are universal and imply the known estimates.
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5 Planar Domains

In the two-dimensional case, it is much easier to construct partitions of a
domain Ω , since the intersection of Ω with any straight line consists of dis-
joint open intervals. This allows one to refine the above results. Throughout
this section, we assume that Ω ⊂ R2 .

5.1 The Neumann Laplacian

Consider the domain

Ω = Gϕ := {(x, y) ∈ R2 | 0 < x < 1,−1 < y < ϕ(x)} , (5.1)

where ϕ : (0, 1) 7→ [0, +∞] is a lower semicontinuous function such that
|Gϕ| < ∞ (this implies, in particular, that ϕ is finite almost everywhere).
Note that Ω does not have to be bounded; the results of this subsection hold
for unbounded domains of the form (5.1).

For each fixed s > 0 the intersection of Gϕ with the horizontal line {y =
s} coincides with a countable collection of open intervals. Let us consider the
open set E(ϕ, s) obtained by projecting these intervals onto the horizontal
axis {y = 0} ,

E(ϕ, s) = {x ∈ (0, 1) | (x, s) ∈ Gϕ} =
⋃

j∈Γ (ϕ,s)

Ij ,

where Ij are the corresponding open disjoint subintervals of (0, 1) and Γ (ϕ, s)
is an index set. It is obvious that E(ϕ, s2) ⊂ E(ϕ, s1) whenever s2 > s1.

It turns out that the spectral properties of the Neumann Laplacian on Gϕ

are closely related to the following function, describing geometric properties
of Gϕ. Given t ∈ R+, let us denote

n(ϕ, t) =
+∞∑

k=1

#
{

j ∈ Γ (ϕ, kt) | µ(Ij) < 2 µ
(
Ij

⋂
E(ϕ, kt + t)

)}
,

where µ(·) is the one-dimensional measure of the corresponding set. Note
that n(ϕ, t) may well be +∞.

Recall that the first eigenvalue of the Neumann Laplacian is equal to zero
and the corresponding eigenfunction is constant. If the rest of the spectrum is
separated from 0 and lies in the interval [ν2,∞) , then we have the so-called
Poincaré inequality

inf
c∈R

‖u− c‖2L2(Ω) 6 ν−2 ‖∇u‖2L2(Ω) ∀u ∈ W 2,1(Ω) ,
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where W 2,1(Ω) is the Sobolev space.

Theorem 5.1. The Poincaré inequality holds in Ω = Gϕ if and only if
there exists t > 0 such that n(ϕ, t) = 0 . Moreover, there is a constant C > 1
independent of ϕ such that

C−1(t0 + 1) 6 ν−2 6 C (t0 + 1),

where t0 := inf{t > 0 | n(ϕ, t) = 0} and ν−2 is the best possible constant in
the Poincaré inequality.

Proof. See [10, Theorem 1.2]. ut

Theorem 5.2. The spectrum of Neumann Laplacian on Gϕ is discrete if
and only if n(ϕ, t) < +∞ for all t > 0.

Proof. See [10, Corollary 1.4]. ut

Theorem 5.3. Let Ψ : [1, +∞) 7→ (0, +∞) be a function such that

C−1sa 6 Ψ(s t)
Ψ(t)

6 C sb ∀s, t > 1,

where a > 1 , b > a and C > 1 are some constants. Then the following two
conditions are equivalent.

(i) There exist constants C1 > 1 and λ∗ > 0 such that

C−1
1 Ψ(λ) 6 RN(Gϕ, λ) 6 C1 Ψ(λ) ∀λ > λ∗ .

(ii) There exist constants C2 > 1 and t∗ > 0 such that

C−1
2 Ψ(t) 6 n(ϕ, t−1) 6 C2 Ψ(t) ∀t > t∗ .

Proof. See [10, Theorem 1.6]. ut

5.2 The Dirichlet Laplacian

Berry [1] conjectured that the Weyl formula for the Dirichlet Laplacian on
a domain with rough boundary might contain a second asymptotic term de-
pending on the fractal dimension of the boundary. This problems was inves-
tigated by a number of mathematicians and physicists and was discussed in
many papers (see, for instance, [2, 5] and the references therein). To the best
of our knowledge, positive results were obtained only for some special classes
of domains (such as domains with model cusps and disconnected selfsimilar
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fractals). The following theorem justifies the conjecture for planar domains
of class C .

Theorem 5.4. Let Ω be a planar domain of class C such that

|Ωb
δ | = C1δ

α1 + · · ·+ Cmδαm + o(δβ) , δ → 0,

where Cj , αi and β are real constants such that 0 < α1 < α2 < · · · <
αm 6 β < 1 and β < (1 + α1)/2 . Then

RD(Ω, λ) = τα1C1λ
2−α1 + · · ·+ ταmCmλ2−αm + o(λ2−β) , λ →∞,

where ταj is a constant depending only on αj for each j = 1, . . . , m .

Recall that the interior Minkowski content of order α of a planar domain
Ω is defined as

M int
α (Ω) := c(α) lim

δ→0
δα−2 |Ωb

δ | (5.2)

provided that the limit exists. Here, α ∈ (0, 2) and c(α) is a normalizing
constant. Theorem 5.4 with m = 1 and α1 = β = α immediately implies
the following assertion.

Corollary 5.1. If Ω is a planar domain of class C and 0 < M int
α (Ω) < +∞

for some α ∈ (1, 2) , then

lim
λ→+∞

RD(Ω, λ)/λ2−α = τα M int
α (Ω) ,

where τα is a constant depending only on α .

The proof of Theorem 5.4 consists of two parts, geometric and analytic.
The first part uses the technique developed in [10] and the following lemma
about partitions of planar domains Ω ∈ C .

Lemma 5.1. For every planar domain Ω ∈ C there exists a finite collection
of open connected disjoint subsets Ωi ⊂ Ω and a set D such that

(i) Ω ⊂ ((∪iΩi) ∪D) ⊂ Ω;

(ii) D coincides with the union of a finite collection of closed line segments;

(iii) each set Ωi is either a Lipschitz domain or is obtained from a domain
given by (5.1) with a continuous function ϕi by translation, rotation and
dilation.

The second, analytic part of the proof involves investigation of some one-
dimensional integral operators.
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6 Concluding Remarks and Open Problems

Remark 6.1. It is not clear how to obtain upper bounds for NN(Ω,λ) for
general domains Ω . It is not just a technical problem; for instance, the
Neumann Laplacian on the relatively simple planar domain Ω obtained from
the square (0, 2) × (0, 2) by removing the line segments 1

n × (0, 1) , n =
1, 2, 3 . . . , has a nonempty essential spectrum.

Remark 6.2. It may be possible to extend and/or refine our results, using
a combination of our variational approach with the technique developed by
Ivrii [7].

Remark 6.3. There are strong reasons to believe that Theorem 5.4 cannot be
extended to higher dimensions.

Finally, we draw reader’s attention to the following open problems.

Problem 6.1. By Lemma 2.2, NN(Ω,κ−1/2λ) 6
∑

j NN(Ωj , λ) for any finite
family {Ωj} of open sets Ωj ⊂ Ω such that |Ω| = | ∪j Ωj | and ℵ{Ωj} 6
κ < +∞ . It is possible that the better estimate

NN(Ω, λ) 6
∑

j

NN(Ωj , λ)

holds. This conjecture looks plausible and is equivalent to the following state-
ment: if Ω1 ⊂ Ω, Ω2 ⊂ Ω and Ω ⊂ Ω1

⋃
Ω2 , then

NN(Ω1, λ) + NN(Ω2, λ) > NN(Ω,λ).

Problem 6.2. It would be interesting to know whether the converse statement
to Corollary 5.1 is true. Namely, assume that Ω is a planar domain of class
C such that

RD(Ω, λ) = C λ2−α + o(λ2−α) , λ →∞ ,

with some constant C . Does this imply that the limit (5.2) exists and finite?

Problem 6.3. Is it possible to improve the estimate RB(Ω, λ) = O(λn−1 log λ)
for Lipschitz domains? The variational methods are applicable to all domains
Ω of class C but do not allow one to remove the log λ , whereas Ivrii’s tech-
nique gives the best possible result RB(Ω,λ) = O(λn−1) but works only for
Ω which are “logarithmically” better than Lipschitz domains.
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W 2,p-Theory of the Poincaré Problem

Dian K. Palagachev

Abstract We present some recent results regarding the W 2,p-theory of a
degenerate oblique derivative problem for second order uniformly elliptic op-
erators. The boundary operator is prescribed in terms of directional deriva-
tive with respect to a vector field ` which is tangent to ∂Ω at the points of
a nonempty set E ⊂ ∂Ω. Sufficient conditions are given ensuring existence,
uniqueness and regularity of solutions in the Lp-Sobolev scales. Moreover, we
show that the problem considered is of Fredholm type with index zero.

1 Introduction

The general aim of this survey is to present some recent results regarding the
W 2,p-theory of the degenerate oblique derivative problem for second order
elliptic equations known as the Poincaré problem. Precisely, let Ω ⊂ Rn,
n > 3, be a bounded domain with smooth enough boundary ∂Ω for which
ν(x) = (ν1(x), . . . , νn(x)) is the unit outward normal at the point x ∈ ∂Ω.
Given a unit vector field `(x) =

(
`1(x), . . . , `n(x)

)
on ∂Ω, we decompose it

into a sum of tangential and normal components,

`(x) = τ (x) + γ(x)ν(x) ∀ x ∈ ∂Ω,

where τ (x), τ : ∂Ω → Rn, is the projection of `(x) on the tangent hyperplane
to ∂Ω at the point x ∈ ∂Ω, and γ : ∂Ω → R denotes the Euclidean inner
product γ(x) := `(x) · ν(x). Actually, the set of zeroes of the function γ(x),

E :=
{
x ∈ ∂Ω : γ(x) = 0

}
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is the subset of the boundary where the field ` becomes tangent to it.
Given a second order uniformly elliptic operator L with measurable in Ω

coefficients, our goal is to study the oblique derivative problem

Lu := aij(x)Diju + bi(x)Diu + c(x)u = f(x) a.e. Ω,

Bu := ∂u/∂` + σ(x)u = ϕ(x) on ∂Ω
(P)

in the degenerate case where E 6≡ ∅. We consider (P) within the framework
of the Sobolev scales W 2,p(Ω) for each value of p > 1, assuming as low as
possible regularity of the coefficients of L and B.

Tangential problems like (P) arise naturally in mathematical models of
determining the gravitational fields of the celestial bodies. Actually, it was
Poincaré the first to arrive at a problem of that type in his studies on tides
[29]. We refer the reader to [14], where a model of (P) governs diffraction
of ocean waves by islands, to [11] for the applications in scattering of large
objects, and to [39] and [5] which link (P) to the gas dynamics problems.
The theory of stochastic processes is another area where (P) models real
phenomena (cf. [35]). Now the operator L describes analytically a strong
Markov process with continuous paths in Ω, such as the Brownian motion,
∂u/∂` corresponds to reflection along ` on ∂Ω\E and to diffusion at the points
of E , while the term σu is usually associated to absorption phenomena.

It is well known from the general theory of PDEs that (P) is not an elliptic
boundary value problem. Actually, reduction of (P) to a pseudodifferential
equation on ∂Ω leads to a problem of principal type which is no more elliptic
(cf. [13, 3]). A necessary and sufficient condition for (P) to be a regular el-
liptic boundary value problem is that the couple of operators (L,B) satisfies
the Shapiro–Lopatinskij complementary condition (cf. [1]) which means that
` must be transversal to ∂Ω when n > 3 and |`| 6= 0 as n = 2. If ` becomes
tangent to ∂Ω, then (P) is a degenerate problem and new effects occur in con-
trast to the regular case. The qualitative properties of (P) depend strongly on
the behavior of ` near the set of tangency E and precisely on the way the nor-
mal component γν of ` changes or no its orientation with respect to ∂Ω along
the trajectories of ` when these cross E . The general results were obtained by
Hörmander [12], Egorov and Kondrat’ev [4], Eskin [6], Maz’ya [17], Maz’ya
and Paneyah [18], Melin and Sjöstrand [19], Paneyah [26, 27] and precise de-
tails can be found in the monographs by Popivanov and Palagachev [33] and
Paneyah [28], and in the survey of Popivanov [30]. All these studies were car-
ried out within the framework of the Sobolev classes Hs(≡ Hs,2) assuming
C∞-smooth data and this naturally involved pseudodifferential techniques
and Hilbert space approach.

The simplest case occurs when γ = ` · ν, even if vanishing on E , conserves
its sign on ∂Ω (Fig. 1 (a)). According to the physical interpretation of (P)
in the theory of Brownian motion (cf. [2, 33]) this is the case of neutral
vector field ` and the Poincaré problem (P) is well-posed (in the sense of
Hadamard) in the appropriate functional classes (cf. [12, 4]). Assume now
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Fig. 1 The three types of the vector field `.

that γ changes its sign from “−” to “+” in the positive direction along the
τ -integral curves when these cross E (cf. Fig. 1 (b)). Then the field ` is of
emergent type, the tangency set E is called attracting and the problem (P)
has a kernel of infinite dimension. As is shown by Egorov and Kondrat’ev [4]
in the case codim∂ΩE = 1, we have to modify (P) by prescribing a Dirichlet
type boundary condition on E in order to get a well-posed problem. Finally,
let γ changes its sign from “+” to “−” in the positive direction along the τ -
integral curves (Fig 1 (c)). Now ` is of submergent type and E corresponds to a
repellent manifold. The problem (P) has infinite-dimensional cokernel ([12])
and Maz’ya and Paneyah [18] were the first to propose a relevant modification
of (P) by violating the boundary condition at the points of E , (codim∂ΩE =
1). As consequence, a Fredholm problem arises, but the restriction u|∂Ω has
a finite smooth jump at E which could be determined by the data of (P).

In contrast to the case of regular oblique derivative problems when the so-
lution gains two derivatives from f and one derivative from ϕ, the new feature
of the Poincaré problem (P) is that its solution loses regularity from the data
f and ϕ no matter what type the vector field ` is. That loss of smoothness
is precisely characterized by the subelliptic estimates derived for the solu-
tions of tangential problems (cf. Hörmander [12], Maz’ya and Paneyah [18],
Winzell [37], Guan [8], Guan and Sawyer [9, 10]) and it depends on the order
of contact k between ` and ∂Ω. Loosely speaking, the solution u of (P) gains
2− k/(k + 1) derivatives from f and 1− k/(k + 1) derivatives from ϕ.

Regarding the topological structure of the set E , it was assumed initially
to be a submanifold of ∂Ω of codimension one. Melin and Sjöstrand [19] and
Paneyah [26, 27] were the first to consider (P) in the general situation when
E is a subset of ∂Ω of positive (n−1)-dimensional Hausdorff measure which is
nontrapping for the `-trajectories, i.e., each integral curve of ` through a point
of E leaves it in a finite time in both directions. The results were extended by
Winzell [36, 38] to the settings of Hölder’s classes assuming C1,α-regularity
of the coefficients of L. Let us note that meas ∂ΩE > 0 automatically implies
an infinite order of contact between ` and ∂Ω, and therefore gain of one
derivative from f and zero derivative from ϕ for the solutions to (P).

When dealing with nonlinear Poincaré problems, however, we have to dis-
pose of precise information on the linear problem (P) with coefficients less
regular than C∞ (cf. [20, 31, 33, 15, 34, 32]). Indeed, a priori estimates in
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W 2,p for solutions to (P) would imply easily pointwise estimates for u and
Du for suitable values of p > 1 through the Sobolev imbedding theorem and
the Morrey lemma. This way, we are naturally led to consider the problem
(P) in a strong sense, i.e., to searching for solutions lying in W 2,p which
satisfy Lu = f almost everywhere (a.e.) in Ω and for which Bu = ϕ holds
in the sense of trace on ∂Ω. In the papers [9, 10] by Guan and Sawyer, solv-
ability and precise subelliptic estimates were obtained for (P) in Hs,p-spaces
(≡ W s,p for integer s!). However, the pseudodifferential technique involved
in [9] requires C∞-smooth coefficients, while in [10] the coefficients of L are
C0,α-smooth, but the field ` is supposed to be of finite type, and this au-
tomatically excludes the possibility to deal with sets E of positive surface
measure.

In this survey, we present some recent results regarding the W 2,p-theory of
the neutral and the emergent Poincaré problem (P) for arbitrary p ∈ (1,∞).
Our general goal is to built a relevant solvability theory weakening both the
Winzell assumptions on the C1,α-regularity of the coefficients of L and these
of Guan and Sawyer on the finite type of `. Indeed, the loss of smoothness
for the degenerate problems already mentioned requires some more regular-
ity of the data near the set of tangency E . Precisely, we suppose essential
boundedness near E for the `-directional derivatives of the coefficients of L,
whereas discontinuity controlled in V MO is allowed for aij away from E , and
bi, c ∈ L∞ there. Later on, ` is a Lipschitz vector field on ∂Ω with Lipschitz
continuous first derivatives near E , with no restrictions imposed on its order
of contact with ∂Ω. Regarding the structure of the tangency set E , it could
be a quite general subset of ∂Ω of positive (n − 1)-dimensional Hausdorff
measure, which is subordinated only to the nontrapping condition that all
trajectories of ` through the points of E are nonclosed and leave E in a finite
time in both directions.

We start with a priori estimate for the W 2,p(Ω)-solutions to (P) with
arbitrary p ∈ (1,∞). The technique adopted in the neutral case is based on a
dynamical system approach employing the fact that ∂u/∂` is a local solution
near E of a Dirichlet problem with right-hand side depending on the solution u
itself. Application of the Lp-estimates for such problems leads to an estimate
for the W 2,p-norms of u over a family of subdomains which, starting away
from E , evolve along the `-trajectories and exhaust a sort of their tubular
neighborhoods. The desired a priori bound follows through suitable iteration
with respect to the curvilinear parameter on the trajectories of `.

For what concerns the emergent Poincaré problem, it has a kernel of infi-
nite dimension, as mentioned above, and in order to get a well-posed prob-
lem one has to prescribe the values of u over a codimension-one submanifold
E0 ⊂ E of ∂Ω such that ` is transversal to E0. This way, we are led to consider
the modified Poincaré problem

Lu = f(x) a.e. Ω,

Bu = ϕ(x) on ∂Ω, u = µ(x) on E0

(MP)
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instead of (P). To derive the W 2,p(Ω)-estimates for the solutions of (MP),
we make use of the fact that on the parts of ∂Ω away from E0, where γ is
nonnegative/nonpositive, (MP) behaves as a neutral problem and therefore
the W 2,p(Ω)-estimates from the neutral case are available. For what concerns
the layer near E0, ` is transversal to E0 and it turns out that each point x close
to E0 could be reached from a unique point x′ ∈ E0 through an integral curve
of the field `. An integration of ∂u/∂` along that curve expresses u(x) in
terms of u(x′) and integral of ∂u/∂` over the intermediate arc connecting x′

and x. The supplementary condition u|E0 = µ provides a W 2,p(E0)-estimate
for the restriction u|E0 which solves a uniformly elliptic Dirichlet problem over
the manifold E0, while ∂u/∂` is a local solution to a Dirichlet-type problem
with right-hand side depending on u, and it estimates as in the neutral case.

Regarding the transversality of ` to E0 in the emergent case (MP), let us
note the very deep paper of Maz’ya [17], where the field ` can be tangent also
to E0 at the points of lower-dimensional submanifolds. Taking account of the
degenerate character of (P), the author proposed an adequate weak formu-
lation of (P) and even solved a local-analysis-problem posed by V.I. Arnold.
Maz’ya’s technique, however, seems inapplicable to our situation because of
its strong dependence on the C∞ structure of (P).

Another advantage of the dynamical system approach used in deriving the
a priori bounds is the improving-of-integrability property obtained for the
solutions of (P) and (MP). Roughly speaking, it means that the Poincaré
problem, even if a degenerate one, behaves as an elliptic problem for what
concerns the degree p of integrability. In other words, if p ∈ [q,∞) and
u ∈ W 2,q(Ω) is a strong solution to (P) or (MP) with f ∈ Lp(Ω) and
∂f/∂` ∈ Lp near E , ϕ ∈ W 1−1/p,p(∂Ω) and ϕ ∈ W 2−1/p,p near E , and
µ ∈ W 2−1/p,p(E0) in the case of (MP), then u ∈ W 2,p(Ω).

The importance of the improving-of-integrability property is indispensable
in deriving unicity of the W 2,p(Ω)-solutions to both the neutral and emergent
Poincaré problem when c(x) 6 0 a.e. in Ω. In fact, the difference u of any two
such solutions solves the homogeneous problem and therefore u ∈ W 2,q(Ω)
for all q > 1. In particular, u ∈ W 2,n(Ω) whence u ≡ 0 by means of the
Aleksandrov maximum principle. The uniqueness established leads to refined
a priori estimates for the solutions to the Poincaré problem and turns out to
be a sufficient condition ensuring strong solvability in W 2,p(Ω) for each p > 1
when c(x) 6 0 a.e. in Ω. Moreover, invoking the Riesz–Schauder theory, it
follows that (P) and (MP) are problems of Fredholm type with index zero.

We present here mainly the results from [22] and [25], where the Poincaré
problem is studied in W 2,p(Ω) for each value of p ∈ (1,∞) and general,
nontrapping structure of the tangency set E . The reader is referred to [16],
where the neutral problem (P) is studied in W 2,p(Ω), p > n, by the method of
elliptic regularization, and to [21] for a constructive approach to the emergent
problem (MP) in the case E ≡ E0, i.e., when the whole set of tangency is a
codimension-one submanifold of ∂Ω.
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2 A Priori Estimates

Hereafter, we adopt the standard summation convention on repeated indices
and Di := ∂/∂xi, Dij := ∂2/∂xi∂xj . The class of functions with Lipschitz
continuous k-th order derivatives is denoted by Ck,1, W k,p stands for the
Sobolev space of functions with Lp-summable weak derivatives up to order
k ∈ N and normed by ‖ · ‖W k,p , while W s,p(∂Ω) with s > 0 noninteger, p ∈
(1, +∞), is the fractional order Sobolev space. The Sarason class of functions
with vanishing mean oscillation is denoted as usual by V MO(Ω). We use the
standard parametrization t 7→ ψL(t, x) for the trajectory ( maximal integral
curve) of a given vector field L passing through the point x, i.e., ∂tψL(t, x) =
L ◦ψL(t, x) and ψL(0, x) = x.

We fix hereafter Σ ⊂ Ω to be a closed neighborhood of E in Ω and assume:

• Uniform ellipticity of the operator L: there is a constant λ > 0 such that

λ−1|ξ|2 6 aij(x)ξiξj 6 λ|ξ|2, aij(x) = aji(x) (2.1)

for almost all (a.a.) x ∈ Ω and all ξ ∈ Rn;
• Regularity of the data:

aij ∈ V MO(Ω) ∩ C0,1(Σ), bi, c ∈ L∞(Ω) ∩ C0,1(Σ),

`i, σ ∈ C0,1(∂Ω) ∩ C1,1(∂Ω ∩Σ),

∂Ω ∈ C1,1, ∂Ω ∩Σ ∈ C2,1;

(2.2)

• Non-trapping condition:

the arcs of the τ -trajectories lying in E
are all nonclosed and of finite length,

(2.3)

i.e., the integral curves of the field `, which coincide with these of τ on E ,
leave the set of tangency E in a finite time in both directions.

Regarding the behavior of the vector field ` near the set of tangency E , we
suppose either

• Neutral type of the vector field `:

γ(x) = `(x)·ν(x) > 0 ∀x ∈ ∂Ω (2.4)

which simply means that `(x) is either tangent to ∂Ω or is directed out-
wards Ω at each point x ∈ ∂Ω;

or

• Emergent type of the field `:
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∂Ω = ∂Ω+ ∪ ∂Ω− with closed ∂Ω± :=
{
x ∈ ∂Ω : γ(x) >

6 0
}
,

E0 := ∂Ω+ ∩ ∂Ω− ⊂ E , codim ∂ΩE0 = 1, E0 ∈ C2,1,

`(x) is strictly transversal to E0 and

points from ∂Ω− into ∂Ω+ for each x ∈ E0.

(2.5)

Actually, ∂Ω+ is the set of all boundary points x, where the field `(x)
points outwards Ω or is tangent to ∂Ω, while ` is tangent or directed
inward Ω on ∂Ω−, and the tangency set E may contain points both from
∂Ω+ and ∂Ω−. In other words, given a point x ∈ E we dispose of a large
amount of freedom for what concerns its assignment to ∂Ω+ or ∂Ω−. In
this sense, the definitions of ∂Ω+ and ∂Ω− are rather flexible and have
to respect only the requirement that the field ` is transversal to their
common boundary E0.

An important outgrowth of the nontrapping condition (2.3) is the length
boundedness of the τ -integral curves contained in E . In facts, it follows from
(2.3), the compactness of E and the semi-continuity properties of the lengths
of the τ -maximal integral curves that there is a finite upper bound κ0 for the
arclengths of the τ -trajectories lying in E (cf. [38, Proposition 3.1] and [33,
Proposition 3.2.4] for details).

In what follows, we will use a suitable extension of the field ` in a neighbor-
hood of ∂Ω. For each x ∈ Rn and close enough to ∂Ω set d(x) = dist (x, ∂Ω)
for the distance function and define Γ := {x ∈ Rn : d(x) 6 d0} with
d0 > 0 sufficiently small (note that Γ contains also points exterior to
Ω!). Thus, to each x ∈ Γ there corresponds a unique y(x) ∈ ∂Ω clos-
est to x, d(x) = |x − y(x)|, (

d(x)
)2 ∈ C1,1(Γ ), and y(x) ∈ C0,1(Γ ) while

y(x) ∈ C1,1(Γ ∩Σ) (cf. [7, Chapter 14]). We define

L(x) :=





`(y(x)) + (d(x))2ν(y(x))∣∣`(y(x)) + (d(x))2ν(y(x))
∣∣ ∀x ∈ Γ if ` is neutral,

`(y(x)) ∀x ∈ Γ if ` is emergent.

It is clear that the extended field L preserves the regularity properties of `.
Moreover, L is strictly transversal to ∂(Ω \ Γ ) in the neutral case and each
point of Γ can be reached from ∂(Ω\Γ )∩Ω through an L-trajectory of length
at most κ = κ(κ0) = const > 0. Regarding the emergent case, the extended
field L is strictly transversal to the C1,1-smooth, (n−1)-dimensional manifold

N := {x ∈ Ω : y(x) ∈ E0}

formed by the inward normals to ∂Ω at the points of E0.
In order to state our main results, we need to introduce special func-

tional spaces which take into account the higher regularity of the data of the
Poincaré problem near the tangency set E . For any p ∈ (1,∞) define the
Banach spaces
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Fp(Ω, Σ) := {f ∈ Lp(Ω) : ∂f/∂L ∈ Lp(Σ)}

normed by ‖f‖Fp(Ω,Σ) := ‖f‖Lp(Ω) + ‖∂f/∂L‖Lp(Σ) and

Φp(∂Ω,Σ) :=
{

ϕ ∈ W 1−1/p,p(∂Ω) : ϕ ∈ W 2−1/p,p(∂Ω ∩Σ)
}

equipped with the norm

‖ϕ‖Φp(∂Ω,Σ) := ‖ϕ‖W 1−1/p,p(∂Ω) + ‖ϕ‖W 2−1/p,p(∂Ω∩Σ).

We use also the space

W2,p(Ω, Σ) :=
{
u ∈ W 2,p(Ω) : ∂u/∂L ∈ W 2,p(Σ)

}

with the norm ‖u‖W2,p(Ω,Σ) := ‖u‖W 2,p(Ω) + ‖∂u/∂L‖W 2,p(Σ).
Hereafter, when referring to the Poincaré problem we mean (P) in case of

neutral field ` and the modified problem (MP) if ` is of emergent type. The
following is our first result asserting improving-of-integrability and providing
an Lp-a priori estimate for the strong solutions to the Poincaré problem.

Theorem 2.1. Suppose (2.1)–(2.3) together with (2.4) if ` is of neutral type
and (2.5) if ` is emergent. Let u ∈ W 2,q(Ω) be a strong solution to (P)
in the neutral case, and to (MP) in the emergent one with f ∈ Fp(Ω,Σ),
ϕ ∈ Φp(∂Ω,Σ), µ ∈ W 2−1/p,p(E0), and 1 < q 6 p < ∞.

Then u ∈ W 2,p(Ω) and there is a constant C, depending on the data of
the problem only, such that

‖u‖W 2,p(Ω) 6





CK(u, f, ϕ) if ` is neutral,

C
(
K(u, f, ϕ) + ‖µ‖W 2−1/p,p(E0)

)
if ` is emergent,

(2.6)

where K(u, f, ϕ) := ‖u‖Lp(Ω) + ‖f‖Fp(Ω,Σ) + ‖ϕ‖Φp(∂Ω,Σ).

The complete proofs of Theorem 2.1 are given in [22] and [25] for the
neutral and the emergent case respectively, while [21, 23] and [24] contain
simplified versions in the situation when the whole set of tangency E is a
codimension-one submanifold of ∂Ω. We restrict ourselves here to give only
a general idea of the proofs.

Let Σ′ ⊂ Σ′′ ⊂ Σ be closed neighborhoods of E in Ω with Σ′′ so “narrow”
that Σ′′ ⊂ Γ. Taking into account (2.1), (2.2) and the fact that γ(x) 6= 0
for all x ∈ ∂Ω \ Σ′, we get that both (P) and (MP) are regular oblique
derivative problems in Ω\Σ′ for the uniformly elliptic operator L with V MO
principal coefficients, and therefore the Lp-theory of such problems (cf. [15,
Theorem 2.3.1]) yields u ∈ W 2,p(Ω \Σ′) and

‖u‖W 2,p(Ω\Σ′) 6 C
(‖u‖Lp(Ω) + ‖f‖Lp(Ω) + ‖ϕ‖W 1−1/p,p(∂Ω)

)
. (2.7)
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Remark 2.1. Let us note that the directional derivative ∂u/∂L of any W 2,q-
solution to (P) is a W 2,q(Σ)-function. In fact, u ∈ W 2,q implies ∂u/∂L ∈
W 1,q(Σ) and taking the difference quotients in L-direction, the regularity
theory of the generalized solutions to uniformly elliptic equations (cf. [7,
Chapter 8 and Lemma 7.24]) yields ∂u/∂L ∈ W 2,q(Σ). Moreover, ∂u/∂L is
a strong local solution to the Dirichlet problem




L (∂u/∂L) = ∂u/∂L + 2aijDjL
kDkiu + (aijDijL

k + biDiL
k)Dku

− (
∂aij/∂L

)
Diju−

(
∂bi/∂L

)
Diu− (∂c/∂L) u a.e. Σ,

∂u/∂L = ϕ− σu on ∂Ω ∩Σ

with L(x) = (L1(x), . . . , Ln(x)) ∈ C1,1(Σ). This way, once having u ∈
W 2,p(Ω) and the estimate (2.6), the Lp-theory of the uniformly elliptic equa-
tions (cf. [1], [7, Chapter 9]) gives

‖∂u/∂L‖W 2,p(Σ̃) 6 C ′
(‖u‖Lp(Ω) + ‖f‖Fp(Ω,Σ) + ‖ϕ‖Φp(∂Ω,Σ)

)

for any closed neighborhood Σ̃ of E in Ω, Σ̃ ⊂ Σ, where the constant
C ′ depends on dist (Σ̃, Ω \ Σ) in addition. In other words, if a strong so-
lution u to the Poincaré problem belongs to W 2,p(Ω), then automatically
u ∈ W2,p(Ω, Σ) provided f ∈ Fp(Ω, Σ) and ϕ ∈ Φp(∂Ω, Σ).

Let us concentrate on the neutral case now and consider the problem (P).
Without loss of generality, we may assume σ ≡ 0 in (P). In fact, according
to (2.3) for each x ∈ Γ ∩Ω there is a unique α(x) ∈ C0,1(Γ ∩Ω) ∩ C1,1(Σ)
such that ψL(−α(x), x) ∈ ∂(Γ \ Ω) ∩ Ω. Suppose that σ(x) is extended in
Γ ∩Ω such that σ ∈ C0,1(Γ ∩Ω) ∩ C1,1(Σ) and define

σ̃(x) :=
∫ α(x)

0

σ ◦ψL(t− α(x), x))dt.

Since (∂σ̃/∂L)(x) = σ(x) for all x ∈ Γ ∩ Ω and σ̃, ∂σ̃/∂L ∈ C1,1(Σ), it is
clear that ũ(x) := u(x)e σ̃(x) ∈ W 2,q(Σ)∩W 2,p(Σ \Σ′) solves in Σ a problem
like (P) with σ ≡ 0.

Let x0 ∈ E be arbitrary. We set t 7→ ψL(t, x0) for the parametrization of
the L-trajectory through x0. According to (2.3) that trajectory will leave E
in both directions for a finite time. Thus, there exist t− < 0 < t+ such that
ψL(t−, x0) ∈ Σ′′ \Σ′, ψL(t+, x0) ∈ Rn \Ω. Let H be the (n−1)-dimensional
hyperplane through x0 and orthogonal to L(x0). We set

Br(x0) := {x ∈ H : |x− x0| < r}

with radius r > 0 to be specified later. The Picard inequality

|ψL(t, x′)−ψL(t, x′′)| 6 e t‖L‖C1(Σ) |x′ − x′′|
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implies that, if r is small enough, then the L-flow

B′
r(x0) := ψL(t−, Br(x0)) :=

{
ψL(t−, y) : y ∈ Br(x0)

}

of Br(x0) along the L-trajectories at time t− is fully contained in Σ′′ \ Σ′

and thus B′
r(x0) ∩ E = ∅. The set

Θr :=
{
ψL(t, x′) : x′ ∈ B′

r(x0), t ∈ (0, t+ − t−)
}

is a sort of tubular n-dimensional neighborhood of the L-trajectory through
x0 of base B′

r(x0), and we define

Tr := Θr ∩Ω,

noting that Tr ⊂ Σ′′ if r > 0 is small enough. The boundary ∂Tr consists
of the “base” B′

r(x0) and the “lateral” components ∂1Tr := ∂Tr ∩ ∂Ω and
∂2Tr := (∂Tr ∩ Ω) \ B′

r(x0). Take χ : H → R+ to be a C∞ cut-off function
with support contained in B3r/4(x0) and which equals 1 in Br/2(x0). Extend
χ to Rn as a constant along the L-trajectory through y ∈ H and define

U(x) := χ(x)u(x).

It is clear that U ∈ W 2,q(Σ) is a strong solution to the problem





LU = F (x) := χf + 2aijDjχDiu + (aijDijχ + biDiχ)u a.e. Tr,

∂U/∂L = Φ :=





χϕ on ∂1Tr,

0 near ∂2Tr,

χ∂u/∂L on B′
r(x0) ⊂ Σ′′ \Σ′.

We have u ∈ W 2,q(Σ) whence Du ∈ Lnq/(n−q) if q < n and Du ∈ Ls for
all s > 1 when q > n. Therefore, F ∈ Lp′(Σ) with p′ := min {p, nq/(n− q)}
if q < n, and p′ = p otherwise. Moreover, from Remark 2.1 it follows that
∂F/∂L ∈ Lp′(Σ′′). Similarly, ∂u/∂L ∈ W 2,p(Σ′′ \ Σ′) by (2.7), whence
Φ ∈ W 2−1/p,p(∂Tr). Therefore, (2.1), (2.2), Tr ⊂ Σ′′, and Remark 2.1 give
that

V (x) := ∂U/∂L

is a W 2,q(Tr)-solution of the Dirichlet problem




LV = ∂F/∂L + 2aijDjL
kDikU +

(
aijDijL

k + biDiL
k
)
DkU

− (
∂aij/∂L

)
DijU − (

∂bi/∂L
)
DiU − (∂c/∂L)U a.e. Tr,

V = Φ on ∂Tr.

(2.8)

At this point change the variables passing from x ∈ Θr into (x′, ξ), where
x′ = ψL(−ξ(x), x) ∈ B′

r(x0) and ξ : Θr → (0, t+− t−), ξ(x) ∈ C1,1(Θr). The
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field L is transversal to B′
r(x0) = ψL(t−, Br(x0)) and therefore x 7→ (x′, ξ) is

a C1,1-diffeomorphism. Moreover, ∂/∂L rewrites into ∂/∂ξ, ψL(t, x′) = (x′, t)
and V (x′, ξ) = ∂U(x′, ξ)/∂ξ as (x′, ξ) ∈ Tr (cf. [28, Proposition 1.3]). The
function V (x′, ξ) is absolutely continuous in ξ for a.a. x′ ∈ B′

r(x0) (after
redefining it on a set of zero measure, if necessary) and therefore

U(x′, ξ) = U(x′, 0) +
∫ ξ

0

V (x′, t)dt for a.a. (x′, ξ) ∈ Tr. (2.9)

The point (x′, 0) ∈ B′
r(x0) lies in Σ′′\Σ′ and U(x′, 0) is a W 2,p-function there

by (2.7), the Fubini theorem and [21, Remark 2.1]. Taking the derivatives of
(2.9) up to the second order and substituting them into the right-hand side
of (2.8), rewrites it as




L′V = F1(x′, ξ) +

∫ ξ

0

D2(ξ)V (x′, t)dt a.e. Tr,

V = Φ on ∂Tr.

(2.10)

Here, L′ is the operator L in terms of (x′, ξ) = (x′1, . . . , x
′
n−1, ξ),

F1(x′, ξ) := ∂F/∂L +D1V (x′, ξ) +D′1U(x′, ξ) +D′2U(x′, 0),

D2(ξ)V (x′, t) :=
n−1∑

i,j=1

Aij(x′, ξ)Dx′ix
′
j
V (x′, t), Aij ∈ L∞,

andD1,D′1,D′2 are linear differential operators with L∞-coefficients, ordD1 =
ordD′1 = 1, ordD′2 = 2. We have ∂F/∂L ∈ Lp′(Σ′′), U(x′, 0) ∈ W 2,p(B′

r(x0)),
U, V ∈ W 2,q(Σ′′) and therefore the Sobolev imbedding theorem implies
F1 ∈ Lp′(Tr). For what concerns the second order operator D2(ξ) it has
a quite rough characteristic form that is neither symmetric nor sign-definite.
Anyway, the improving-of-integrability property holds for (2.10) thanking to
the particular structure of Tr as union of L-trajectories through B′

r(x0). In
fact, it turns out that if V ∈ W 2,p′ on a subset of Tr with ξ < T , then V
remains a W 2,p′-function in a larger subset with ξ < T +r provided r is small
enough. Precisely, setting

Pr,T := {(x′, ξ) ∈ Tr : ξ < T} ∀T ∈ (0, t+ − t−),

it follows that for fixed r > 0,
{Pr,T

}
T>0

is a nondecreasing family of domains

exhausting Tr. Moreover, Pr,T ⊂ Σ′′ \Σ′ for small values of T and V ∈ W 2,p′

here by means of Remark 2.1. Suppose that V ∈ W 2,p′(Pr,T ). Let (x′, ξ) ∈
Pr,T+r. Rewriting the integral in (2.10) as

∫ T

0

D2(ξ)V (x′, t)dt +
∫ ξ

T

D2(ξ)V (x′, t)dt,
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the first term lies in W 2,p′ because the operator D2(ξ) acts in the x′-variables
only, while ξ ∈ (T, T + r) in the second one and contraction mapping argu-
ments show (cf. [22, Proposition 3.6]) that the solution V of (2.10) belongs to
W 2,p′(Pr,T+r) if r is less than some positive r0 depending on the point x0 ∈ E
and which is the same for all other points of E lying on the same L-trajectory
as x0. The improving of integrability of U in Tr then follows from (2.7) and
(2.9) by means of iteration with respect of the curvilinear parameter ξ along
the L-trajectory and standard bootstrapping (cf. [22, Proposition 3.7]). Fi-
nally, selecting a finite set {T j

r }N
j=1 of neighborhoods each of the type Tr

above and such that the closure
(⋃N

j=1 T j
r/2

)
⊂ Σ′′ is a closed neighborhood

of E in Ω, we get

‖u‖W 2,p(Σ′′) 6 C
(‖u‖Lp(Ω) + ‖f‖Fp(Ω,Σ) + ‖ϕ‖Φp(∂Ω,Σ)

)

and the desired estimate (2.6) in the neutral case follows from (2.7).

Remark 2.2. If the improving-of-integrability holds on a set S ⊂ Ω, then it is
guaranteed, on the base of (2.9), on the whole flow ψL(S) :=

{
ψL(t, x) ∈ Ω :

x ∈ S, t ∈ R}
of S along the L-trajectories. Precisely, u ∈ W 2,p(S) implies

u ∈ W 2,p(ψL(S)) and

‖u‖W 2,p(ψL(S′)) 6 C
(
K(u, f, ϕ) + ‖∂u/∂L‖W 1,p(ψL(S))

) ∀S′ ( S.

Consider now the emergent modified Poincaré problem (MP) and assume
σ ≡ 0 which always could be obtained by suitable change of variables as
above. The first step in proving Theorem 2.1 in the emergent case is to
establish it in a small enough closed neighborhood Σ0 ⊂ Ω of the manifold
E0. Take x0 ∈ E0 to be an arbitrary point and assume that the normal
manifold N has the local representation {xn = 0} near x0. We set H for the
(n − 1)-dimensional hyperplane through x0 and containing locally N , and
define

B′
r := {x′ ∈ H : |x′| < r} , Ω′

r := Ω ∩B′
r,

with r > 0 under control. Let T ′r be the flow of Ω′
r along the L-trajectories

in both directions,

T ′r := {ψL(t, x′) ∈ Ω : x′ ∈ Ω′
r, t ∈ R} .

From (2.3) and (2.5) it follows that T ′r is a connected set fully contained in
Σ if r > 0 is small enough. Let ∂1T ′r := ∂T ′r ∩ ∂Ω and ∂2T ′r := ∂T ′r ∩ Ω.
Introduce new coordinates in T ′r passing from x ∈ T ′r into (x′, ξ), where
x′ ∈ Ω′

r, x′ = ψL(−ξ(x), x) and ξ(x) : T ′r → R, ξ(x) ∈ C1,1(T ′r ), is the
signed arclength of the L-trajectory joining x with its projection x′ on Ω′

r.
The field L is transversal to N and therefore the map x 7→ (x′, ξ) is a C1,1-
diffeomorphism. Take a cut-off function χ ∈ C∞0 (B′

3r/4), χ(x′) = 1 in x′ ∈
B′

r/2, and extend it in T ′r as a constant along each L-trajectory through Ω′
r.
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We have as above that U(x) := χ(x)u(x) ∈ W 2,q(T ′r ), ∂U/∂L ≡ ∂U/∂ξ and
U solves the problem




LU = F (x) := χf + 2aijDjχDiu +
(
aijDijχ + biDiχ

)
u a.e. T ′r ,

∂U/∂L = Φ(x) :=χϕ =

{
χϕ on ∂1T ′r ,

0 near ∂2T ′r ,
U = χµ on N ∩ ∂T ′r .

We have F ∈ Lp′(T ′r ) as before, where p′ is the Sobolev conjugate of p, and
Remark 2.1 implies ∂F/∂L ∈ Lp′(T ′r ) and Φ ∈ W 2−1/p,p(∂T ′r ). Therefore,
from (2.2) and Remark 2.1 it follows that ∂U/∂L is a W 2,q-solution of the
Dirichlet problem (2.8) in T ′r . This way,

U(x) = U ◦ψL(−ξ(x), x) +
∫ ξ(x)

0

∂U

∂L
◦ψL(t− ξ(x), x)dt for a.a. x ∈ T ′r ,

i.e.,

U(x′, ξ) = U(x′, 0) +
∫ ξ

0

∂U

∂t
(x′, t)dt for a.a. (x′, ξ) ∈ T ′r (2.11)

with x′ ∈ Ω′
r ⊂ N . The higher integrability of U in T ′r and thus of u will follow

from the improving-of-summability property of U(x′, 0) and ∂U/∂t. For, let
L′′ be the action of the differential operator L on the functions defined in T ′r
and which are constant on almost every trajectory of L through Ω′

r. Thus,

(L′′U)(x′, 0) ≡aij(x′, 0)Dx′ix
′
j
U(x′, 0) + bi(x′, 0)Dx′iU(x′, 0)+c(x′, 0)U(x′, 0)

= F ′(x′) := F (x′, 0)− ain(x′, 0)Dx′i(DξU)(x′, 0)

− ann(x′, 0)(Dξ(DξU))(x′, 0)− bn(x′, 0)(DξU)(x′, 0)

= F̃ (x′)− ãin(x′)( ˜Dx′i(DξU))(x′)

− ãnn(x′)( ˜Dξ(DξU))(x′)− b̃n(x′)(D̃ξU)(x′),

where the summation in i and j runs from 1 to n − 1 and the “tilde” over
a function stands for its trace value on Ω′

r taken along the L-trajectories
(cf. [21, Remark 2.1]). One has F, ∂F/∂L ∈ Lp′(T ′r ) and [21, Remark 2.1]
gives F̃ (x′) = F (x′, 0) ∈ Lp′(Ω′

r). Further on, DξU ∈ W 2,q(T ′r ) and therefore

D̃ξU, ˜Dx′(DξU), ˜Dξ(DξU) ∈ Ls(Ω′
r) with s = (n− 1)q/(n − q) if q < n and

any s > 1 when q > n. This way, F ′(x′) ∈ Lp′′(Ω′
r), where p′′ = min{p′, s} =

min {p, (n− 1)q/(n− q)} if q < n, and p′′ = p otherwise. Since the restriction
Ũ(x′) := U(x′, 0) is a W 2,q(Ω′

r)-solution to the Dirichlet problem

L′′Ũ = F ′ a.e. Ω′
r, Ũ = χµ on ∂Ω′

r
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with F ′ ∈ Lp′′(Ω′
r), χµ ∈ W 2−1/p,p(∂Ω′

r), we get Ũ ∈ W 2,p′′(Ω′
r) with p′′ 6 p′

and p > p′′ > q.
To get DξU ∈ W 2,p′′ near E0, and therefore to conclude U ∈ W 2,p′′ on the

base of (2.11) and U(x′, 0) = Ũ(x′) ∈ W 2,p′′(Ω′
r), we compute the second

order derivatives of U from (2.11) and substitute them into the right-hand
side of (2.8), obtaining this way that V (x′, ξ) := DξU(x′, ξ) solves in T ′r
a Dirichlet problem like (2.10). Starting from this point and repeating the
procedure in the neutral case above, it follows V ∈ W 2,p′′(T ′r ) if r > 0
is sufficiently small, and this yields U ∈ W 2,p′′(T ′r ) on the base of U ∈
W 2,p′′(Ω′

r) and (2.11), whence u ∈ W 2,p′′(T ′r/2). Interpolating between p′′, p′

and p, and covering the compact E0 by the union of finite number of sets like
T ′r/2, we get (cf. [25, Proposition 2.5]) that there exists a closed neighborhood
Σ0 ⊂ Ω of E0, Σ0 ⊂ Σ′, such that u ∈ W 2,p(Σ0) and

‖u‖W 2,p(Σ0) 6 C
(
K(u, f, ϕ) + ‖µ‖W 2−1/p,p(E0)

+ ‖u‖W 1,p(Σ′) + ‖∂u/∂L‖W 1,p(Σ′)
)
.

Now, from Remark 2.2 it follows that u ∈ W 2,p(ψL(Σ0)), while the vector
field ` behaves like normal one on the set E \ ψL(Σ0), and therefore each
point of Σ′′ \ ψL(Σ0) can be reached from a strictly interior for Ω subset,
where we dispose of (2.7). Thus, u ∈ W 2,p(Σ′′ \ ψL(Σ0)) as consequence of
(2.7) and Remark 2.2. The desired estimate (2.6) follows by interpolation of
the W 2,p-norms of u and making use of Remark 2.1.

3 Uniqueness, Strong Solvability, and Fredholmness

We start with a maximum principle which is crucial in establishing that
the Poincaré problem is of Fredholm type (cf. [22, Lemma 4.1] and [25,
Lemma 3.1]).

Lemma 3.1. Assume that (2.1), (2.2), and (2.3) hold.

Neutral case. Let ` be of neutral type (2.4) and suppose that c(x) 6 0
a.e. Ω, σ(x) > 0 on ∂Ω and either c 6≡ 0 or σ 6≡ 0. Let u ∈ W 2,n

loc (Ω)∩C1(Ω)
satisfy

aij(x)Diju + bi(x)Diu + c(x)u > 0 a.e. Ω,

∂u/∂` + σ(x)u 6 0 on ∂Ω.

Then u(x) 6 0 in Ω.

Emergent case. Suppose that ` is of emergent type (2.5). Let c(x) 6 0
a.e. Ω, σ(x) >

6 0 on ∂Ω±, and either c 6≡ 0 or σ 6≡ 0. Assume that u ∈
W 2,n

loc (Ω) ∩ C1(Ω) satisfies
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aij(x)Diju + bi(x)Diu + c(x)u > 0 a.e. Ω,

∂u/∂` + σ(x)u 6
> 0 on ∂Ω±, u 6 0 on E0,

Then u(x) 6 0 in Ω.

The proof is carried out arguing by contradiction. Assuming that u(x)
attains positive values in Ω and setting u(x0) = maxΩ u(x) = M > 0, it
follows from u ∈ W 2,n

loc (Ω) and the strong Aleksandrov maximum principle
[7, Theorem 9.6] that x0 ∈ ∂Ω, unless u = const, which contradicts the
boundary condition. Later on, ` is transversal to ∂Ω on ∂Ω \E and therefore
u ∈ C1(Ω) and the Hopf boundary point lemma yield x0 ∈ E . The field
`(x0) is tangent to ∂Ω now, ∂u/∂`(x0) = 0 and another contradiction with
the boundary condition follows if σ(x0) 6= 0. Otherwise, σ(x0) = 0 and the
maximum M of u propagates along the τ -trajectory through x0 up to a point
x′0 at which either σ(x′0) 6= 0, or x′0 ∈ ∂Ω \ E (thanks to the nontrapping
condition (2.3)), or x′0 ∈ E0 if ` is emergent. In all the cases, a contradiction
with the boundary condition follows and this gives the claim.

Lemma 3.1 provides sufficient conditions ensuring unicity for the Poincaré
problem in W 2,p(Ω) for each p > 1. In fact, let u, v ∈ W 2,p(Ω) be two solu-
tions of (P) or (MP) respectively. Their difference w ∈ W 2,p(Ω) solves the
corresponding homogeneous Poincaré problem, and therefore w ∈ W 2,q(Ω)
for all q > 1 as it follows from Theorem 2.1. In particular, w ∈ W 2,n(Ω) and
Lemma 3.1 yields w ≡ 0 in Ω. In other words, the following assertion holds.

Corollary 3.1 (uniqueness). Under the assumptions of Lemma 3.1, the
Poincaré problem may have at most one solution in W 2,p(Ω), p > 1.

Another outgrowth of Lemma 3.1 is the possibility to refine considerably
the a priori estimate (2.6) by dropping out the Lp-norm of the solution from
the right-hand side. Precisely (cf. [22, Theorem 4.4] and [25, Theorem 3.4]),
the following assertion holds.

Theorem 3.1 (refined a priori estimate). Under the assumptions of Lemma
3.1, let p ∈ (1,∞), and let u ∈ W 2,p(Ω) be a strong solution to the neutral
problem (P) with f ∈ Fp(Ω, Σ) and ϕ ∈ Φp(∂Ω, Σ) or to the emergent
problem (MP) with f ∈ Fp(Ω, Σ), ϕ ∈ Φp(∂Ω, Σ) and µ ∈ W 2−1/p,p(E0).
Then there exists an absolute constant C such that

‖u‖W 2,p(Ω) 6





C
(‖f‖Fp(Ω,Σ) +‖ϕ‖Φp(∂Ω,Σ)

)
if ` is neutral,

C
(‖f‖Fp(Ω,Σ) +‖ϕ‖Φp(∂Ω,Σ)

+‖µ‖W 2−1/p,p(E0)
)

if ` is emergent.

(3.1)

To get (3.1) we argue by contradiction. In fact, assuming that (3.1) is false,
there is a sequence {uk}k∈N ∈ W 2,p(Ω) such that

‖uk‖Lp(Ω) = 1, lim
k→∞

‖Luk‖Fp(Ω,Σ) = lim
k→∞

‖Buk‖Φp(∂Ω,Σ) = 0
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and limk→∞ ‖uk‖W 2−1/p,p(E0) = 0 in case ` is of emergent type. The estimate
(2.6) implies boundedness of ‖uk‖W 2,p(Ω) and thus a subsequence {uk′}k′∈N
is weakly convergent to u ∈ W 2,p(Ω). It follows that Lu = 0 a.e. Ω, Bu = 0
on ∂Ω and u = 0 on E0 in the case of (MP), and thus u = 0 in Ω by means
of Corollary 3.1 and contrary to ‖u‖Lp(Ω) = 1.

With the refined a priori estimate (3.1) at hand, it is standard to derive
solvability of (P) and (MP) in W 2,p(Ω). In fact, for each k ∈ N consider the
approximating problems

Lkuk = fk a.e. Ω, Bkuk = ϕk on ∂Ω (Pk)

if ` is neutral, and

Lkuk = fk a.e. Ω, Bkuk = ϕk on ∂Ω, uk = µk on E0 (MPk)

if ` is emergent. Here, Lk and Bk are second order elliptic operator and first
order boundary operator respectively, both with C∞(Ω)-coefficients which
approximate the coefficients of L or B in the corresponding functional spaces
according to (2.2). The approximating vector fields `k, limk→∞ `k = ` in
C0,1(∂Ω)∩C1,1(∂Ω∩Σ), satisfy the nontrapping condition (2.3) and (2.4) in
the case of (Pk) or (2.5) when dealing with (MPk). Further on, the sequences
{fk}k∈N ∈ C∞(Ω), {ϕk}k∈N ∈ C∞(∂Ω) and {µk}k∈N ∈ C∞(E0) approximate
f, ϕ and µ as k →∞ in Fp(Ω, Σ), Φp(∂Ω, Σ) and W 2−1/p,p(E0) respectively.
Under the hypotheses of Lemma 3.1, each of the problems (Pk) and (MPk)
has unique classical solution uk ∈ C2,α(Ω), α ∈ (0, 1), by virtue of [38,
Theorem 1] for (Pk) and from [38, Theorem 2] for (MPk). The sequence
{uk}k∈N is bounded in W 2,p(Ω) as it follows from (3.1), whence a subsequence
converges weakly to u ∈ W 2,p(Ω). Passage to the limit as k →∞ in (Pk) and
(MPk) implies strong solvability of (P) and (MP) respectively. The reader
is referred to [22, Theorem 5.1] and [25, Theorem 3.5] for alternative proofs
of the following assertion.

Theorem 3.2 (strong solvability). Under the hypotheses of Lemma 3.1,
the Poincaré problems (P) and (MP) are uniquely solvable in W 2,p(Ω)
for arbitrary p ∈ (1,∞) and any f ∈ Fp(Ω,Σ), ϕ ∈ Φp(∂Ω,Σ) and
µ ∈ W 2−1/p,p(E0).

We are in a position now to prove that the Poincaré problem, even if a
degenerate one, is a problem of Fredholm type with zero index. For this goal,
take a p ∈ (1,∞) and define the kernel and the range of the neutral problem
(P) by the settings

K(P)
p :=

{
u ∈ W2,p(Ω, Σ) : Lu = 0 a.e. Ω, Bu = 0 on ∂Ω

}
,

R(P)
p := Fp(Ω, Σ)× Φp(∂Ω, Σ),

and these of the emergent problem (MP) by
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K(MP)
p :=

{
u ∈ W2,p(Ω, Σ) : Lu = 0 a.e. Ω, Bu = 0 on ∂Ω, u = 0 on E0

}
,

R(MP)
p := Fp(Ω, Σ)× Φp(∂Ω, Σ)×W 2−1/p,p(E0).

Theorem 3.3 (Fredholmness). Assume that (2.1), (2.2), and (2.3) hold and
consider the problem (P) when the field ` is of neutral type (2.4) or the
problem (MP) if ` is a field of emergent type (2.5).

For each p ∈ (1,∞) there exists a closed subspaces R̃(P)
p and R̃(MP)

p of
finite codimensions in R(P)

p and R(MP)
p respectively, and such that the prob-

lems (P) and (MP) are solvable in W 2,p(Ω) for each (f, ϕ) ∈ R̃(P)
p and each

(f, ϕ, µ) ∈ R̃(MP)
p respectively, and the corresponding solutions satisfy (2.6).

Moreover,

codim R̃(P)
p = dimK(P)

p , codim R̃(MP)
p = dimK(MP)

p .

In the particular case where the hypotheses of Lemma 3.1 are verified, the
kernels K(P)

p and K(MP)
p are trivial, R̃(P)

p ≡ R(P)
p and R̃(MP)

p ≡ R(MP)
p , and

therefore (P) and (MP) are uniquely solvable for arbitrary data (f, ϕ) ∈
R(P)

p and (f, ϕ, µ) ∈ R̃(MP)
p respectively, with solutions satisfying (3.1).

Proof. Subtracting a suitable function v ∈ W2,p(Ω, Σ), without loss of gen-
erality we may suppose σ ≡ 0 and consider the Poincaré problems (P) and
(MP) with homogeneous boundary data (cf. the proofs of Theorem 5.2 in
[22] and Theorem 3.6 in [25]). Thus, define the linear space

Wp :=

{{
u ∈ W2,p(Ω, Σ) : ∂u/∂` = 0 on ∂Ω

}
if ` is neutral,

{
u ∈ W2,p(Ω, Σ) : ∂u/∂` = 0 on ∂Ω, u = 0 on E0

}
if ` is emergent

and take a constant Λ > ‖c‖L∞(Ω). From Theorem 3.2 it follows that the
uniformly elliptic operator

LΛ := L − Λ : Wp → Fp(Ω, Σ)

is invertible, while the estimate (3.1) ensures that the inverse L−1
Λ maps

bounded sets of Fp(Ω,Σ) into bounded sets in Wp. Since Wp is compactly
imbedded in Fp(Ω, Σ) by the Rellich–Kondrachov theorem, this means that

L−1
Λ : Fp(Ω, Σ) → Fp(Ω, Σ)

is a compact operator. Setting Id for the identity operator from Fp(Ω, Σ) into
itself, the equation Lu = f a.e. Ω is equivalent to LΛu + Λu = f , i.e., to

(
Id + ΛL−1

Λ

)
u = L−1

Λ f

and the claim follows from the Riesz–Schauder theory. ut
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Actually, Theorem 3.3 provides a Fredholm alternative for the Poincaré
problem.

Corollary 3.2. Under the assumptions of Theorem 3.3, let p > 1 be arbi-
trary. Then, either

• The homogeneous Poincaré problem ( (P) or (MP)) admits only the triv-
ial solution and then the inhomogeneous problem is uniquely solvable in
W 2,p(Ω) for arbitrary data (f, ϕ) ∈ Fp(Ω, Σ) × Φp(∂Ω, Σ) in the case
of (P) and arbitrary (f, ϕ, µ) ∈ Fp(Ω,Σ)×Φp(∂Ω, Σ)×W 2−1/p,p(E0) in
case of (MP),

or

• The homogeneous Poincaré problem has nontrivial solutions which span a
subspace of W 2,p(Ω) of finite dimension k > 0. Then the inhomogeneous
problem (P) (respectively, (MP)) is solvable only for those data (f, ϕ) ∈
Fp(Ω, Σ) × Φp(∂Ω, Σ) (respectively, (f, ϕ, µ) ∈ Fp(Ω,Σ)×Φp(∂Ω, Σ)×
W 2−1/p,p(E0)) which satisfy k complementary conditions.
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19. Melin, A., Sjöstrand, J.: Fourier integral operators with complex phase func-
tions and parametrix for an interior boundary value problem. Commun. Partial
Differ. Equ. 1, 313–400 (1976)

20. Palagachev, D.K.: The tangential oblique derivative problem for second order
quasilinear parabolic operators. Commun. Partial Differ. Equ. 17, 867–903
(1992)

21. Palagachev, D.K.: The Poincaré problem in Lp-Sobolev spaces I: Codimension
one degeneracy. J. Funct. Anal. 229, 121–142 (2005)
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Topics 17, Wiley–VCH, Berlin (2000)

29. Poincaré, H.: Lecons de Méchanique Céleste, Tome III, Théorie de Marées,
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Weighted Inequalities for Integral and
Supremum Operators

Luboš Pick

Abstract We survey results on weighted inequalities for integral and supre-
mum operators with particular emphasize on certain recent developments.
We discuss various, mostly recent, results concerning several topics that are
in one way or another connected with the Hardy integral operator. It is my
great pleasure and honor to dedicate this paper to Professor Vladimir Maz’ya,
a true classic of the field, whose astonishing mathematical achievements have
increased considerably the beauty of this part of mathematical analysis and
therefore inspired and attracted many other mathematicians.

1 Prologue

The Hardy integral operator

Hf(t) :=
∫ t

0

f(s) ds, (1.1)

together with its many various modifications, where t ∈ (0,∞) and f is
a nonnegative locally-integrable function on (0,∞), plays a central role in
several branches of analysis and its applications. It becomes of a particular
interest when functional-analytic methods are applied to finding solutions of
partial differential equations.

In this survey, we concentrate on its properties such as boundedness or
compactness on various function spaces, with a particular emphasize on
weighted spaces. We further study the action of the Hardy operator restricted
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to the cone of monotone functions and finally we treat the analogous opera-
tors where the integration is replaced by taking a supremum.

Such knowledge is useful since it has been known that various problems
involving functions of several variables can be reduced to a one-dimensional
task, often quite more manageable than the original question, in which the
operator H plays a key role. As a particular instance we can recall the re-
duction theorem which asserts that Sobolev type embedding

WmX(Ω)↪→Y (Ω)

where Ω is an open bounded subset of Rn, 1 6 m 6 n − 1, X, Y are
rearrangement-invariant Banach function spaces, and W 1X is the Sobolev
space built upon X, is equivalent to the boundedness of the operator

Hm
n

f(t) :=
∫ 1

t

s
m
n −1f(s) ds

from X(0, 1) to Y (0, 1), where X, Y are the representation spaces of X, Y
respectively (cf. the exact definitions below). This result was proved in [28,
19, 47].

Reduction techniques using the Hardy operator have been successfully ap-
plied for example also to the dimension-independent logarithmic Gaussian–
Sobolev inequalities ([22]) or to various problems dealing with traces of func-
tions in a Sobolev space (cf., for example, [21] or [23]).

Recent results containing (among other topics) applications of Hardy in-
equalities to optimal Sobolev embeddings were mentioned in our previous
survey paper [74].

Here, we have a different goal. We will be interested in results concerning
the Hardy operator itself rather than its applications.

The paper is divided into three sections. In the first one, we give a brief
outline of the history of boundedness and compactness of the Hardy operator
in weighted function spaces. We concentrate on weighted Lebesgue spaces and
on the action of the Hardy operator from a weighted Banach function space
into L∞ and (weighted) BMO. The second section is devoted to the weighted
Hardy type inequalities restricted to the cone of nonincreasing functions.
This subject is in the focus of many authors especially since 1990’s. We in
particular survey the necessary and sufficient conditions of all possible mutual
embeddings between classical Lorentz spaces of types Λ, Γ and S. This theory
has been completed only very recently. We also present a few applications of
these results. In the last section, we treat the so-called supremum operators,
or Hardy type operators involving suprema, a topic whose interest is rapidly
growing in recent years and whose applications don’t seem to stop appearing
in various most unpredictable mathematical problems. Again, we concentrate
mainly on weighted inequalities for Lebesgue spaces.
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The reader interested in a more detailed history of the Hardy inequality
is referred to the wonderful book [55] from which we borrow heavily. Plenty
of results which would have deserved to be mentioned here are omitted be-
cause of the limited space. Several related topics have been left out for the
sake of brevity; this concerns, for example, weak classical Lorentz spaces (cf.
[15, 24, 35]), abstract duality and reduction principles ([33]), applications
to Sobolev embeddings (many papers mentioned throughout), Hardy type
operators involving suprema over the interval (0, t) (we restrict ourselves to
intervals (t,∞)), reduction theorems for supremum operators ([36]) and many
more.

As usual, throughout the paper, by A.B and A&B we mean that A 6 CB
and CA > B respectively, where C is a positive constant independent of
appropriate quantities involved in the expressions A and B. We also write
A ≈ B when both A.B and A&B are satisfied.

2 Hardy Operator

Almost a century ago, in 1915, G.H. Hardy proved an estimate for the arith-
metic means, namely, he showed that there exists a positive constant, C, such
that, for every sequence {an} of real numbers one has

∞∑
n=1

∣∣∣∣∣
1
n

n∑

k=1

ak

∣∣∣∣∣

2

6 C
∞∑

n=1

|an|2.

The inequality has been then considered in a more general context, namely
with the power 2 replaced by a general p ∈ (1,∞), and, finally, in the cele-
brated 1925 Hardy’s paper [41], the integral version

∫ ∞

0

(
1
t

∫ t

0

f(s) ds

)p

dt 6
(

p

p− 1

)p ∫ ∞

0

f(t)p dt (2.1)

was proved for every function f > 0 on (0,∞).
The estimate (2.1) can be considered as an inequality involving the Hardy

average operator

Af(t) :=
1
t

∫ t

0

f(s) ds, (2.2)

which is a simple modification of the classical Hardy operator (1.1).
The principal analytic feature of Hardy type operators is how they

act on function spaces. Such information is indispensable when functional-
theoretical methods are applied to the solution of the partial differential
equations.
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For example, (2.1) can be interpreted as the boundedness of the average
operator A on every Lebesgue space Lp(0,∞) for 1 < p 6 ∞. It can be also
interpreted in a little different way: given a weight function, or weight (i.e.,
a nonnegative measurable function w on (0,∞)), we can introduce a weighted
Lebesgue space Lp

w(0,∞) as a set of measurable functions f on (0,∞) such
that

∫∞
0
|f(x)|pw(x) dx < ∞, and endowed with the norm

‖f‖Lp
w(0,∞) :=

(∫ ∞

0

|f(x)|pw(x) dx

) 1
p

, 1 6 p < ∞.

Then (2.1) can be interpreted as the boundedness of the classical Hardy
operator H from Lp(0,∞) into Lp

w(0,∞), where w(t) = t−p.
The above-described double-interpretation principle of a Hardy type in-

equality in terms of Hardy type integral operators is possible in Lebesgue
spaces because of the homogeneity of their norms, but in more general func-
tion spaces does not necessarily work. As it has been known for decades,
although Lebesgue spaces still play a primary role in the theory and appli-
cations of function spaces, there are other types of function spaces which are
also of interest and importance.

In general, one can study properties of the weighted Hardy operator

Hu,vf(t) := u(t)
∫ t

0

f(s)v(s) ds, (2.3)

where u and v are weights, i.e., positive measurable functions on (0,∞). The
question of boundedness of the operator Hu,v from a Lebesgue space Lp(0,∞)
to another one, Lq(0,∞), transforms via a simple change of variables to the
equivalent question, for which weights w and v and for which parameters
p, q ∈ (0,∞), there is a positive constant, C, possibly dependent on w, v, p, q,
but not on f , such that

(∫ ∞

0

(∫ t

0

f(s) ds

)q

w(t) dt

) 1
q

6 C

(∫ ∞

0

f(t)pv(t) dt

) 1
p

. (2.4)

We recall that, by (2.4), this is true for p = q ∈ (1,∞), w(t) = 1
t and v ≡ 1.

It is a routine matter to generalize this inequality to more general, but still
power, weights. The question how to verify (2.4) given two general weights
v, w and a couple of possibly different parameters p, q is a much deeper and
more difficult task.

There exists a vast amount of literature dedicated to the study of Hardy
type inequalities, including several monographs. We do not have any ambition
in this note to give a thorough and comprehensive set of references or histor-
ical survey. We instead refer the reader to the book by Kufner, Maligranda
and Persson [55], where the history of the Hardy inequality is given in full
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detail. We quote here only those references which have a direct connection
to the particular inequalities we intend to treat here.

According to the (rather surprising) information revealed in [55], quoted
there to a personal communication with Professor Vladimir Maz’ya, an ap-
parently first treatment of the weighted Hardy inequality (2.1) was carried
out by Kac and Krein in the paper [44], which is almost neglected in litera-
ture. Here, the inequality was characterized in the case p = q = 2 and v ≡ 1
by the condition

sup
t∈(0,∞)

t

∫ ∞

t

w(s) ds < ∞. (2.5)

A systematic investigation of the weighted Hardy inequality was then done
by many authors. For instance, in 1950’s and 1960’s plenty of results were
obtained by Beesack (for details and references cf. [55]). The next major step
was the characterization of (2.4) for p = q and a pair of general weights. This
was obtained around 1969-1972 by several authors independently, including
Artola, Tomaselli, Talenti, Boyd–Erdos and Muckenhoupt, of which some
published their results and some did not. The result reads as follows. (Here
and throughout, given p ∈ (1,∞), we denote, as usual, p′ = p

p−1 .)

Theorem 2.1. The necessary and sufficient condition for (2.4) when p = q,
1 < p < ∞, is

sup
t∈(0,∞)

(∫ ∞

t

w(s) ds

)1/p (∫ t

0

v(s)1−p′ ds

)1/p′

< ∞. (2.6)

Since a particularly nice and easy direct proof was given by Muckenhoupt
in [69], (2.6) is often called the Muckenhoupt condition.

In 1970’s, an extensive research was dedicated to the extension of Theo-
rem 2.1 to the case where the parameters p and q are different. While this
is almost immediate when p 6 q, in the opposite case the characterization
of (2.4) is much more difficult. This diversity is important and interesting
and we return to it later in connection with other topics.

Early steps in searching necessary and sufficient conditions for (2.4) when
p < q can be traced back to 1930 when Hardy and Littlewood [42] found
it for power weights. Various partial results were then obtained by many
authors including Walsh, Boyd–Erdos, Juberg, Riemenschneider, Mucken-
houpt and many more. Around 1978–1979, several authors obtained, or at
least announced, a complete characterization. Among these one should name
Maz’ya–Rozin, Kokilashvili, and Bradley. Later still, in 1982, Andersen and
Muckenhoupt presented a different proof and characterized also correspond-
ing weak type inequalities. In particular, Bradley [10] gave a complete char-
acterization of (2.4) for 1 6 p 6 q with a nice and simple proof in the spirit
of Muckenhoupt. The result reads as follows.
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Theorem 2.2. Let 1 6 p 6 q < ∞ and let v, w be weights on (0,∞). Then
there exists a constant C such that the inequality (2.4) holds for every f > 0
on (0,∞) if and only if

sup
t>0

(∫ ∞

t

w(s) ds

)1/q (∫ t

0

v(s)1−p′ ds

)1/p′

< ∞ (2.7)

when p > 1, and

sup
t>0

(∫ ∞

t

w(s) ds

)1/q

ess sup
s∈(0,t)

1
v(s)

< ∞ (2.8)

when p = 1.

The Bradley’s paper became quite well-known, and the case 1 6 p 6 q <
∞ has been often called the Bradley case. However, since the condition (2.7)
is in some sense just a double-parameter version of (2.6), we refer to it as
the Muckenhoupt condition.

Bradley moreover made a simple, but interesting observation that (2.7) is
necessary for (2.4) for any values of p and q. The fact that it is not sufficient
when p > q was since noticed by several authors, certainly by Maz’ya–Rozin
and also by Sawyer. In 1984, Sawyer [78] gave the following interesting char-
acterization of (2.4).

Theorem 2.3. Let 0 < p < ∞, 1 6 q < ∞ and define r by

1
r

=
1
p
− 1

q
. (2.9)

Let v, w be weights on (0,∞). Then there exists a constant C such that the
inequality (2.4) holds for every f > 0 on (0,∞) if and only if

sup
{xk}





∑

k∈Z

(∫ xk+1

xk

w(x) dx

)r/q
(∫ xk

xk−1

v(x)1−p′ dx

)r/p′




1/r

< ∞, (2.10)

where the supremum is taken over all positive increasing sequences {xk} ⊂
(0,∞).

Sawyer’s paper contained more general results concerning Lorentz spaces
and also a more general weighted Hardy operator. His condition is formulated
in what we call discretized form. The supremum is extended over all possible
double-infinite sequences, sometimes called discretization sequences or cover-
ing sequences of points in (0,∞). It has proved to be of a great significance
from the theoretical point of view (and we see more of it later on), however
in practice, discretized conditions are for a given pair of weights v, w in gen-
eral not easy to verify. From this point of view the necessary and sufficient



Integral and Supremum Operators 285

condition for (2.4) in the case 1 6 q < p < ∞ obtained by Maz’ya and Rozin
in late 1970’s (cf. [66, pp. 72–76] and [67, pp.45–48]) is more manageable.
The result reads as follows.

Theorem 2.4. Let 1 6 q < p < ∞ and let r be defined by (2.9). Let
v, w be weights on (0,∞). Then there exists a constant C such that the
inequality (2.4) holds for every f > 0 on (0,∞) if and only if

(∫ ∞

0

(∫ ∞

x

w(t) dt

)r/q (∫ x

0

v(t)1−p′ dt

)r/q′

v(x)1−p′ dx

)1/r

< ∞ (2.11)

The condition (2.11) is currently often called a Maz’ya type condition and
the weighted Hardy type inequality with parameters satisfying 1 6 q < p <
∞ is usually in literature referred to as the Maz’ya case (in comparison to
the above-mentioned Bradley case in which the inequality between p and q
is converse). Furthermore, the Maz’ya type conditions are sometimes called
of integral type in comparison of the above-mentioned discretized ones. To
find a direct proof of the equivalence between conditions of Maz’ya and of
Sawyer is an interesting exercise. It should be noted that, when p > q, the
Muckenhoupt condition is strictly weaker than any of these, i.e., the impli-
cation (2.11)⇒(2.7) cannot be reversed.

In 1980’s, one of the cases of parameters that still remained open, namely,
0 < q < 1 and p > 1, was studied by Sinnamon, who proved in [80] that, in
that situation, again, the Maz’ya condition (2.11) is necessary and sufficient
for (2.4). In fact, in the case q < 1, one has q′ negative, so it is better to
replace (2.11) by

(∫ ∞

0

(∫ x

0

v(t)1−p′ dt

)r/p′ (∫ ∞

x

w(t) dt

)r/p

w(x) dx

)1/r

< ∞, (2.12)

whose equivalence to (2.11) is obtained through integration by parts.
Sinnamon used new methods based on the Halperin level function, a tool

that, as we will see, has been used later by several other authors, too.
The case 0 < q < 1 and p = 1 was solved by Sinnamon and Stepanov

in [81].

Theorem 2.5. Let 0 < q < 1, p = 1 and let v, w be weights on (0,∞). Then
there exists a constant C such that the inequality (2.4) holds for every f > 0
on (0,∞) if and only if

(∫ ∞

0

(
ess inf
0<t<x

w(t)
) q

q−1
(∫ ∞

x

v(t) dt

) q
1−q

v(x) dx

) 1−q
q

< ∞. (2.13)
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Finally, the case 0 < p < 1 is not of interest since (2.4) can never hold in
such situation in reasonable circumstances (this was noticed by several au-
thors, including Rudin, Maligranda, Lai, and Prokhorov–Stepanov, the reader
interested in details is kindly referred to [55]).

The action of Hardy type operators on various function spaces was exten-
sively studied by many authors. Particular results devoted to Orlicz spaces,
Lorentz spaces and more general structures have been obtained.

All the above-mentioned function spaces and many more can be hidden
under a common roof of the so-called Banach function spaces. Sometimes it
is useful to work in this rather general setup. We now give some basic prelim-
inary material from the theory of Banach function spaces. Here, a standard
general reference is [7].

Here and throughout, χE denotes the characteristic function of a set E.

Definition 2.6. Let v be a weight on (0,∞). We say that a normed linear
space (X, v) is a Banach function space if

1. the norm is defined for all measurable functions f , and ‖f‖(X,v) < ∞ if
and only if f ∈ (X, v);

2. the norm in (X, v) of f is always equal to the norm of |f |;
3. if 0 6 fn ↗ f almost everywhere, then ‖fn‖(X,v) ↗ ‖f‖(X,v) ;
4. if v(E) < ∞, then ‖χE‖(X,v) < ∞ ;
5. for every E ⊂ (0,∞) of finite measure there exists a constant CE such

that ∫

E

f(x)v(x) dx 6 CE‖f‖(X,v).

Definition 2.7. Let v be a weight on (0,∞) and let (X, v) be a Banach
function space. Then the set

(X ′, v) :=
{

f ;
∫ ∞

0

f(x)g(x)v(x) dx < ∞ ∀ g ∈ (X, v)
}

is called the associate space of (X, v).

The space (X ′, v) is equipped with the norm

‖f‖(X′,v) := sup
{∫ ∞

0

f(x)g(x)v(x) dx; ‖g‖(X,v) 6 1
}

.

The spaces (X, v) and (X ′, v) are Banach spaces and it is always true that
(X ′′, v) = (X, v). Moreover, the Hölder inequality

∫ ∞

0

f(x)g(x)v(x) dx 6 ‖f‖(X,v)‖g‖(X′,v)

holds, and is saturated in the sense that for any ε and any function f ∈ (X, v)
there exists a function g ∈ (X ′, v) such that ‖g‖(X′,v) 6 1 and
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‖f‖(X,v) >
∫ ∞

0

f(x)g(x)v(x) dx− ε.

A very important notion in the theory of Banach function spaces is the
absolute continuity of a norm. This property is particularly important when
compactness of operators is in question, as we will see later.

Definition 2.8. Let {En}n∈N be a sequence of subsets of (0,∞). We say that
En tends to an empty set, written En → ∅, if the characteristic functions
χEn of En converge in n pointwise almost everywhere to zero. If the sequence
is moreover monotone in the sense that En+1 ⊂ En for every n ∈ N, then we
write En ↘ ∅.

It should be noted that En in Definition 2.8 are not required to have finite
measure.

Definition 2.9. Let (X, v) be a Banach function space on (0,∞). We say
that a function f ∈ (X, v) has an absolutely continuous norm in (X, v) if
‖fχEn‖ → 0 whenever En → ∅. The set of all functions in (X, v) of absolutely
continuous norm is denoted by (X, v)a. If (X, v) = (X, v)a, then the space
(X, v) itself is said to have absolutely continuous norm. If K is a subset of
(X, v), we say that K has uniformly absolutely continuous norms in (X, v)
if, for every sequence En → ∅,

lim
n→∞

sup
f∈K

‖fχEn
‖(X,v) = 0.

Example 2.10. If 1 6 p < ∞, the weighted Lebesgue space Lp
v(0,∞) has

absolutely continuous norm. On the other hand, L∞a contains only the zero
function.

In connection with the investigation of the compactness properties of the
Hardy operator which we quote later, a slightly modified property that the
absolute continuity was introduced in [56].

Definition 2.11. Let (X, v) be a Banach function space on (0,∞). We say
that a function f ∈ (X, v) has a continuous norm in (X, v) if for any a ∈
[0,∞), b ∈ (0,∞] and for any sequences {xn}, {yn} such that either xn ↘ a
or yn ↗ b we have

lim
n→∞

‖fχ(a,xn)‖(X,v) = lim
n→∞

‖fχ(yn,b)‖(X,v) = 0.

While absolute continuity of a norm is a classical notion in the theory
of Banach function spaces, and its connection to compactness properties of
integral operators has been widely known for many decades (cf., for exam-
ple, [63]), the pointwise continuity of norm was, as far as we know, first intro-
duced in [56]. As we will see, it is a key tool to balance compactness theorems
in situations where attempts to give necessary conditions in terms of abso-
lute continuity of norm have failed. For a similar purpose it was used in [27].
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Obviously, (X, v)a ⊂ (X, v)c ⊂ (X, v). In [56], the question whether any of
these two inclusions can be proper in general, was left open. This question
turned out to be quite deep, but only a little later Lang and Nekvinda in [58]
proved that, actually, both these inclusions can be proper (which means in
particular that the notion of continuity of norm is strictly weaker than that of
the absolute continuity of norm). Later still, in [59], together with Rákosńık,
they constructed a wild enough space (X, v) in which every function has con-
tinuous norm, but only the zero function has absolutely continuous norm.
Their ingenious constructions were based on properties of the Cantor set.

The action of a Hardy operator on general weighted Banach function
spaces was studied by Berezhnoi [8]. He used the concept of the `-convexity
and `-concavity of function spaces, treated in detail, for example, by Linden-
strauss and Tzafriri in [61]. His condition is a discretized one, in some sense
related to the capacitary conditions treated before by Maz’ya.

We now concentrate on one of the possible extreme cases of the Hardy
inequality, namely, we investigate what happens when the target space is
near L∞ (endowed with the usual norm ‖f‖L∞ := ess supx∈(0,∞) |f(x)|). The
boundedness of the Hardy operator from a weighted Banach function space
into L∞ was treated in [56], but the simple result can be traced in other
works, too. It reads as follows.

Theorem 2.12. Let (X, v) be a weighted Banach function space on (0,∞).
Then there exists a constant C > 0 such that for all f ∈ (X, v)

‖Hf‖L∞ 6 C‖f‖(X,v) (2.14)

if and only if the function v−1 belongs to the space (X ′, v), i.e.,
∥∥∥∥

1
v

∥∥∥∥
(X′,v)

< ∞. (2.15)

Moreover, the best constant C in (2.14) equals ‖v−1‖(X′,v).

The proof of Theorem 2.12 is in fact nothing deeper than a simple exercise,
but it illustrates nicely the situation in the sense that the decisive role here is
played by certain properties of the function v−1 as an element of the associate
space to (X, v). These facts proved useful when more difficult tasks were
treated.

In many situations, L∞ is not a convenient space for various reasons. This
happens, for example, in harmonic analysis or Fourier analysis where many
important operators such as the Hilbert transform or singular integrals in
general do not have satisfactory properties near L∞ or in the interpolation
theory where suitable replacements for L∞ as an endpoint function space
have to be found. The role of such a replacement is in some circumstances
successfully played by the space BMO. We here concentrate on the charac-
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terization of the boundedness of the Hardy operator into a weighted version
of the BMO space.

We first need some notation and definitions.
Let w be a weight on (0,∞), let f be a measurable function on (0,∞) and

let E be a measurable subset of (0,∞). We then denote by fw,E the weighted
integral mean of f over E, i.e.,

fw,E :=
1

w(E)

∫

E

f(x)w(x) dx,

if the integral makes sense, where, as usual, we write

w(E) :=
∫

E

w(x) dx.

Definition 2.13. Let w be a weight on (0,∞). The space (BMO, w) is the
set of all measurable functions f on (0,∞) such that

‖f‖ := sup
[a,b]⊂(0,∞)

1
b− a

∫ b

a

∣∣f(x)− fw,(a,b)

∣∣ w(x) dx < ∞. (2.16)

Now, we are interested in the question when the Hardy operator H is
bounded from (X, v) into (BMO, w). This is a much more difficult task than
the analogous one with the target space equal to L∞. This problem was stud-
ied first in [56] and later still in [60]. The key task toward the characterization
was to find a suitable replacement for the function v−1 whose role was de-
scribed in Theorem 2.12. It turned out that in the case of weighted BMO,
this role is played not by a single function, but by a whole bunch of functions
parametrized by a system of subintervals of (0,∞).

Definition 2.14. Let 0 < a < b < ∞. We define

G(a,b)(x) :=
w(a, x)w(x, b)

(b− a)w(a, b)v(x)
χ(a,b)(x). (2.17)

With this notation, we can present our characterization.

Theorem 2.15. Let (X, v) be a weighted Banach function space on (0,∞)
and let w be another weight on (0,∞). Then there exists a constant C > 0
such that for all f ∈ (X, v)

‖Hf‖(BMO,w) 6 C‖f‖(X,v) (2.18)

if and only if
sup

[a,b]⊂(0,∞)

∥∥G(a,b)

∥∥
(X′,v)

< ∞. (2.19)
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In the case of nonweighted BMO (i.e., w ≡ 1), the condition (2.19) is of
course replaced by

sup
[a,b]⊂(0,∞)

∥∥∥∥
(x− a)(b− x))
(b− a)2v(x)

χ(a,b)(x)
∥∥∥∥

(X′,v)

< ∞. (2.20)

It should be noted that the nonweighted BMO is a strictly larger function
space that L∞. For certain cases of the parameters involved it may happen
that the conditions (2.20) and (2.15) coincide; this happens, for example,
when X = L1. However, in general, (2.20) is strictly weaker than (2.15).
A simple exercise shows that such an example is obtained by putting v(x) :=
xp−1 and X = Lp, 1 < p < ∞.

Aside from the boundedness, the most important property of the Hardy
operator from the point of view of applications, is its compactness on various
function spaces. Again, it has been studied by many authors and a vast
literature is available on this topic. We start here with a summary of results
for 1 < p, q < ∞. Partial steps have been done by Kac–Krein, Stuart, Juberg,
Riemenschneider, Maz’ya, Opic–Kufner, Mynbaev–Otelbaev, Stepanov, and
others. An interesting feature about the following theorem is how it reveals
one very important difference between the Bradley case and the Maz’ya case.

Theorem 2.16. (i) Let 1 < p 6 q < ∞. Then the operator H, defined
by (1.1), is compact from Lp

v(0,∞) into Lq
w(0,∞) if and only if

lim
x→0+

(∫ ∞

x

w(s) ds

)1/q (∫ x

0

v(s)1−p′ ds

)1/p′

= 0 (2.21)

and

lim
x→∞

(∫ ∞

x

w(s) ds

)1/q (∫ x

0

v(s)1−p′ ds

)1/p′

= 0. (2.22)

(ii) Let 1 < q < p < ∞. Then the operator H, defined by (1.1), is compact
from Lp

v(0,∞) into Lq
w(0,∞) if and only if it is bounded, i.e., if and only if

the Maz’ya condition (2.11) holds.

So it turns out that, in the Bradley case, compactness is born from bound-
edness by forcing the endpoint limits to be zero, while, in the Maz’ya case,
there is no difference between boundedness and compactness, boundedness
already entails compactness.

In case a space ` of sequences can be found such that the above-mentioned
`-convexity/concavity relation between the space (X, v) and (Y, w) takes
place, a discretization characterization of the compactness of T from (X, v)
to (Y, w) was found by Berezhnoi [8].

We now survey some results from [27]. We work with four possibly different
weights, v, w, ϕ, and ψ and with the Hardy operator T , defined as
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Tf(x) := ϕ(x)
∫ x

0

f(t)ψ(t)v(t) dt.

Of course, our use of a double weight ψv rather than a single one comes purely
from a typographical convenience. We also need the following modification
of the operator T : Given an interval I ⊂ (0,∞), we denote

TIf(x) := χI(x)ϕ(x)
∫ x

0

χI(t)f(t)ψ(t)v(t) dt.

We are interested in the action of the operator T from one weighted Ba-
nach function space, (X, v), into another one (Y, w). First, one easily gets
a necessary condition in the spirit of the Muckenhoupt condition (2.6) in the
following way:

Assume
T : (X, v) → (Y, w),

i.e., there exists a constant C such that, for every f > 0,

‖Tf‖(Y,w) 6 C‖f‖(X,v).

Thus, given any R > 0, we have

C > C‖f‖(X,v) > ‖Tf‖(Y,w) > ‖Tfχ(R,∞)‖(Y,w)

>
∫ R

0

f(t)ψ(t)v(t) dt‖ϕχ(R,∞)‖(Y,w).

Taking now the supremum over all such f and R and using Definition 2.7,
we obtain

sup
R∈(0,∞)

‖ϕχ(R,∞)‖(Y,w)‖ψχ(0,R)‖(X′,v) < ∞.

Since a similar reasoning works for TI in place of T , we finally get

Proposition 2.17. Let I be an arbitrary subinterval of (0,∞). Suppose that

TI : (X, v) → (Y,w). (2.23)

Then,
sup
R∈I

‖ϕχIχ(R,∞)‖(Y,w)‖ψχIχ(0,R)‖(X′,v) < ∞. (2.24)

Note that in the particular case I = (0,∞), X = Lp and Y = Lq, the
condition (2.24) coincides with the Muckenhoupt condition (2.6). In consis-
tency of this observation, we call (2.24) a Muckenhoupt condition even in the
general setting of weighted Banach function spaces.

Proposition 2.17 shows that the Muckenhoupt condition is always neces-
sary for the boundedness of the operator T from (X, v) into (Y, w). This is
just a more general version of the above-mentioned observation of Bradley.
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We recall however, that, in the case of weighted Lebesgue spaces, the Muck-
enhoupt condition is sufficient for T : (X, v) → (Y, w) when 1 6 p 6 q < ∞,
but it is not sufficient when 1 < q < p < ∞. Thus, naturally, the collection
of all pairs of Banach function spaces ((X, v), (Y, w)) can be divided into
two subclasses; one containing those pairs for which (2.24) is sufficient for
TI : (X, v) → (Y, w) and those for which it is not. This led us in [27] to the
following definition.

Definition 2.18. We say that a pair of weighted Banach function spaces
((X, v), (Y, w)) belongs to the Muckenhoupt category M(ϕ,ψ), if for any in-
terval I ⊂ (0,∞) the condition (2.24) implies (2.23) and the estimate

C−1‖TI‖(X,v)→(Y,w) 6 sup
R∈I

‖ϕχIχ(R,∞)‖(Y,w)‖ψχIχ(0,R)‖(X′,v)

6 C‖TI‖(X,v)→(Y,w)

holds with some constant C independent of v, w and I.

For pairs of weighted Banach function spaces belonging to M(ϕ,ψ), the
compactness of T from (X, v) into (Y,w) can be characterized. We survey
the results in the following theorem.

Theorem 2.19. Let v, w, ϕ, ψ be weights on (0,∞) and let (X, v) and (Y,w)
be two weighted Banach function spaces on (0,∞). Suppose that the pair
((X, v), (Y, w)) belongs to the Muckenhoupt category M(ϕ, ψ).

Then Tϕ,ψ is compact from (X, v) into (Y, w) if and only if the following
two conditions are satisfied:

(i) both conditions

lim
a→0+

sup
R∈(0,a)

‖ϕχ(R,a)‖(Y,w)‖ψχIχ(0,R)‖(X′,v) = 0 (2.25)

and
lim

b→∞
sup

R∈(b,∞)

‖ϕχ(R,∞)‖(Y,w)‖ψχIχ(b,R)‖(X′,v) = 0; (2.26)

(ii) the functions ϕ and ψ have continuous norms at every point α ∈
(0,∞).

To finish this section, we once again return to the properties of the Hardy
operator in the cases where the target space is L∞ or BMO, but this time
we investigate its compactness.

The following theorem was proved in [56].

Theorem 2.20. Let (X, v) be a weighted Banach function space on (0,∞).
Then the Hardy operator H is compact from (X, v) into L∞ if and only if
the function v−1 has continuous norm in (X ′, v).
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Replacing L∞ by the (nonweighted) BMO space leads to the following
result, which was proved in [60] (in the earlier work [56] a slightly different
and not so nice characterizing condition was given).

Theorem 2.21. Let (X, v) be a weighted Banach function space on (0,∞).
Let K ⊂ (X, v) be the collection of all functions GI(x), defined by

GI(x) := χI(x)
(b− x)(x− a)

(b− a)2
1

v(x)
,

where I = [a, b] ⊂ (0,∞). Then, the Hardy operator H is compact from (X, v)
into L∞ if and only if K has uniformly continuous norms in (X ′, v).

An interesting question, which was treated in [60], is how big is the gap
between L∞ and the (bigger) space BMO when measured by the action of
the Hardy operator from weighted Banach function spaces. Considering the
four statements, namely

(i) H is bounded from X(v) into L∞;
(ii) H is bounded from X(v) into BMO;
(iii) H is compact from X(v) into L∞;
(iv) H is compact from X(v) into BMO,

we can ask about all possible general implications among them. Now, we
obviously have the trivial ones,

(iii) ⇒ (i) ⇒ (ii) and (iii) ⇒ (iv) ⇒ (ii),

but the question is whether there are any other implications valid. In [60]
it was shown that this is not the case. We now survey the corresponding
counterexamples.

Example 2.22. With no loss of generality we work here on (0, 1
4 ) rather

than on (0,∞). Let 1 < p < ∞, and define for n = 2, 3, . . .

αn := 2−ne−1/n, βn = 2−n, Jn := (αn, βn), Rn := (βn+1, αn),

and

v(x) =
∞∑

n=2

(
xp−1χJn

(x) + χRn
(x)

)
, x ∈

(
0,

1
4

)
.

Put (X, v) = Lp
v. Then (iv) is true and (i) is false.

For the next example, we need the Lorentz space Lp,1(v), defined as the
collection of all functions f such that

‖f‖Lp,1(v) :=
∫ ∞

0

λv ({|f | > λ}) 1
p−1

dλ
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is finite.

Example 2.23. Let 1 < p < ∞, v(x) = xp−1 for x ∈ (0,∞), and let
(X, v) = Lp,1(v). Then (i) is true and (iv) is false.

The above two examples demonstrate the interesting fact that there is no
relation between (i) and (iv). Next, we concentrate on the fact that none of
the implications above can be reversed.

Example 2.24. Let 1 < p < ∞, v(x) = xp−1 for x ∈ (0,∞), and let
(X, v) = Lp(v). Then (ii) is true, but both (iv) and (i) are false.

For the final counterexample we need to introduce a new function space.
Let Z be defined as the set of all functions f on (0, 1) such that

‖f‖Z := sup
0<α61

∫ 1

0

|f(x)|αxα−1 dx

is finite. It is not difficult to verify that Z is a Banach function space (non-
weighted, i.e., with w ≡ 1) and that it does not have absolutely continuous
norm. Some more interesting properties of this space are derived in [60].

Example 2.25. Similarly to Example 2.22, with no loss of generality we
work here on (0, 1) rather than on (0,∞). Let (X, v) = Z ′, the associate
space of Z. Then both (iv) and (i) are true but (iii) is false.

Since Example 2.25 in fact works with Z ′ rather than Z, it would be of
interest to give a reasonable direct characterization of Z. Some attempts have
been made in unpublished manuscripts, but unfortunately none was correct.
So as far as we know, this problem is still open.

3 Hardy Operator on Monotone Functions

A very special part of the investigation of properties of the Hardy operator is
how it acts on functions that are a-priori assumed to be monotone on (0,∞).
The real boom of this topic started in 1990, but particular results in this
direction can be found in earlier works, for example of Bennett, Renaud or
Burenkov. More details on the history of the subject can be found, again,
in [55].

First of all, we need some background on the nonincreasing rearrangement
of a function and on related function spaces.

We denote by M(0,∞) the class of real-valued measurable functions on
(0,∞) and by M+(0,∞) the class of nonnegative functions in M(0,∞). Given
f ∈ M(0,∞), its nonincreasing rearrangement is defined by

f∗(t) = inf {λ > 0; |{x ∈ (0,∞); |f(x)| > λ}| 6 t} , t ∈ [0,∞).
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We also define the maximal nonincreasing rearrangement of f by

f∗∗(t) = t−1

∫ t

0

f∗(s) ds, t ∈ (0,∞).

It should be noted that the operation f 7→ f∗ is not subadditive. This fact
causes a lot of problems when function spaces are defined in terms of f∗. For
two functions f and g, one only has the estimate

(f + g)∗(s + t) 6 f∗(s) + g∗(t), s, t ∈ (0,∞).

On the other hand, the operation f 7→ f∗∗ is more friendly from this point
of view in the sense that

(f + g)∗∗(t) 6 f∗∗(t) + g∗∗(t), t ∈ (0,∞).

Definition 3.1. A Banach function space X of functions defined on (0,∞),
equipped with the norm ‖ · ‖X , is said to be rearrangement-invariant if it
satisfies, aside from the axioms (1)–(5) of Definition 2.6, the relation

‖f‖X = ‖g‖X whenever f∗ = g∗.

A basic tool for working with rearrangement-invariant spaces is the Hardy–
Littlewood–Pólya (HLP) principle, treated in [7, Chapter 2, Theorem 4.6]).
It asserts that f∗∗(t) 6 g∗∗(t) for every t ∈ (0,∞) implies ‖f‖X 6 ‖g‖X for
every r.i. space X.

The inequality of Hardy and Littlewood states that
∫ ∞

0

|f(x)g(x)| dx 6
∫ ∞

0

f∗(t)g∗(t) dt, f, g ∈ M(0,∞). (3.1)

R.i. spaces can be in general defined for functions acting on a general
σ-finite measure space Ω, not necessarily on (0,∞) (cf. the applications to
Sobolev embeddings that are mentioned in the Section 1). In such cases, for
every r.i. space X(Ω), there exists a unique r.i. space X(0,∞) on (0,∞),
satisfying ‖f‖X(Ω) = ‖f∗‖X(0,∞). Such a space, endowed with the norm

‖f‖X(0,∞) = sup
‖g‖X(Ω)61

∫ ∞

0

f∗(t)g∗(t) dt,

is called the representation space of X(Ω).
Let X be an r.i. space. Then, the function ϕX : [0,∞) → [0,∞) given by

ϕX(t) =

{
‖χ(0,t)‖X for t ∈ (0,∞),
0 for t = 0,



296 L. Pick

is called the fundamental function of X. For every r.i. space X, its fundamen-
tal function ϕX is quasiconcave on [0,∞), i.e., it is nondecreasing on [0,∞),
ϕX(0) = 0, and ϕX(t)

t is nonincreasing on (0,∞). Moreover, one has

ϕX(t)ϕX′(t) = t, for t ∈ [0,∞).

For a comprehensive treatment of r.i. spaces we refer the reader to [7].
In 1990, two fundamental papers appeared. The first one was due to Ariño

and Muckenhoupt [2] who studied the action of the Hardy–Littlewood max-
imal operator, defined at f ∈ L1

loc(Rn) by

(Mf)(x) = sup
Q3x

|Q|−1

∫

Q

|f(y)| dy, x ∈ Rn,

(where the supremum is extended over all cubes Q ⊂ Rn with sides parallel
to the coordinate axes and |E| denotes the n-dimensional Lebesgue measure
of E ⊂ Rn), on the co-called classical Lorentz spaces. The second key paper of
1990, due to Sawyer [79], established among other things an important duality
principle for weighted Lebesgue spaces restricted to the cone of nonincreasing
functions. Since then, many authors were attracted to this topic and, again,
a vast amount of results was obtained. We now concentrate on the relations
between various types of classical Lorentz spaces.

Definition 3.2. Let p ∈ (0,∞) and let v be a weight. Then the classical
Lorentz space Λp(v) is defined as

Λp(v) =

{
f ∈ M(0,∞); ‖f‖Λp(v) :=

(∫ ∞

0

f∗(t)pv(t) dt

)1/p

< ∞
}

.

The spaces Λp(v) were introduced by Lorentz in 1951 in [62]. For appropri-
ate values of p and for an appropriate weight v this space is a rearrangement-
invariant Banach function space. However, ‖ · ‖Λp(v) is not always a norm
(consider, for example, the cases where p ∈ (0, 1)).

The difficulties concerning the norm properties of the functional ‖ · ‖Λp(v)

(even in cases when p > 1) are primarily caused by the fact that the operation
f 7→ f∗ is not subadditive, so the triangle inequality is not guaranteed in
general. This obstacle has been sometimes overcome by replacing f∗ by f∗∗.
Spaces whose norms involve f∗∗ appeared in early 1960’s, for example, in
Calderón’s paper [11], but they can be traced also to the works of Hunt,
Peetre, O’Neil, and others. In 1990, a major step in this direction was taken
by Sawyer in his already mentioned paper [79] in which the new spaces Γ p(v)
are introduced.

Definition 3.3. Let p ∈ (0,∞) and let v be a weight. Then the classical
Lorentz space Γ p(v) is defined as
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Γ p(v) =

{
f ∈ M(0,∞); ‖f‖Γ p(v) :=

(∫ ∞

0

f∗∗(t)pv(t) dt

)1/p

< ∞
}

.

The spaces Γ p(v) proved later to be quite useful in many branches of
functional analysis, for example, in interpolation theory or in applications to
Sobolev embeddings.

The question when the space Λp(v) is a Banach space, was studied by
several authors. Lorentz [62] proved that, for p > 1, ‖f‖Λp(w) is a norm if
and only if w is nonincreasing. The class of weights for which ‖f‖Λp(w) is
merely equivalent to a Banach norm is however considerably larger. In fact
it consists of all those weights w which, for some C and all t > 0, satisfy

tp
∫ ∞

t

x−pw(x) dx 6 C

∫ t

0

w(x) dx when p ∈ (1,∞) (3.2)

([79, Theorem 4], cf. also [2]), or

1
t

∫ t

0

w(x) dx 6 C

s

∫ s

0

w(x) dx for 0 < s 6 t when p = 1 (3.3)

([12, Theorem 2.3]). It has been also proved that, for p ∈ [1,∞), the space
Λp(w) is equivalent to a Banach space if and only if the Hardy–Littlewood
maximal operator acts boundedly from Λp(w) to a weak version of Λp(w)
([17, Theorem 3.3], [18, Theorem 3.9], [12]). Furthermore, for p > 1, this is
equivalent to Λp(w) = Γ p(w) ([79]). We write that a weight w satisfies the
condition Bp, written w ∈ Bp, if (3.2) is true.

In [40, Theorem 1.1] (the proper publication of this paper appeared much
later as [82]), cf. also [16, Corollary 2.2], [46, p. 6], it was observed that the
functional ‖f‖Λp(w), 0 < p 6 ∞, does not have to be a quasinorm. It was
shown that it is a quasinorm if and only if the function W (t) :=

∫ t

0
w(s) ds

satisfies the ∆2-condition i.e.,

W (2t) 6 CW (t) for some C > 1 and all t ∈ (0,∞). (3.4)

In [24], an even perhaps more exotic behavior of classical Lorentz spaces
was observed: it can happen that the sum of two functions in the “space” is
not in the space. Obviously f ∈ Λp(w) implies that λf ∈ Λp(w) for every λ ∈
R. However in general, perhaps surprisingly, Λp(w) is not a linear space. We
survey the main results of [24]. We start with a proposition which illustrates
well the problem.

Proposition 3.4. Suppose that w and v are nonnegative measurable func-
tions on (0,∞) and a is a positive number such that w(t) = 0 for a.e.
t ∈ (0, a) and w(t) = v(t) for all t > a, and the functions V (t) =

∫ t

0
v(s)ds

and W (t) =
∫ t

0
w(s)ds are finite for all t > 0.
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Let f : (0,∞) → R be a measurable function. Then the following are
equivalent:

(i) f ∈ Λp(w).
(ii) min {λ, |f |} ∈ Λp(v) for some positive number λ.
(iii) min {λ, |f |} ∈ Λp(v) for every positive number λ.

With the help of Proposition 3.4, we can formulate the characterization of
the situations in which the space Λp(v) is linear.

Theorem 3.5. The following are equivalent:
(i) Λp(w) is not a linear space.
(ii) There exists a sequence of positive numbers tn tending either to 0 or

to ∞, such that W (2tn) > 2nW (tn) for all n ∈ N.
(iii) There exists a sequence of positive numbers tn such that W (2tn) >

2nW (tn) > 0 for all n ∈ N.

Theorem 3.5 has an interesting corollary.

Corollary 3.6. The following are equivalent:
(i) Λp(w) is a linear space.
(ii) There exist positive constants α, β and C such that W (2t) 6 CW (t)

for all t 6 α and all t > β.
(iii) There exists a constant C ′ such that one of the following two condi-

tions hold: Either
(iii-A)

W (2t) 6 C ′W (t) (3.5)

for all t > 0, or
(iii-B) W (t) = 0 on some interval (0, a) and (3.5) holds for all t in some

interval (b,∞).

Example 3.7. We will find a measurable function w : (0,∞) → [0,∞) such
that the two functions W (x) =

∫ x

0
w(t)dt and Φ(x) =

∫∞
x

t−pw(t)dt are both
finite for all x > 0, but the set Λp(w) =

{
f :

∫∞
0

f∗(t)pw(t)dt < ∞}
is not a

linear space.
These conditions on W and Φ are apparently necessary and sufficient to

ensure that the space Γ p(w) is nontrivial so it seems relevant to impose them
here.

Initially the w which we construct can assume the value 0. But, as we will
see, it is easy to modify this to an example where w is strictly positive.

Here is the construction:
Let us first define a sequence of positive numbers wn recursively by setting

w1 = 1 and
wn = (2n − 1) (w1 + w2 + ... + wn−1) (3.6)

for all n > 1. Then we define a second sequence of positive numbers sn

recursively by setting s1 = 2 and, for each n > 1,
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sn = max
{

2sn−1, w
1/p
n 2n/p + 1

}
. (3.7)

The function w : (0,∞) → [0,∞) is defined by w =
∑∞

n=1 wnχ(sn−1,sn]. It
follows from (3.7) that wn/(sn − 1)p 6 2−n and so

Φ(0) =
∫ ∞

0

t−pw(t)dt =
∞∑

n=1

wn

∫ sn

sn−1

t−pdt 6
∞∑

n=1

wn(sn − 1)−p 6 1.

Obviously we also have
∫ x

0
w(t)dt < ∞ for each x > 0. Thus w satisfies

the conditions mentioned above which ensure that Γ p(w) is nontrivial.
We claim that for this particular choice of w, the set Λp(w) is not a linear

space.
To show this let us first observe that, by (3.7) we have sn−1 6 sn/2 6 sn−1

and so

∫ sn−1

0

w(t)dt =
∫ sn/2

0

w(t)dt = w1 + w2 + ... + wn−1

It follows, using (3.6), that

W (sn) =
∫ sn

0

w(t)dt = w1 + w2 + ... + wn−1 + wn

= 2n(w1 + w2 + ... + wn−1) = 2n

∫ sn/2

0

w(t)dt = 2nW (sn/2).

Thus the sequence {tn} given by tn = sn/2 tends to ∞ and satisfies

W (2tn) = 2nW (tn).

In other words, w satisfies condition (iii) of Theorem 3.5. Consequently, Λp(w)
is not a linear space.

To get another less exotic example, i.e. where the weight function is strictly
positive, we simply replace w by w + u where u is any strictly positive
function for which the above function f satisfies

∫∞
0

f(t)pu(t)dt < ∞ and∫∞
t

s−p(w(s) + u(s)) ds < ∞.

Example 3.8. Let w = χ[1,∞). Then Λp(w) is not quasinormable, but is a
linear space.

As is clear from the above examples, the analysis of the structure of the
classical Lorentz space Λp(v) requires some knowledge of the boundedness of
the Hardy operator H restricted to the monotone functions, i.e., the existence
of a constant C such that, for every f ,

(∫ ∞

0

(
1
t

∫ ∞

0

f∗(s) ds

)q

w(t) dt

) 1
q

6 C

(∫ ∞

0

f∗(s)pv(t) dt

) 1
p

. (3.8)
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Moreover, since, due to the Riesz–Wiener estimate from above and the Stein–
Herz estimate from below, the Hardy–Littlewood maximal operator M sat-
isfies

C−1(Mf)∗(t) 6 f∗∗(t) 6 C(Mf)∗(t)

with some C independent of all f and t ∈ (0,∞), we conclude that the
inequality (3.8) is equivalent to saying that M is bounded from Λp(v) to
Λq(w).

This was first observed by Ariño and Muckenhoupt in [2] who noticed that
the boundedness of the Hardy–Littlewood maximal operator on a classical
Lorentz space Λp(v) is equivalent to (3.8) (with p = q and v = w), which
can be considered as the boundedness of the operator H on the weighted
Lebesgue space Lp(w), but restricted to nonincreasing functions. Ariño and
Muckenhoupt showed that the set of weights for which the restricted in-
equality holds is considerably wider than that of those weights, for which
the unrestricted Hardy inequality is true. Even though some results in this
direction have been available before (due to Boyd, Maz’ya, Hunt, Calderón,
O’Neil, Peetre, Krein–Petunin–Semenov, Renaud, Bennett, Maligranda, and
others), the real avalanche of papers on this topic started only after Ariño
and Muckenhoupt’s paper appeared in 1990.

We now quote the fundamental duality result of Sawyer [79] which, again,
illustrates the difference between restricted and unrestricted inequalities. We
use the symbol f↓ to indicate that f is nonicreasing on (0,∞).

Theorem 3.9. Let 1 < p < ∞ and let v be a weight on (0,∞) and let g be
a nonnegative function on (0,∞). Then

sup
f>0,f↓

∫∞
0

f(x)g(x) dx

‖f‖Lp
v

≈
(∫ ∞

0

(∫ x

0

g(t) dt

)p′
v(x)

V (x)p′ dx

) 1
p′

+

∫∞
0

g(x) dx
(∫∞

0
v(x) dx

) 1
p

. (3.9)

It is instructive to compare this result with the classical (nonrestricted)
duality relation

sup
f>0

∫∞
0

f(x)g(x) dx

‖f‖Lp
v

≈
(∫ ∞

0

g(x)p′v(x)1−p′ dx

) 1
p′

.

Even in the case where the second summand in (3.9) vanishes, the right-hand
sides are essentially different.

One of the major applications of the Sawyer’s result is the following char-
acterization of an embedding between two classical Lorentz spaces.

Theorem 3.10. Let 1 < p 6 q < ∞ and let v and w be weights on (0,∞).
Then the embedding
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Λp(v)↪→Λq(w)

holds if and only if there exists a constant C such that for every t > 0

(∫ t

0

w(x) dx

) 1
q

6 C

(∫ t

0

v(x) dx

) 1
p

. (3.10)

In 1993, Stepanov [83] discovered the very important reduction principle,
based on the observation that a restricted weighted inequality can be often
reduced to a nonrestricted one (which might be easier to handle or for which
criteria might be known) by considering only those nonincreasing functions
f∗ on (0,∞) which allow the representation in the form f∗(t) =

∫∞
t

h(s) ds
for some h > 0 on (0,∞). Of course not every nonincreasing function is of
this form, but it is very often the case that a given weighted inequality can
be reduced to such functions without loss of information. This can be proved
by a standard approximation argument, which is carried out in detail, for
example, in [14, Proof of Proposition 7.2]. The Stepanov trick brought into
the play a new nice simple proof of the Sawyer’s duality result and also
allowed to extend the range of parameters in Theorem 3.10.

Since 1990’s, a great effort has been spent by many authors to ob-
tain a characterization of all possible embeddings between the spaces Λp(v)
and Γ p(w). Important contributions were made by Neugebauer, Andersen,
Stepanov, Raynaud, Lai, Carozza, Carro–Garćıa del Amo–Soria, Gol’dman,
Carro–Soria, Gol’dman–Heinig–Stepanov, Braverman, Heinig–Stepanov,
Myasnikov–Persson–Stepanov, Bergh–Burenkov–Persson, Burenkov–Gol’d-
man, Heinig–Maligranda, Sinnamon–Stepanov, Maligranda, Montgomery-
Smith, Kamińska–Maligranda, Carro–Raposo–Soria, and others. A survey
describing the state of the topic by the end of 1990’s was given in [15]. How-
ever, the situation has considerably changed since then. Some of the cases
that either had not been known at all then or had been characterized by
some unsatisfactory conditions were obtained recently. In fact, we can safely
say that, today, the problem of characterizing all possible mutual embed-
dings between all possible types of classical Lorentz spaces has been settled
completely.

In [38], a new approach based on discretization techniques of [71] and [37]
was applied to classical Lorentz spaces in order to obtain necessary and suf-
ficient conditions on parameters p, q ∈ (0,∞) and weights v, w such that the
embedding Γ p(v) ↪→ Γ q(w) or the embedding Γ p(v) ↪→ Λ1(w) hold. The
former embedding is useful in interpolation theory while a standard argu-
ment applied to the latter provides a characterization of the associate space
to Γ q(w). The results of [38] meant a considerable step ahead. However,
to verify the conditions formulated through the discretizing sequences is al-
most impossible. After [38] was published many authors tried to obtain more
manageable conditions (expressed, if possible, in an integral form – compare



302 L. Pick

the Maz’ya conditions for the weighted Hardy inequality that was treated in
Section 2).

Another technique which was used with certain success, is based on the
level function of Halperin. It was apparently first used by Sinnamon. In con-
nection with embeddings between weak versions of classical Lorentz spaces,
it was applied in [15].

In [34], a breakthrough was made into the conditions obtained by dis-
cretization. A new method, called antidiscretization was developed, and with
the help of it, integral type conditions were obtained in cases of embeddings
for which till then only discretized conditions have been known. The antidis-
cretization method is in some sense based on the blocking technique of K.
Grosse–Erdmann [39].

Given weights v, w, we throughout write, as above,

V (t) :=
∫ t

0

v(s) ds and W (t) :=
∫ t

0

w(s) ds.

We start with the embeddings of type Λ↪→Λ. The full characterization is
given by the following theorem.

Theorem 3.11. Let v, w be weights on (0,∞) and let p, q ∈ (0,∞).
(i) If 0 < p 6 q < ∞, then the embedding

Λp(v)↪→Λq(w) (3.11)

holds if and only if
sup
t>0

W 1/q(t)V −1/p(t) < ∞. (3.12)

(ii) Let 0 < q < p < ∞ and let r be given by (2.9). Then the embed-
ding (3.11) holds if and only if

(∫ ∞

0

(
W (t)
V (t)

) r
p

w(t) dt

) 1
r

=

(
q

r

W (∞)r/q

V (∞)r/p
+

q

p

∫ ∞

0

(
W (t)
V (t)

)r/q

v(t) dt

)1/r

< ∞. (3.13)

The proofs can be found in [79, Remark (i), p. 148] for 1 < p, q < ∞ and
in [83, Proposition 1] for all values 0 < p, q < ∞. Part (i) also follows from
a more general result in [16, Corollary 2.7].

We now turn to embeddings of type Λ↪→Γ . We note that such an em-
bedding is equivalent to the boundedness of the Hardy–Littlewood maximal
operator from the space Λp(v) to Λq(w).

Theorem 3.12. Let v, w be weights on (0,∞) and let p, q ∈ (0,∞). In the
case q < p, we define r by (2.9).
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(i) If 1 < p 6 q < ∞, then the embedding

Λp(v)↪→Γ q(w) (3.14)

holds if and only if (3.12) is satisfied and

sup
t>0

(∫ ∞

t

w(s)
sq

ds

)1/q
(∫ t

0

v(s)sp′

V p′(s)
ds

)1/p′

< ∞. (3.15)

(ii) Let 0 < p 6 1 and 0 < p 6 q < ∞. Then (3.14) holds if and only
if (3.12) is satisfied and

sup
t>0

t

(∫ ∞

t

w(s)
sq

ds

)1/q

V −1/p(t) < ∞. (3.16)

(iii) Let 1 < p < ∞, 0 < q < p < ∞ and q 6= 1. Then (3.14) holds if and
only if (3.13) is satisfied and




∫ ∞

0




(∫ ∞

t

w(s)
sq

ds

)1/q
(∫ t

0

v(s)sp′

V p′(s)
ds

)(q−1)/q



r

v(t)tp
′

V p′(t)
dt




1/r

(3.17)

≈



∫ ∞

0




(∫ ∞

t

w(s)
sq

ds

)1/p
(∫ t

0

v(s)sp′

V p′(s)
ds

)1/p′



r

w(t)
tq

dt




1/r

< ∞.

(iv) Let 1 = q < p < ∞. Then (3.14) holds if and only if (3.13) is satisfied
and




∫ ∞

0

(
W (t) + t

∫∞
t

w(s)
s ds

V (t)

)p′−1 ∫ ∞

t

w(s)
s

ds dt




1/p′

(3.18)

≈ W (∞)
V 1/p(∞)

+




∫ ∞

0

(
W (t) + t

∫∞
t

w(s)
s ds

V (t)

)p′

v(t) dt




1/p′

< ∞.

(v) Let 0 < q < p = 1. Then (3.14) holds if and only if (3.13) is satisfied
and
(∫ ∞

0

(∫ ∞

t

w(s)
sq

ds

)q/(1−q) (
ess inf
0<s<t

V (s)
s

)q/(q−1)
w(t)
tq

dt

)(1−q)/q

. (3.19)

(vi) Let 0 < q < p < 1. Then (3.14) holds if and only if (3.13) is satisfied
and
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(∫ ∞

0

sup
0<s6t

sr

V (s)
r
p

(∫ ∞

t

w(s)
sq

ds

) r
p w(t)

tq
dt

) 1
r

< ∞. (3.20)

The results of Theorem 3.12 are scattered in literature. The case (i) is
due to Sawyer [79, Theorem 2]. The case (ii) was obtained independently
by Carro and Soria in [17, Proposition 2.6b], and also by Stepanov in [83,
Theorem 3b]; for a particular case see also [57, Theorem 2.2]. The case (iii)
can be found in [79, Theorem 2] for 1 < q < p < ∞ and in [83, Theorem 3a]
for 0 < q < 1 < p < ∞. The case (iv) follows by a simple reduction of a Γ 1(w)
space to a Λ1(u) space with an appropriate new weight u (an exercise with
the Fubini theorem), and then by Theorem 3.11, some more details can be
found on [15]. The case (v) was established by Sinnamon and Stepanov in [81,
Theorem 4.1]. The remaining case (vi) has been resisting for quite long time,
and, naturally, it is the most recent result. The condition presented here was
obtained in [14] in connection with the investigation of weighted inequalities
involving two Hardy operators. Earlier results such as [83, Proposition 2]
or [37, Theorem 6], see also the survey in [15, Theorem 4.1], had different
conditions, but only sufficient.

We now turn our attention to the embeddings of type Γ ↪→Λ. Note that
such an embedding can be considered in some sense as a reverse inequality for
the Hardy–Littlewood maximal operator. We also note that for this case of
embeddings, the state of known results dramatically changed since the survey
given in [15], where only some of the cases of parameters are mentioned and
in one of them a discretized condition is given. The new results were enabled
by the anti-discretization technique developed in [34]. We here follow the
approach of [34]; in particular, we give the result in a more general situation,
involving one more weight. More precisely, we characterize inequalities of type

(∫ ∞

0

f∗(t)qw(t) dt

) 1
q

6 C

(∫ ∞

0

f∗∗u (t)pv(t) dt

) 1
p

(3.21)

for every f , where f∗∗u (t) = 1
U(t)

∫ t

0
f∗(s)u(s) ds, u, v, w are weights, U(t) =∫ t

0
u(s) ds, and p, q ∈ (0,∞). The embedding

Γ p(v)↪→Λq(w) (3.22)

can be then easily obtained from the theorem by putting u ≡ 1 and hence
U(t) = t.

Theorem 3.13. Let u, v, w be weights on (0,∞) and let p, q ∈ (0,∞). In the
case q < p, we define r by (2.9).

(i) If 0 < p 6 q < ∞ and 1 6 q < ∞, then (3.21) holds for some C > 0
and all f if and only if
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A(1) = sup
t∈(0,∞)

W (t)
1
q

(
V (t) + U(t)p

∫∞
t

U(s)−pv(s) ds
) 1

p

< ∞.

(ii) If 1 6 q < p < ∞, then (3.21) holds for some C > 0 and all f if and
only if

A(2) =
( ∫ ∞

0

U(t)r[supy∈[t,∞) U(y)−rW (y)
r
q ]V (t)

∫∞
t

U(s)−pv(s) ds

(V (t) + U(t)p

×
∫ ∞

t

U(s)−pv(s) ds)
r
p +2d(Up(t))

) 1
r

< ∞.

(iii) If 0 < p 6 q < 1, then (3.21) holds for some C > 0 and all f if and
only if

A(3) = sup
t∈(0,∞)

W (t)
1
q + U(t)

(∫∞
t

W (s)
q

1−q w(s)U(s)−
q

1−q ds
) 1−q

q

(
V (t) + U(t)p

∫∞
t

U(s)−pv(s) ds
) 1

p

< ∞.

(iv) If 0 < q < 1 and 0 < q < p, then (3.21) holds for some C > 0 and all
f if and only if

A(4) =
( ∫ ∞

0

[
W (t)

1
1−q + U(t)

q
1−q

∫∞
t

W (s)
q

1−q w(s)U(s)−
q

1−q ds
] r(1−q)

q −1

(
V (t) + U(t)p

∫∞
t

U(s)−pv(s) ds
) r

p

×W (t)
q

1−q w(t) dt
) 1

r

< ∞.

Moreover, A(4) ≈ A(5), where

A(5) =
( ∫ ∞

0

[W (t)
1

1−q + U(t)
q

1−q
∫∞

t
W (s)

q
1−q w(s)U(s)−

q
1−q ds]

r(1−q)
q

(V (t) + U(t)p
∫∞

t
U(s)−pv(s) ds)

r
p +2

× V (t)
∫ ∞

t

U(s)−pv(s) ds d(Up(t))
) 1

r

.

Again, there are many papers that contributed to the results in Theo-
rem 3.13. For example, with u ≡ 1, it was proved in [70, Theorem 3.2] for
1 6 p = q < ∞, in [57, Theorem 2.1] for 1 6 p 6 q < ∞ and in [84, p. 473]
for 0 < p 6 q < ∞, 1 6 q < ∞. The proof with the best constant can be
found in [43, Theorem 3.2 (a) and (c)] or [4], where a multidimensional case
is treated. Certain reduction to Theorem 3.11 is possible, again, when p = 1,
details can be found in [15]. When w itself is nonincreasing, then a discretized
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condition in the case q = 1 < p < ∞ is given in [38, Theorem 2.2a], and the
same result is, for general w, obtained in [15, Proposition 2.12].

It remains to treat the case of embeddings of type Γ ↪→Γ . Such embed-
dings were studied by Gol’dman, Heinig and Stepanov [38], where a complete
characterization was given. However, in the case 0 < q < p < ∞, the condi-
tions were in a discrete form. Integral type conditions were established in [34]
using the antidiscretization technique. We survey the results in the following
theorem. We follow the approach from [34], in particular, we study a more
general inequality

(∫ ∞

0

f∗∗u (t)qw(t) dt

) 1
q

6 C

(∫ ∞

0

f∗∗u (t)pv(t) dt

) 1
p

, (3.23)

where p, q ∈ (0,∞) and u, v, w are weights.

Theorem 3.14. Let p, q ∈ (0,∞) and let u, v, w be weights. In cases when
q < p we define r by (2.9).

(i) Let 0 < p 6 q < ∞. Then (3.23) holds if and only if

A(6) = sup
t∈(0,∞)

(
W (t) + U(t)q

∫∞
t

U(s)−qw(s) ds
) 1

q

(
V (t) + U(t)p

∫∞
t

U(s)−pv(s) ds
) 1

p

< ∞.

(ii) Let 0 < q < p < ∞. Then (3.23) holds if and only if

A(7) =

(∫ ∞

0

(
W (t) + U(t)q

∫∞
t

U(y)−qw(y) dy
) r

q

(
V (t) + U(t)p

∫∞
t

U(s)−pv(s) ds
) r

p +2

×V (t)
∫ ∞

t

U(s)−pv(s) ds d(Up)(t)
) 1

r

< ∞.

Moreover, A(7) ≈ A(8), where

A(8) =

(∫ ∞

0

(
W (t) + U(t)q

∫∞
t

U(s)−qw(s) ds
) r

q−1
w(t)

(
V (t) + U(t)p

∫∞
t

U(s)−pv(s) ds
) r

p
dt

) 1
r

< ∞.

As already mentioned above, among many applications of the character-
ization of embeddings between classical Lorentz spaces an important part
is played by the characterization of associate spaces. To know an associate
space to a given function space is often very important (for example, plenty of
applications to optimal Sobolev embeddings are known, see our previous sur-
vey [74] and the references therein). It follows easily from the very definition
of an associate space and the Hardy–Littlewood–Pólya principle that once
we know an embedding into the space Λ1(w), then, applying the resulting
characterizing quantity expressed in terms of w to a general function g, we
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obtain the desired associate space. We now apply the results above to obtain
a characterization of associate spaces of classical Lorentz spaces. The results
follow immediately from the above theorems.

We first treat the spaces of type Λ.

Theorem 3.15. Let p ∈ (0,∞) and let v be a weight.
(i) Let 0 < p 6 1, then

‖g‖Λp(v)′ ≈ supt>0 g∗∗(t) t
V 1/p(t)

.

(ii) Let 1 < p < ∞, then

‖g‖Λp(v)′ ≈
(∫ ∞

0

(g∗∗(t))p′ t
p′v(t)
V p′(t)

dt

)1/p′

+ V −1/p(∞)
∫ ∞

0

g∗(t) dt.

And now, we consider the spaces

Γ p
u (v) =

{
f ∈ M(0,∞); ‖f‖Γ p

u (v) :=
(∫ ∞

0

(f∗∗u (t))p
v(t) dt

)1/p

< ∞
}

,

where u, v are weights and p ∈ (0,∞). For such spaces, we have the following
result from [34].

Theorem 3.16. Let u, v be positive weights on [0,∞) and let p ∈ (0,∞).
(i) Let 0 < p 6 1, then

‖g‖Γ p
u (v)′ ≈ sup

t∈(0,∞)

∫ t

0
g∗(s) ds

(
V (t) + U(t)p

∫∞
t

U(s)−pv(s) ds
) 1

p

.

(ii) Let 1 < p < ∞, then

‖g‖Γ p
u (v)′ ≈




∫ ∞

0

[
supy∈[t,∞) U(y)−p′

(∫ y

0
g∗(τ) dτ

)p′
]

(
V (t) + U(t)p

∫∞
t

U(s)−pv(s) ds
)p′+1

×U(t)p′V (t)
∫ ∞

t

U(s)−pv(s) ds d(Up)(t)
) 1

p′
.

A curious consequence of the characterization of the embeddings between
classical Lorentz spaces, which is of certain independent interest, was ob-
tained in [15, Corollary 8.2]. We first need to define endpoint spaces.

Definition 3.17. Let ϕ be a concave nondecreasing function on [0,∞) such
that ϕ(t) = 0 if and only if t = 0, and ϕ(t)/t is nonincreasing on (0,∞).
The endpoint Lorentz space Λϕ and the endpoint Marcinkiewicz space Mϕ

are defined as the sets of functions f from M(0,∞) such that
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‖f‖Λϕ =
∫ ∞

0

f∗(t) dϕ(t) < ∞, ‖f‖Mϕ = sup
t>0

f∗∗(t)ϕ(t) < ∞

respectively.

It was shown in [15, Corollary 8.2] that when ϕ is a fundamental function
of an r.i. space X and the endpoint Lorentz space Λϕ coincides with the
endpoint Marcinkiewicz space Mϕ, then, necessarily, X is equivalent to one
of the spaces L1, L∞, L1 ∩ L∞ or L1 + L∞. It is clear that when X is one
of these four spaces, then the endpoint spaces coincide, but the converse
implication is interesting. The details read as follows.

Theorem 3.18. Let ϕ be a concave nondecreasing function on [0,∞) such
that ϕ(t) = 0 if and only if t = 0, and ϕ(t)/t is nonincreasing on (0,∞). Then
Λϕ = Mϕ if and only if ϕ is on (0,∞) equivalent to one of the following four
functions: t, 1, max{1, t} or min{1, t}.

Recently, the two types of classical Lorentz spaces (Λ and Γ ) have been
enriched on one more type of a function space, in some sense related to the
classical Lorentz ones. The primary role of this type of a space is to measure
oscillation of functions after rearrangements have been taken. In other words,
the spaces in question work with the quantity f∗∗ − f∗ rather than just f∗

(involved in Λ type spaces) or f∗∗ (involved in Γ type spaces).

Definition 3.19. Let p ∈ (0,∞) and let v be a weight. Then the space Sp(v)
is defined as

Sp(v) =
{

f ∈ M(0,∞); ‖f‖Sp(v) :=
( ∫ ∞

0

(f∗∗(t)− f∗(t))pv(t) dt
)1/p

< ∞
}

.

The spaces of this type have long and interesting history.
In 1981, in order to obtain a Marcinkiewicz- type interpolation theorem

for operators that are unbounded on L∞, Bennett, De Vore, and Sharpley
in [6], introduced a new rearrangement-invariant space consisting of those
measurable functions for which f∗∗ − f∗ is bounded, which plays the role of
certain “weak-L∞ ” in the sense that it contains L∞ and possesses appro-
priate interpolation properties. Since, f∗∗ − f∗ can be seen as some kind of
measure of the oscillation of f∗, they proved that weak-L∞(Q), where Q is
a cube in Rn, is, in fact, the rearrangement–invariant hull of BMO(Q).

The quantity f∗∗ − f∗ has an intimate connection to Besov type spaces
that measure smoothness of functions by means of moduli of continuity. A pi-
oneering result in measuring smoothness by means of rearrangements is the
Pólya–Szegö inequality which states that the Lp-norm of the gradient of the
symmetric rearrangement of a given function f does not exceed that of f .
Further results were obtained by several authors in connection with a problem
posed by Ul’yanov [86]. Various estimates, mostly in the setting of Lebesgue
spaces, were obtained, for example, by Ul’yanov [86], Kolyada [50], Kolyada
and Lerner [53], Storozhenko [85], and others. An excellent survey was pro-
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vided by Kolyada [52]; some results in this direction can be also found in
an earlier book by Kudryavtsev and Nikol’skii [54].

In [3], Bagby and Kurtz replaced the “good λ” inequality

µ ({x : Tf(x) > 2λ and Mf(x) 6 ελ}) 6 C(ε)µ ({x : Tf(x) > λ})

(here T is a maximal Calderón–Zygmund singular operator, M is the clas-
sical Hardy–Littlewood maximal function and dµ = w(x) dx, with w in the
Muckenhoupt’s weight class A∞), by the rearrangement inequality

(
Tf

)∗∗
w

(t)− (
Tf

)∗
w
(t) 6 c

(
Mf

)∗∗
w

(t). (3.24)

This estimate, which is intimately connected to yet another one, later
called the “better λ” inequality, contains more information than the good–λ
inequality. In particular, it does not involve the parameter ε which would have
to vary. The absence of ε enables one to obtain the best possible weighted Lp

bounds and, via extrapolation, also sharp exponential integrability estimates.
Inequality (3.24) was the starting point used by Boza and Mart́ın (cf. [9])

in order to obtain sufficient conditions for the boundedness of a maxi-
mal Calderón–Zygmund singular integral operators between classical Lorentz
spaces.

In [31], Franciosi, motivated by the fact that functions belonging to L∞ ∩
V MO, but not necessarily continuous, have recently been considered in very
important regularity problems connected with elliptic differential equations
and systems with rough coefficients, obtained boundedness and V MO results
for a function f integrable on cube Q ⊂ Rn, such that

∫ |Q|

0

(
f∗∗(t)− f∗(t)

)dt

t
< ∞.

In [64] (cf. also [28]) an elementary proof based on the Maz’ya truncation
trick of the sharp Sobolev embedding

W 1,n
0 (Ω) ⊂ BWn(Ω) (3.25)

was shown where Ω is an open subset of Rn with |Ω| = 1 and BWn(Ω) is
the Maz’ya–Hansson–Brézis–Wainger space defined by the condition

∫ 1

0

( f∗(t)
log(e/t)

)n dt

t
< ∞,

by showing that
W 1,n

0 (Ω) ⊂ Wn ⊂ BWn(Ω) (3.26)

where

Wn =
{

f :
( ∫ 1

0

(f∗(
t

2
)− f∗(t))n dt

t

)1/n

< ∞
}

.
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In [5], Bastero, Milman and Ruiz, using a natural extension of L(p,q)(Ω)
spaces, introduced the spaces

L(∞, q)(Ω) = {f : t−1/q(f∗∗(t)− f∗(t)) ∈ Lq(Ω)},

and showed that in fact Wn = L(∞, n). Moreover, using certain version of
the Pólya-Szegö symmetrization principle, they proved

f∗∗(t)− f∗(t) 6 cn(∇f)∗∗(t)t1/n, (3.27)

which readily implies the first embedding of (3.26), and thus the proof
of (3.25) is reduced to an embedding result for rearrangement-invariant
spaces. We note that (3.27) was in various forms obtained by several au-
thors. The first one who proved it was apparently Kolyada [51, Lemma 5.1],
who showed in fact a seemingly weaker, but equivalent estimate with the
left-hand side replaced by t−

1
n (f∗(t)− f∗(2t)) – see also a direct proof in his

survey [52, Lemma 3.1], and, independently, Alvino, Trombetti and Lions [1,
(A7), p. 219]. Another detailed proof, in a more general setting of metric
spaces, was given by Kalǐs and Milman in [45].

In [68], Milman and Pustylnik extended (3.26) to the case k > 1, by
showing that

W k,n
0 (Ω) ⊂ L(∞, n/k)(Ω).

Here, the sets of functions with finite quantities ‖f∗∗(t) − f∗(t)‖ appear for
a large system of norms in a natural context of optimal Sobolev embeddings.
They extend the results of [28] to the setup of rearrangement-invariant spaces.
The fractional case of the above embedding has been considered in [65].

It should be noticed that in the study function spaces defined in terms
of the functional f∗∗ − f∗ certain care must be exercised. In particular, this
functional vanishes on constant functions and, moreover, the operation f →
f∗∗ − f∗ is not subadditive. Therefore, quantities involving f∗∗ − f∗ do not
have norm properties, which makes the study of the corresponding function
spaces difficult.

In [13], the basic functional properties of spaces Sp(v) were studied. Vari-
ous conditions were given for Sp(v) to have a lattice property, to be normable,
and to be linear. We omit the details here, since they are quite complicated.
In [14], a sequel to [13], relations of the spaces Sp(v) to classical Lorentz
spaces were studied.

We now consider general relations between the spaces of types Γ , Λ and
S. Having the theory of embeddings of the spaces of type Λ and Γ complete,
it is time for the spaces of type S to come into the play.

First, it is not difficult to prove that

Γ p(v) = Λp(v) ∩ Sp(v). (3.28)
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We recall that, following [2], we say that a weight v on (0,∞) belongs to
the class Bp if

∫ ∞

t

v(s)
sp

ds. 1
tp

∫ t

0

v(s) ds, t ∈ (0,∞).

We say that a weight v on (0,∞) belongs to the reverse class Bp, written
w ∈ RBp (cf. [2, 13]) if

1
tp

∫ t

0

v(s) ds.
∫ ∞

t

v(s)
sp

ds, t ∈ (0,∞).

From this, one immediately obtains

Corollary 3.20. Let 0 < p < ∞ and let v be a weight on (0,∞). Then, the
following statements are equivalent:

(i) Λp(v)↪→Sp(v);

(ii) Λp(v) = Γ p(v);

(iii) v ∈ Bp.

For p > 1, we have the following simple characterization.

Corollary 3.21. Let 1 6 p < ∞ and let v be a weight on (0,∞). Then, the
following statements are equivalent:

(i) Sp(v)↪→Λp(v);

(ii) Sp(v) = Γ p(v);

(iii) v ∈ RBp.

We now investigate embeddings of type S↪→S, i.e., we intend to charac-
terize

Sp(v)↪→Sq(w). (3.29)

We denote

ṽp(t) := v

(
1
t

)
tp−2 and w̃q(t) := w

(
1
t

)
tq−2. (3.30)
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With this notation, it is easy to observe that embeddings of S type spaces
are equivalent to those of Λ type spaces with an appropriate change of
weights.

Theorem 3.22. Let 0 < p, q < ∞ and let v, w be weights on (0,∞).
Then, (3.29) is equivalent to

Λp(ṽp)↪→Λq(w̃q), (3.31)

with ṽp and w̃q from (3.30).

Now, we can present the full characterization.

Theorem 3.23. (i) If 0 < p 6 q < ∞, then the embedding (3.29) holds if
and only if

sup
t∈(0,∞)

(∫∞
t

s−qw(s) ds
) 1

q

(∫∞
t

s−pv(s) ds
) 1

p

< ∞. (3.32)

(ii) If 0 < q < p < ∞, and r is defined by (2.9), then (3.29) holds if and
only if 


∫ ∞

0

[∫∞
t

s−qw(s) ds∫∞
t

s−pv(s) ds

] r
p

w(t)
tq

dt




1
r

< ∞. (3.33)

We can turn to relations between spaces of type S and Γ . We begin with
a slight restriction. As mentioned above, the functional f∗∗(t)− f∗(t) is zero
when f is constant on (0,∞). Hence constant functions always belong to any
Sp(v) whereas they do not necessarily belong to analogous spaces of type Λ
and Γ . For this reason, we study the appropriate embeddings restricted to
the set

A =
{

f ∈ M+(0,∞); lim
t→∞

f∗(t) = 0
}

.

We denote this restriction by writing, for example,

Sp(v)↪→Λq(w), f ∈ A,

meaning

(∫ ∞

0

f∗(t)qw(t) dt

) 1
q

6 C

(∫ ∞

0

(f∗∗(t)− f∗(t))p
v(t) dt

) 1
p

∀ f ∈ A,

and so on.
The first reduction is, again, obtained via a simple change of variables.

Theorem 3.24. Let 0 < p, q < ∞ and let v, w be weights on (0,∞). Then
the embedding

Sp(v)↪→Γ q(w), f ∈ A, (3.34)
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is equivalent to
Λp(ṽp)↪→Γ q(w̃q). (3.35)

Similarly, the embedding

Γ p(v)↪→Sq(w), f ∈ A, (3.36)

is equivalent to
Γ p(ṽp)↪→Λq(w̃q). (3.37)

Now, the main result reads as follows.

Theorem 3.25. Let 0 < p, q < ∞ and let v, w be weights on (0,∞). In the
case q < p, we define r by (2.9).

(i) If 1 < p 6 q < ∞, then the embedding (3.34) holds if and only if (3.32)
holds and

sup
t∈(0,∞)

W (t)
1
q




∫ ∞

t

v(s)(
sp

∫∞
1
s

v(y)y−p dy
)p′ ds




1
p′

< ∞. (3.38)

(ii) If 0 < p < 1 and 0 < p 6 q < ∞, then (3.34) holds if and only if (3.32)
holds and

sup
t∈(0,∞)

W (t)
1
q

t
(∫∞

t
v(s)s−p ds

) 1
p

. (3.39)

(iii) If 1 < p < ∞, 0 < q < p < ∞ and q 6= 1, then (3.34) holds if and
only if (3.33) holds and

(∫ ∞

0

W (t)
r
q

(∫∞
t

v(s)

(sp
∫∞

s
v(y)
yp dy)p′ ds

) r(q−1)
q

(
tp

∫∞
s

v(y)
yp dy

)p′ v(t) dt

) 1
r

< ∞. (3.40)

(iv) If 1 = q < p < ∞, then (3.34) holds if and only if (3.33) holds and

∫∞
0

w(s)
s ds

(∫∞
0

v(s)
sp ds

) 1
p

+




∫ ∞

0

[
W (t)

t +
∫∞

t
w(s)

s ds∫∞
t

v(s)
sp ds

]p′

v(t)
tp

dt




1
p′

< ∞. (3.41)

(v) If 0 < q < p 6 1, then (3.34) holds if and only if

(∫ ∞

0

(∫∞
t

w(s)
sq ds

) r
p

(∫∞
t

v(s)
sp ds

) r
p

w(t)
tq

dt

) 1
r

< ∞ (3.42)
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and
( ∫ ∞

0

W (t)
r
p ess sup

t6s<∞

1

sr
(∫∞

s
v(y)
yp dy

) r
p

w(t)
tq

dt
) 1

r

< ∞. (3.43)

The converse embedding is covered by the following theorem.

Theorem 3.26. Let 0 < p, q < ∞ and let v, w be weights on (0,∞). In the
case q < p, we define r by (2.9).

(i) If 0 < p 6 q < ∞ and 1 6 q < ∞, then the embedding (3.36) holds if
and only if

sup
t∈(0,∞)

(∫∞
t

w(s)
sq ds

) 1
q

(
V (t)
tp +

∫∞
t

v(s)
sp ds

) 1
p

< ∞. (3.44)

(ii) If 1 6 q < p < ∞, then (3.36) holds if and only if

( ∫ ∞

0

sups∈(0,t) sr
(∫∞

s
w(y)
yq dy

) r
q

tr+p+1
(

V (t)
tp +

∫∞
t

v(s)
sp ds

) r
p +2

V (t)
∫ ∞

t

v(s)
sp

ds dt

) 1
r

< ∞. (3.45)

(iii) If 0 < p 6 q < 1, then (3.36) holds if and only if

sup
t∈(0,∞)

(∫∞
t

w(s)
sq ds

) 1
q

+ 1
t

(∫ t

0

[
s
∫∞

s
w(y)
yq dy

] q
1−q w(s)

sq ds

) 1−q
q

(
V (t)
tp +

∫∞
t

v(s)
sp ds

) 1
p

< ∞. (3.46)

(iv) If 0 < q < 1 and 0 < q < p, then (3.36) holds if and only if

( [(
∫∞

t
w(s)
sq ds)

1
1−q + 1

t
q

1−q

∫ t

0
(s

∫∞
s

w(y)
yq dy)

q
1−q

w(s)
sq ds]

r(1−q)
q −1

(V (t)
tp +

∫∞
t

v(s)
sp ds)

1
p

×
(∫ ∞

t

w(s)
sq

ds

) q
1−q w(t)

tq
dt

) 1
r

. (3.47)

The most interesting and also the most difficult task is the characterization
of mutual embeddings between the spaces S and the spaces Λ. We first reduce
the problem to a modified one.

We observe that the embeddings Sp(v)↪→Λq(w) and Λp(v)↪→Sq(w) (re-
stricted to f ∈ A) are interchangeable (with an appropriate change of weights)
and therefore it is enough to investigate only one of them.
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Proposition 3.27. Let 0 < p, q < ∞ and let v, w be weights on (0,∞). Then
the embedding

Sp(v)↪→Λq(w), f ∈ A, (3.48)

is equivalent to the embedding

Λp(ṽp)↪→Sq(w̃q), f ∈ A, (3.49)

where ṽp and w̃q are from (3.30).

The next step of our analysis is the use of the Stepanov trick to reduce
the restricted inequality to a nonrestricted one. An interesting fact is that
its application to the functional f∗∗ − f∗ entails one to investigate weighted
inequalities involving two Hardy operators.

Proposition 3.28. Let 0 < p, q < ∞ and let v, w be weights on (0,∞). Then
the embedding

Λp(v)↪→Sq(w), f ∈ A, (3.50)

holds if and only if the inequality

(∫ ∞

0

(
1
t

∫ t

0

f(s) ds

)q

w(t) dt

) 1
q

6 C

(∫ ∞

0

(∫ ∞

t

f(s)
s

ds

)p

v(t) dt

) 1
p

(3.51)
is satisfied for every nonnegative function h.

So, what remains, is just to give a characterization of the two-operator
Hardy inequality (3.51). That is done in the following theorem.

Theorem 3.29. Let 0 < p 6 ∞, 1 6 q 6 ∞. In the case q < p, we define r
by (2.9). Let v, w be weights on (0,∞). Then (3.51) holds if and only if one
of the following conditions holds:

(i) 1 < p 6 q < ∞ and

sup
0<t<∞

(∫ ∞

t

w(s)
sq

ds

) 1
q

(∫ t

0

sp′v(s)
V (s)p′ ds +

tp
′

V (t)p′−1

) 1
p′

< ∞;

(ii) 1 < p < ∞, q = ∞ and

sup
0<t<∞

(∫ t

0

sp′v(s)
V (s)p′ ds +

tp
′

V (t)p′−1

) 1
p′

ess sup
t6s<∞

w(s)
s

< ∞;

(iii) p = q = ∞ and

sup
0<t<∞

(
t

ess sup0<s6t v(s)
+

∫ t

0

s d

( −1
ess sup0<y6s v(y)

))
ess sup
t6s<∞

w(s)
s

< ∞;
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(iv) 1 < q < p < ∞,

(∫ ∞

0

(
sup

0<s6t
sq

∫ ∞

s

w(y)
yq

dy

) r
q v(t)

V (t)
r
q

dt

) 1
r

< ∞,

sup0<t<∞ t
(∫∞

t
w(s)
sq ds

) 1
q

V (∞)
1
p

< ∞

and



∫ ∞

0

(∫ t

0

sp′v(s)
V (s)p′ ds

) r
p′

tp
′
v(t)

V (t)p′

(∫ ∞

t

w(s)
sq

ds

) r
q

dt




1
r

< ∞;

(v) p = ∞, 1 < q < ∞,

∫ ∞

0

( ∫ t

0

s d
( −1

ess sup0<y6s v(y)

))q

× t
( ∫ ∞

t

w(s)
sq

ds
) 1

q

d
( −1

ess sup0<s6t v(s)

)
< ∞,

ess sup0<s<∞ w(s)
ess sup0<s<∞ v(s)

< ∞

and
∫ ∞

0

( ∫ ∞

t

d
( −1

ess sup0<y6s v(y)

))q−1

× sup
0<s6t

s
( ∫ ∞

s

w(y)
yq

dy
) 1

q

d
( −1

ess sup0<s6t v(s)

)
< ∞;

(vi) 0 < p 6 1 < q < ∞ and

sup
0<t<∞

t

V (t)
1
p

(∫ ∞

t

w(s)
sq

ds

) 1
q

< ∞;

(vii) 0 < p 6 1, q = ∞ and

sup
0<t<∞

(
sup

0<s6t

s

V (s)
1
p

)
ess sup
t6s<∞

w(s)
s

< ∞;

(viii) q = 1 < p < ∞,
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(∫ ∞

0

(
sup

0<s6t
s

∫ ∞

s

w(y)
y

dy

)p′
v(t)

V (t)p′ dt

) 1
p′

< ∞

and
sup0<t<∞ t

∫∞
t

w(s)
s ds

V (∞)
1
p

< ∞;

(ix) 0 < p 6 1 = q and

sup
0<t<∞

t

V (t)
1
p

∫ ∞

t

w(s)
s

ds < ∞;

(x) p = ∞, q = 1,
∫ ∞

0

sup
0<s6t

s

∫ ∞

s

w(s)
s

d

( −1
ess sup0<s6t v(s)

)
< ∞

and
sup0<t<∞ t

∫∞
t

w(s)
s ds

ess sup0<s<∞ v(s)
< ∞;

(xi) p = 1, 0 < q < 1 and

(∫ ∞

0

(∫ ∞

t

w(s)
sq

) q
1−q

[
ess sup
0<s6t

1
(Pv)(s)

] q
1−q w(t)

tq
dt

) q
1−q

< ∞.

And, of course, the following result is an immediate consequence of the
theorems above.

Corollary 3.30. Let 0 < p < ∞, 1 6 q < ∞, and let v, w be weights on
(0,∞). Then, the embedding

Λp(v)↪→Sq(w), f ∈ A,

holds if and only if one of the conditions (i)–(xi) of Theorem 3.29 holds.

Let us finally note that the inequality (3.51) is clearly of independent in-
terest, and it will have many other important consequences apart from the
one presented here. It has not been studied in the required generality; appar-
ently the only result available in literature seems to be its characterization
when 1 < p = q < ∞ and v = w due to Neugebauer [70].



318 L. Pick

4 Hardy Type Operators Involving Suprema

In the last section, we study one quite special class of operators, related
in some sense to the Hardy type operators, but different in another one.
The operators we have in mind involve the operation of taking a pointwise
(essential) supremum where Hardy type operators involve integration.

Recall that, in [2], Ariño and Muckenhoupt characterized when the Hardy–
Littlewood maximal operator M is bounded on the classical Lorentz space
Λp(w) when p ∈ [1,∞). In other words, they characterized the class of weights
w for which the inequality

∫ ∞

0

(Mf)∗(t)pw(t) dt.
∫ ∞

0

f∗(t)pw(t) dt

holds for every locally integrable f on Rn. The approach of [2] has two main
ingredients. The first of them is the well-known above-mentioned two-sided
estimate due to Riesz, Wiener, Stein and Herz (cf. [7, Chapter 3, Theo-
rem 3.8])

(Mf)∗(t) ≈ f∗∗(t), f ∈ L1
loc(Rn), t ∈ (0,∞). (4.1)

The second key ingredient is a characterization of the boundedness of A on
the cone M+(0,∞; ↓) in Lp

w(0,∞). An analogous problem for the fractional
maximal operator in place of the Hardy–Littlewood maximal operator was
studied in [20]. The fractional maximal operator, Mγ , γ ∈ (0, n), is defined
at f ∈ L1

loc(Rn) by

Mγf(x) = sup
Q3x

|Q| γ
n−1

∫

Q

|f(y)| dy, x ∈ Rn,

where the supremum is extended over all cubes Q ⊂ Rn with sides parallel
to the coordinate axes. It was shown in [20, Theorem 1.1] that

(Mγf)∗(t). sup
t6s<∞

s
γ
n f∗∗(s) (4.2)

for every f ∈ L1
loc(Rn) and t ∈ (0,∞). This estimate is not two-sided as (4.1),

but it is sharp in the following sense: for every ϕ ∈ M+(0,∞; ↓) there exists
a function f on Rn such that f∗ = ϕ a.e. on (0,∞) and

(Mγf)∗(t)& sup
t6s<∞

s
γ
n f∗∗(s), t ∈ (0,∞). (4.3)

Consequently, the role of f∗∗ in the argument of Ariño and Muckenhoupt [2] is
in the case of fractional maximal operator taken over by the expression on the
right-hand sides of (4.2) and (4.3). Thus, in order to characterize boundedness
of the fractional maximal operator Mγ between classical Lorentz spaces it is
necessary and sufficient to characterize the validity of the weighted inequality
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(∫ ∞

0

(
sup

t6τ<∞
τ

γ
n−1

∫ τ

0

ϕ(s) ds

)q

w(t) dt

) 1
q

.
(∫ ∞

0

ϕ(t)pv(t) dt

) 1
p

for all ϕ ∈ M+(0,∞; ↓). This last estimate can be interpreted as a restricted
weighted inequality for the operator Tγ , defined by

Tγg(t) = sup
t6s<∞

s
γ
n−1

∫ s

0

g(y) dy, g ∈ M+(0,∞), t ∈ (0,∞). (4.4)

The operator Tγ is a typical example of what we call a Hardy type operator
involving suprema. Rather interestingly, such operators have been recently
encountered in various research projects. They have been found indispensable
in the search for optimal pairs of rearrangement-invariant norms for which
a Sobolev type inequality holds ([47]). They constitute a very useful tool for
characterization of the associate norm of an operator-induced norm, which
naturally appears as an optimal domain norm in a Sobolev embedding ([75,
76]). Supremum operators are also very useful in limiting interpolation theory
as can be seen from their appearance, for example, in [26, 30, 25, 77].

The role of supremum operators varies with the given problem, but very
often it is used first to make some quantity monotone and then, when it has
done its job, it is peeled off thanks to its boundedness on certain function
spaces. A typical example is [47], where optimal Sobolev embeddings are
studied, and a key part is played by the quantity tαg∗∗(t), with some positive
α. Now, of course, tα is nondecreasing and g∗∗(t) nonincreasing, and since g
is arbitrary, it is not clear who wins. On the other hand, in order to handle
certain important norm-like estimates, one needs to work with the quantity
[sαg∗∗(s)]∗ (t), which might be quite difficult to evaluate in general. Here,
a supremum operator comes at a great help. Namely, the operator

Tg(t) := t−α sup
t6s61

sαg∗(s), t ∈ (0, 1),

has the two key properties: an obvious pointwise estimate

g∗ 6 Tg

and the important monotonicity property

tαTg(t)↓ for any g,

implying of course that

[sαTg(s)]∗ (t) = tαTg(t).

By doing this, one obstacle is over. Of course, we have to pay for it by
having one more operator around, but if certain its reasonable bounded-
ness properties are known, it might be peeled off from the whole business at
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an appropriate place. In [47, 48, 49, 22] and more, this idea works beauti-
fully. The peeling-off step is illustrated nicely by [47, Theorem 3.13] and [22,
Lemma 4.5]. Some more details and further information on this topic and its
applications can be found in [75].

Now the question is when the supremum operators are bounded on func-
tion spaces. For Lebesgue spaces, a thorough comprehensive study of weighted
inequalities for supremum operators was carried out in [32], particular results
for the case when 1 < p 6 q < ∞ were established in the earlier work [20]
(for more general operators and for extended range of p and q cf. [72, Theo-
rem 2.10]). Some further extensions and applications can be found in [29].

We concentrate on the main results now. We follow [32].

Definition 4.1. Let u be a continuous weight on (0,∞). We define the
operator Ru at ϕ ∈ M+(0,∞; ↓) by

Ruϕ(t) = sup
t6τ<∞

u(τ)ϕ(τ), t ∈ (0,∞).

Let b be a weight and let B(t) =
∫ t

0
b(s) ds, t ∈ (0,∞). Assume that b is

such that 0 < B(t) < ∞ for every t ∈ (0,∞). The operator Tu,b is defined at
g ∈ M+(0,∞) by

Tu,bg(t) = sup
t6τ<∞

u(τ)
B(τ)

∫ τ

0

g(s)b(s) ds, t ∈ (0,∞).

We also make use of the weighted Hardy operator

Pu,bg(t) =
u(t)
B(t)

∫ t

0

g(s)b(s) ds, t ∈ (0,∞).

We start with a simple lemma which enables us to restrict our considera-
tions to special weights u, namely to those for which u

B is nonincreasing. For
this purpose, we put

u(t) = B(t) sup
t6τ<∞

u(τ)
B(τ)

, t ∈ (0,∞).

Note that u
B is nonincreasing on (0,∞). In the second part of the lemma, we

develop a principle which (under certain assumptions) reduces the inequalities
involving Tu,b to those involving Ru and Pu,b, which are considerably more
manageable operators. This idea was first used in [20].

Lemma 4.2. Let u and b be as in Definition 4.1.
(i) For every g ∈ M+(0,∞) and t ∈ (0,∞),

Tu,bg(t) = Tu,bg(t).

(ii) Assume that
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sup
0<t<∞

u(t)
B(t)

∫ t

0

b(s)
u(s)

ds < ∞. (4.5)

Then, for all ϕ ∈ M+(0,∞; ↓),

Tu,bϕ(t) ≈ Ruϕ(t) + Pu,bϕ(t), t ∈ (0,∞).

We are particularly interested in the situation when (4.5) is valid with u
replaced by u. It is easy to show that this is equivalent to

sup
0<t<∞

u(t)
B(t)

∫ t

0

b(s)
u(s)

ds < ∞. (4.6)

We now treat restricted weighted inequalities, i.e., those involving only
nonincreasing functions.

Let 0 < p, q < ∞ and let u be a continuous weight. Our first main goal is
to give a characterization of weights v and w such that the inequality

(∫ ∞

0

Ruϕ(t)qw(t) dt

) 1
q

.
(∫ ∞

0

ϕ(t)pv(t) dt

) 1
p

(4.7)

holds for all ϕ ∈ M+(0,∞; ↓). We also present a simpler characterization in
this case provided that u is equivalent to a nondecreasing function on (0,∞).
We are led to considering such a special case by the important examples when
u(t) = tα with α ∈ (0, 1) (cf. [20, 47] etc.), u(t) = tα| log t|β with α ∈ (0, 1)
and β ∈ R (cf. [72, 29]), and u(t) = 1√

1+log 1
t

that comes out in the study of

optimal dimension-independent Gaussian–Sobolev embeddings in [22].
In the following theorem, case (ii), we have only a discretized condition.

We will return to this problem later. Now, we have to introduce the notion
of a covering sequence, familiar to us from the Sawyer’s result quoted in
Section 1.

Definition 4.3. Let {xk}∞k=−∞ be an increasing sequence in (0,∞) such that
limk→−∞ xk = 0 and limk→∞ xk = ∞. Then we say that {xk} is a covering
sequence. We also admit increasing sequences {xk}k=K

k=J , where either J ∈ Z
and xJ = 0, or K ∈ Z and xK = ∞, or both.

Theorem 4.4. Let 0 < p, q < ∞ and let u be a continuous weight. Let v and
w be weights such that 0 <

∫ x

0
v(t) dt < ∞ and 0 <

∫ x

0
w(t) dt < ∞ for every

x ∈ (0,∞). In the case q < p, we define r by (2.9).
(i) Let 0 < p 6 q < ∞. Then (4.7) is satisfied for all ϕ ∈ M+(0,∞; ↓) if

and only if

(∫ x

0

[
sup

t6τ6x
u(τ)

]q
w(t) dt

) 1
q

.
(∫ x

0

v(t) dt

) 1
p

∀ x ∈ (0,∞). (4.8)
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(ii) Let 0 < q < p < ∞. Then (4.7) is satisfied for all ϕ ∈ M+(0,∞; ↓) if
and only if

sup
{xk}

∑

k

(∫ xk+1

xk

[
sup

t6τ6xk+1

u(τ)
]q

w(t) dt

) r
q (∫ xk+1

0

v(t) dt

)− r
p

< ∞, (4.9)

where the supremum is taken over all covering sequences {xk}.
The proof of the above theorem is quite involved and contains certain fine

real analysis.

Remark 4.5. Suppose that u is equivalent to a nondecreasing function on
(0,∞). Then (4.8) reduces to

u(x)
(∫ x

0

w(t) dt

) 1
q

.
(∫ x

0

v(t) dt

) 1
p

∀ x ∈ (0,∞).

As a particular case of this result, we recover [20, Lemma 3.1]. Analo-
gously, (4.9) is simplified to

sup
{xk}

∑

k

u(xk+1)r

(∫ xk+1

xk

w(t) dt

) r
q

(∫ xk+1

0

v(t) dt

)− r
p

< ∞, (4.10)

Moreover, the next theorem shows that in this case (4.9) can be replaced by
an integral condition in the spirit of [73, Theorem 1.15].

Theorem 4.6. Let 0 < q < p < ∞ and let u, v, w and r be as in Theo-
rem 4.4. Moreover, assume that u is equivalent to a nondecreasing function
on (0,∞). Then the inequality (4.7) holds if and only if

∫ ∞

0

(∫ t

0

w(s) ds

) r
p [

sup
t6τ<∞

u(τ)
(∫ τ

0

v(s) ds

)− 1
p ]r

w(t) dt < ∞. (4.11)

Our next aim is to characterize the validity of the inequality

(∫ ∞

0

[(Tu,bϕ) (t)]q w(t) dt

) 1
q

.
(∫ ∞

0

[ϕ(t)]p v(t) dt

) 1
p

(4.12)

for all ϕ ∈ M+(0,∞; ↓). To this end one can combine Lemma 4.2, Theo-
rem 4.4 and the known results on weighted inequalities for monotone func-
tions due to Sawyer [79], Stepanov [83], and others. For example, when (4.5)
is true with u replaced by u (i.e., when (4.6) is satisfied), then we obtain the
following theorem.

Theorem 4.7. Let 0 < p, q < ∞. In the case q < p, we define r by (2.9).
Let b be a weight such that 0 < B(t) < ∞ for every t ∈ (0,∞), where
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B(t) =
∫ t

0
b(s) ds. Let u, v and w be as in Theorem 4.4 and assume that (4.6)

is satisfied.
(i) Let 1 < p 6 q < ∞. Then (4.12) holds on M+(0,∞; ↓) if and only if

(∫ x

0

[
sup

t6τ6x
u(τ)

]q
w(t) dt

) 1
q

.
(∫ x

0

v(t) dt

) 1
p

∀ x ∈ (0,∞), (4.13)

and

sup
x>0

(∫ ∞

x

(
u(t)
B(t)

)q

w(t) dt

) 1
q

(∫ x

0

(
B(t)
V (t)

)p′

v(t) dt

) 1
p′

< ∞. (4.14)

(ii) Let 0 < p 6 q < ∞ and 0 < p 6 1. Then (4.12) holds on M+(0,∞; ↓)
if and only if (4.13) is satisfied and

B(x)
(∫ ∞

x

(
u(t)
B(t)

)q

w(t) dt

) 1
q

.
(∫ x

0

v(t) dt

) 1
p

∀ x ∈ (0,∞). (4.15)

(iii) Let 1 < p < ∞, 0 < q < p < ∞ and q 6= 1. Then (4.12) holds on
M+(0,∞; ↓) if and only if

sup
{xk}

∑

k

(∫ xk+1

xk

[
sup

t6τ6xk+1

u(τ)
]q

w(t) dt

) r
q (∫ xk+1

0

v(t) dt

)− r
p

< ∞,

(4.16)
where the supremum is taken over all covering sequences, and

∫ ∞

0

(∫ ∞

t

(
u(s)
B(s)

)q

w(s) ds

) r
q

(∫ t

0

(
B(s)
V (s)

)p′

v(s) ds

) r
q′

(4.17)

×
(

B(t)
V (t)

)p′

v(t) dt < ∞.

(iv) Let 1 < p < ∞ and q = 1. Then (4.12) holds on M+(0,∞; ↓) if and
only if (4.16) is satisfied and

(∫ ∞

0

(∫ t

0

u(s)w(s) ds + B(t)
∫ ∞

t

u(s)
B(s)

w(s) ds

)p′
v(t)

[V (t)]p
′ dt

) 1
p′

< ∞.

(4.18)
(v) Let 0 < q < p 6 1. Then (4.12) holds on M+(0,∞; ↓) if and only

if (4.16) is satisfied and
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(∫ ∞

0

(
ess sup
0<s6t

B(s)

[V (s)]
1
p

)r (∫ ∞

t

(
u(s)
B(s)

)q

w(s) ds

) r
p

(4.19)

×
(

u(t)
B(t)

)q

w(t) dt

) 1
r

< ∞.

Remark 4.8. As in Theorem 3.14, in the case where u is equivalent to a
nondecreasing function on (0,∞), the condition (4.16) can be replaced by the
integral condition

∫ ∞

0

(∫ t

0

w(s) ds

) r
p [

sup
t6τ<∞

u(τ)
(∫ τ

0

v(s) ds

)− 1
p ]r

w(t) dt < ∞.

Remark 4.9. Theorem 4.7 with slightly modified assumptions can also be
proved using a reduction theorem from [33]. Note that Theorem 6.2 in [33]
states that, for 1 < p < ∞ and 0 < q < ∞, the inequality (4.12) holds for
all ϕ ∈ M+(0,∞; ↓) if and only if (4.7) holds for all ϕ ∈ M+(0,∞; ↓) and
simultaneously the estimate

(∫ ∞

0

Tu,bg(t)qw(t) dt

) 1
q

.
(∫ ∞

0

g(t)p

(
V (t)
B(t)

)p

v(t)1−p dt

) 1
p

is satisfied for all g ∈ M+(0,∞). This motivates us to study when the in-
equality (∫ ∞

0

Tu,bg(t)qw(t) dt

) 1
q

.
(∫ ∞

0

g(t)pv(t) dt

) 1
p

(4.20)

holds for all g ∈ M+(0,∞). This will be done next.

We study the same weighted inequalities as above, but without the restric-
tion to nonincreasing functions. In particular, we wish to establish when the
inequality (4.20) holds for all g ∈ M+(0,∞).

Recall that if p ∈ (1,∞), then the conjugate number p′ is given by p′ =
p

p−1 . We also use the following notation.

Notation. For a given weight v, 0 6 α < β 6 ∞ and 1 6 p < ∞, we denote

σp(α, β) =





(∫ β

α
v(t)1−p′

dt
) 1

p′ when 1 < p < ∞
ess sup
α<t<β

1
v(t) when p = 1.

We first consider the particular case b ≡ 1. Then we write Tu := Tu,b and,
since B(t) = t, t ∈ (0,∞), we have
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Tug(t) = sup
t6s<∞

u(s)
s

∫ s

0

g(y) dy.

We characterize the validity of the inequality

(∫ ∞

0

Tug(t)qw(t) dt

) 1
q

.
(∫ ∞

0

g(t)pv(t) dt

) 1
p

(4.21)

on the set M+(0,∞).

Theorem 4.10. Assume that 1 6 p < ∞ and 0 < q < ∞. In the case q < p,
we define r by (2.9). Let u, v and w be as in Theorem 4.4.

(i) Let p 6 q. Then (4.21) holds on M+(0,∞) if and only if

sup
x>0

((
u(x)

x

)q ∫ x

0

w(t) dt +
∫ ∞

x

(
u(t)

t

)q

w(t) dt

) 1
q

σp(0, x) < ∞. (4.22)

(ii) Let q < p. Then (4.21) holds on M+(0,∞) if and only if

sup
{xk}


∑

k

(∫ xk+1

xk−1

min
{

u(xk)
xk

,
u(t)

t

}q

w(t) dt

) r
q

[σp(xk−1, xk)]r



1
r

< ∞,

(4.23)
where the supremum is taken over all covering sequences {xk}.

Our next aim is to obtain an analogous result involving a general operator
Tu,b.

Theorem 4.11. Assume that 1 6 p < ∞ and 0 < q < ∞. In the case q < p,
we define r by (2.9). Let b be a weight such that b(t) > 0 for a.e. t ∈ (0,∞)
and B(t) :=

∫ t

0
b(s) ds < ∞ for all t ∈ (0,∞). Let u, v and w be as in

Theorem 4.4. For 0 6 α < β 6 ∞, we denote

σp,b(α, β) =





(∫ β

α
v(t)1−p′

b(t)p′ dt
) 1

p′ when 1 < p < ∞,

ess sup
α<t<β

b(t)
v(t) when p = 1.

(i) Let p 6 q. Then (4.20) holds on M+(0,∞) if and only if

sup
x>0

((
u(x)
B(x)

)q ∫ x

0

w(t) dt +
∫ ∞

x

(
u(t)
B(t)

)q

w(t) dt

) 1
q

σp,b(0, x) < ∞.

(ii) Let q < p. Then (4.20) holds on M+(0,∞) if and only if
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sup
{xk}


∑

k

(∫ xk+1

xk−1

min
{

u(xk)
B(xk)

,
u(t)
B(t)

}q

w(t) dt

) r
q

[σp,b(xk−1, xk)]r



1
r

< ∞,

where the supremum is taken over all covering sequences {xk}.
We have also an alternative integral criterion that characterizes (4.21).

Theorem 4.12. Let u, v and w be as in Theorem 4.10. Let 1 6 p < ∞ and
0 < q < p. In the case q < p, we define r by (2.9). Then the inequality (4.21)
holds for all g ∈ M+(0,∞) if and only if

(∫ ∞

0

(∫ ∞

t

(
u(s)

s

)q

w(s) ds

) r
p

(
u(t)

t

)q

σp(0, t)rw(t) dt

) 1
r

< ∞ (4.24)

and
(∫ ∞

0

(∫ t

0

w(s) ds

) r
p [

sup
t6τ<∞

u(τ)
τ

σp(0, τ)
]r

w(t) dt

) 1
r

< ∞. (4.25)
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Finite Rank Toeplitz Operators in the
Bergman Space

Grigori Rozenblum

To Volodya Maz’ya,
an outstanding mathematician and person

Abstract We discuss resent developments in the problem of description of
finite rank Toeplitz operators in different Bergman spaces and give some
applications.

1 Introduction

Toeplitz operators arise in many fields of Analysis and have been an object of
active study for many years. Quite a lot of questions can be asked about these

are applied.
The classical Toeplitz operator Tf in the Hardy space H2(S1) is defined as

Tfu = Pfu, (1.1)

for u ∈ H2(S1), where f is a bounded function on S1 (the weight func-
tion) and P is the Riesz projection, the orthogonal projection P : L2(S1) →
H2(S1). Such operators are often called Riesz–Toeplitz or Hardy–Toeplitz op-
erators (cf. [15], for more details). More generally, for a Hilbert space H of
functions and a closed subspace L ⊂ H, the Toeplitz operator Tf in L acts
as in (1.1), where P is the projection P : H → L. In particular, in the case
where H is the space L2(Ω, ρ) for some domain Ω ⊂ Cd and some measure ρ
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and L is the Bergman space B2 = B2(Ω, ρ) of analytical functions in H, such
an operator is called Bergman–Toeplitz ; we denote it by Tf .

Among many interesting properties of Riesz–Toeplitz operators, we men-
tion the following cut-off one. If f is a bounded function and the operator
Tf is compact, then f should be zero. For many other classes of operators
a similar cut-off on some level is also observed. The natural question arises,
whether there is a kind of cut-off property for Bergman–Toeplitz operators.
Quite long ago it became a common knowledge that at least direct analogy
does not take place. In [13], the conditions were found on the function f in
the unit disk Ω = D guaranteeing that the operator Tf in B2(D, λ) with
Lebesgue measure λ belongs to the Schatten class Sp. So, the natural ques-
tion came up: probably, it is on the finite rank level that the cut-off takes
place. In other words, if a Bergman–Toeplitz operator has finite rank it should
be zero.

It was known long ago that the Schatten class behavior of Tf is deter-
mined by the rate of convergence to zero at the boundary of the function
f . Therefore, the finite rank (FR) hypothesis deals with functions f with
compact support not touching the boundary of Ω. In this setting, the FR
hypothesis is equivalent to the one for Toeplitz operators on the Bargmann
(Fock, Segal) space consisting of analytical functions in C, square summable
with a Gaussian weight. A proof of the FR hypothesis appeared in the same
paper [13], about twenty lines long. Unfortunately, there was an unrepairable
fault in the proof, so the FR remained unsettled.

It was only in 2007 that the proof of the FR hypothesis was finally found,
even in a more general form. The Bergman projection P : L2 → B can be
extended to an operator from the space of distributions D′(Ω) to B2(Ω,λ).
Let µ be a regular complex Borel measure with compact support in Ω. With
µ we associate the Toeplitz operator Tµ : u 7→ Puµ in B2(Ω, λ).

In [14], the following result was established.

Theorem 1.1. Suppose that the Toeplitz operator Tµ in B2(Ω, λ), Ω ⊂ C
has finite rank r. Then the measure µ is the sum of r point masses,

µ =
r∑
1

Ckδzj , zj ∈ Ω. (1.2)

The publication of the proof of Theorem 1.1 induced an activity around
it. In two years to follow several papers appeared, where the FR theorem was
generalized in different directions, and interesting applications were found in
Analysis and Mathematical Physics.

In this paper, we aim for collecting and systematizing the existing results
on the finite rank problem and their applications. We also present several
new theorems generalizing and extending these results.

In a more vague setting, the problem discussed in the paper can be under-
stood in the following way: is it possible that the contribution of the positive
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part of a real measure µ and the contribution of the negative part of µ “eat
up” each other, so that the resulting Toeplitz operator becomes “trivial.” In
this form, the relation arises with the results by Maz’ya and Verbitsky (cf.,
in particular, [16, 17], where the phenomenon of the mutual compensation
of positive and negative parts of the weight for embedding of Sobolev spaces
was studied in detail).

2 Problem Setting

Let Ω be a domain in Rd or Cd. We suppose that a measure ρ is defined
on Ω, jointly absolutely continuous with Lebesgue measure. Suppose that
L is a closed subspace in H = L2(Ω, ρ), consisting of smooth functions,
L ⊂ C∞(Ω). In this case, the orthogonal projection P : L → H is an integral
operator with smooth kernel,

Pu(x) =
∫

P (x, y)u(y)dρ(x). (2.1)

We call P the Bergman projection and P (x, y) the Bergman kernel (corre-
sponding to the subspace L).

Let F be a distribution, compactly supported in Ω, F ∈ E ′(Ω). We denote
by 〈F, φ〉 the action of the distribution F on the function φ ∈ E . Then one
can define the Toeplitz operator in L with weight F :

(TF u)(x) = 〈F, P (x, ·)u(·)〉. (2.2)

Formula (2.2) can be also understood in the following way. The operator P
considered as an operator P : H → L has an adjoint, P ′ : L′ → H, so PP ′

is the extension of P to the operator L′ → L, in particular, P extends as an
operator from E ′(Ω) to L. In this setting, Fu ∈ E ′(Ω) for u ∈ E(Ω) and the
Toeplitz operator has the form

TF u = PFu, (2.3)

consistently with the traditional definition of Toeplitz operators.
It is more convenient to use the description of the Toeplitz operator by

means of the sesquilinear form. For u, v ∈ L, we have

(TF u, v) = (PFu, v) = 〈σFu,Pv〉 = 〈σF, uv〉, (2.4)

where σ is the Radon–Nikodym derivative of ρ with respect to the Lebesgue
measure. In particular, if F is a regular Borel complex measure F = µ, the
corresponding Toeplitz operator acts as
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Tµu(x) =
∫

Ω

P (x, y)u(x)dµ(x), (2.5)

and the quadratic form is

(TF u, v) =
∫

Ω

uvσdµ(x).

Finally, when F is a bounded function, formula (2.4) takes the form

(TF u, v) =
∫

Ω

uvF (x)dρ(x). (2.6)

Classical examples of Bergman spaces and corresponding Toeplitz opera-
tors are produced by solutions of elliptic equations and systems.

Example 2.1. Let Ω be a bounded domain in C, ρ = λ the Lebesgue
measure, and L = B2(Ω) the space of L2 functions analytical in Ω. This is
the classical Bergman space.

Example 2.2. Let Ω be a bounded pseudoconvex domain in Cd, d > 1, with
Lebesgue measure ρ, and let the space L consist of L2 functions analytical in
Ω. This is also a classical Bergman space. Here, and in Example 2.1, measures
different from the Lebesgue one are also considered, especially when Ω is a
ball or a (poly)disk.

Example 2.3. For a bounded domain Ω ⊂ Rd, we set L to be the space
of L2 solutions of the equation Lu = 0, where L is an elliptic differential
operator with constant coefficients. In particular, if L is the Laplacian, the
space L is called the harmonic Bergman space.

Example 2.4. If Ω is a bounded domain in Rd with even d = 2m, and
Rd is identified with Cm with variables zj = (xj , yj), j = 1, . . . ,m, the
Bergman space of functions which are harmonic with respect to each pair
(xj , yj) is called m-harmonic Bergman space; if on the other hand, the space
of functions u(z) such that uζ(ξ1, ξ2) = u(ζ(ξ1+iξ2)) is harmonic as a function
of variables ξ1, ξ2 for any ζ ∈ Cm\{0}, is called pluriharmonic Bergman space.

Example 2.5. Let Ω be the whole of Cm = Rd, with the Gaussian mea-
sure dρ = exp(−|z|2/2)dλ. The subspace L ⊂ L2(Cm, ρ) of entire analytical
functions in Cm is called Fock or Segal–Bargmann space.

The study of Toeplitz operators in many cases is based upon the consid-
eration of associated infinite matrices.

Let Σ1 = {fj(x), x ∈ Ω}, Σ2 = {gj(x), x ∈ Ω} be two infinite systems of
functions in L. With these systems and a distribution F ∈ E ′(Ω) we associate
the matrix
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A = A(F ) = A(F,Σ1, Σ2, Ω, ρ) = (TF fj , gk)j,k=1,... = (〈σF, fjgk〉). (2.7)

So, the matrix A is the matrix of the sesquilinear form of the operator TF on
the systems Σ1, Σ2. We formulate the obvious but important statement.

Proposition 2.6. Suppose that the Toeplitz operator TF has finite rank r.
Then the matrix A also has finite rank; moreover, rank(A) 6 r.

The use of matrices of the form (2.7) enables one to perform important
reductions. In particular, since the domain Ω does not enter explicitly into
the matrix, the rank of this matrix does not depend on the domain Ω, as long
as one can chose the systems Σ1, Σ2 dense simultaneously in the Bergman
spaces in different domains. Thus, in particular, the FR problems for the
analytical Bergman spaces in bounded domains and for the Fock space are
equivalent (cf. the discussion in [21].)

3 Theorem of Luecking. Extensions in Dimension 1

In this section, we present the original proof given by Luecking in [14], and
give extensions in several directions.

Theorem 3.1. Let Ω ⊂ C be a bounded domain, with Lebesgue measure.
Suppose that for some regular complex Borel measure µ, absolutely continuous
with respect to the Lebesgue measure, with compact support in Ω, the Toeplitz
operator Tµ in the Bergman space of analytical functions has finite rank r.
Then µ = 0.

We formulate and prove here Luecking’s theorem only in the case of an
absolutely continuous measure; the case of more singular measures will be
taken care of later, as a part of the general distributional setting. In the
proof, which follows [14], we separate a lemma that will be used further on.

Lemma 3.2. Let φ be a linear functional on polynomials in z, z. Denote by
A(φ) the matrix with elements φ(zjzk). Then the following are equivalent:

1) the matrix A(φ) has finite rank not greater than r,

2) for any collections of nonnegative integers J = {j0, . . . , jr} and K =
{k0, . . . , kr}

φ⊗N
(∏

i∈(0,r) zji

i det zi
kl

)
= 0, (3.1)

where N = r + 1.

Proof. Since passing to linear combinations of rows and columns does not in-
crease the rank of the matrix, it follows that for any polynomials fj(z), gk(z),
with j, k = 0, . . . , r, the determinant Det (φ(fjgk)) vanishes.
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The determinant is linear in each column and φ is a linear functional, so
we can write

φ




f0(z)×

∣∣∣∣∣∣∣∣∣∣

g0(z) µ(f1g0) . . . φ(frg0)
g1(z) φ(f1g1) . . . φ(frg1)

...
...

. . .
...

gr(z) φ(f1gr) . . . φ(frgr)

∣∣∣∣∣∣∣∣∣∣




= 0.

We introduce the variable z0 in place of z above and use φ0 for φ acting in
the variable z0. We repeat this process in each column (using the variable zj

in column j and the notation φj for φ acting in zj) to obtain

φ0

(
φ1

(
. . . φr

(∏r
k=0 fk(zk) det

(
gj(zk)

))
. . .

))
= 0. (3.2)

We now specialize to the case where each fi = zji , gi = zki and arrive at
(3.1), thus proving the implication 1 ⇒ 2. The converse implication follows
by going along the above reasoning in the opposite direction. ut
Proof of Theorem 3.1. We identify C and R2 with co-ordinates z = x + iy.
Consider the functional φ(f) = φµ(f) =

∫
f(z)dµ(z). Write Z for the N -

tuple (z0, z1, . . . , zr) and VJ(Z) for the determinant det
(
z

kj

i

)
. By Lemma

3.2,
φ⊗N

(
ZKVJ(Z)

)
= 0. (3.3)

Taking finite sums of equations (3.3), we get for any polynomial P (Z) in
N variables:

φ⊗N
(
P (Z)VJ (Z)

)
= 0. (3.4)

By taking linear combinations of antisymmetric polynomials VJ(Z) one can
obtain any antisymmetric polynomial Q(Z) (cf. [14]) for details). Thus,

φ⊗N
(
P (Z)Q(Z)

)
= 0 (3.5)

for any polynomial P (Z) and any antisymmetric polynomial Q(Z). In its
turn, the polynomial Q(Z) is divisible by the lowest degree antisymmet-
ric polynomial, the Vandermonde polynomial V (Z) =

∏
06j6k6r(zj − zk),

Q(Z) = Q1(Z)V (Z) with a symmetric polynomial Q1(Z). We write (3.5) for
Q of this form and P having the form P (Z) = P1(Z)V (Z). So we arrive at

φ⊗N
(
P1(Z)Q1(Z)|V (Z)|2

)
= 0 for all symmetric P1 and Q1. (3.6)

It is clear that finite sums of products of the form P1(Z)Q1(Z) (with P1

and Q1 symmetric) form an algebra A of functions on C which contains
the constants and is closed under conjugation. It does not separate points
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because each element is constant on sets of points that are permutations of
one another. Therefore, we define an equivalence relation ∼ on CN : Z1 ∼ Z2

if and only if Z2 = π(Z1) for some permutation π. Let Z = (z0, . . . , zr),
and let W = (w0, . . . , wr). If Z 6∼ W then the polynomials p(t) =

∏
(t− zj)

and q(t) =
∏

(t − wj) have different zeros (or the same zeros with different
orders). This implies that the coefficient of some power of t in p(t) differs from
the corresponding coefficient in q(t). Thus, there is an elementary symmetric
function that differs at Z and W . Consequently, A separates equivalence
classes.

We give the quotient space CN/∼ the standard quotient space topology.
If K is any compact set in CN that is invariant with respect to ∼, then
K/∼ is compact and Hausdorff. Also, any symmetric continuous function on
CN induces a continuous function on CN/∼ (and conversely). Thus, we can
apply the Stone–Weierstrass theorem (on K/∼) to conclude that A is dense
in the space of continuous symmetric functions, in the topology of uniform
convergence on any compact set. Therefore, for any continuous symmetric
function f(Z) ∫

CN

f(Z)|V (Z)|2 dµ⊗N (Z) = 0. (3.7)

If f is an arbitrary continuous function, the above integral will be the same
as the corresponding integral with the symmetrization of f replacing f . This
is because the function |V (Z)|2 and the product measure µ⊗N are both in-
variant under permutations of the coordinates. We conclude that this integral
vanishes for any continuous f and so the measure |V (Z)|2 dµ⊗N (Z) must be
zero. Thus, µ⊗N is supported on the set where V vanishes, i.e., on the set
of Lebesgue measure zero. Since µ⊗N is absolutely continuous, it must be
zero. ut

The initial setting of Theorem 3.1 dealt with arbitrary measures, as it is
explained in the Introduction. A more advanced result was obtained in [2],
where Luecking’s theorem was carried over to distributions.

Theorem 3.3. Suppose that F ∈ E ′(Ω) is a distribution with compact sup-
port in Ω ⊂ C and the Toeplitz operator TF has finite rank r. Then the
distribution F is a finite combination of δ-distributions at some points in Ω
and their derivatives,

F =
∑

j6r

Ljδ(z − zj), (3.8)

Lj being differential operators.

We start with some observations about distributions in E ′(C). For such a
distribution we denote by psupp F the complement of the unbounded com-
ponent of the complement of supp F .

Lemma 3.4. Let F ∈ E ′(C). Then the following two statements are equiva-
lent:
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a) there exists a distribution G ∈ E ′(C) such that ∂G
∂z = F ; moreover,

supp G ⊂ psuppF,
b) F is orthogonal to all polynomials of z variable, i.e., 〈F, zk〉 = 0 for all

k ∈ Z+.

Proof. The implication a) =⇒ b) follows from the relation

〈F, zk〉 =
〈∂G

∂z
, zk

〉
=

〈
G,

∂zk

∂z

〉
= 0. (3.9)

We prove that b) =⇒ a). Put G := F ∗ 1
πz ∈ S ′(C), the convolution being

well-defined because F has compact support. Since 1
πz is the fundamental

solution of the Cauchy–Riemann operator ∂
∂z , we have ∂G

∂z = F (cf., for
example, [10, Theorem 1.2.2]). By the ellipticity of the Cauchy–Riemann
operator, singsupp G ⊂ singsupp F ⊂ supp F , in particular, this means that
G is a smooth function outside psupp F ; moreover, G is analytic outside
psuppF (by singsupp F we denote the singular support of the distribution F
(cf., for example, [10], the largest open set where the distribution coincides
with a smooth function). Additionally,

G(z) = 〈F,
1

π(z − w)
〉 = π−1

∞∑

k=0

z−k−1〈F,wk〉 = 0

if |z| > R and R is sufficiently large. By analyticity this implies G(z) = 0 for
all z outside psuppF . ut
Proof of Theorem 3.3. The distribution F , as any distribution with compact
support, is of finite order, therefore it belongs to some Sobolev space, F ∈ Hs

for certain s ∈ R1. If s > 0, F is a function and must be zero by Luecking’s
theorem. So, suppose that s < 0.

Consider the first r + 1 columns in the matrix A(F ), i.e.,

akl = (TF zk, zl) = 〈σF, zkzl〉, l = 0, . . . r; k = 0, . . . . (3.10)

Since the rank of the matrix A(F ) is not greater than r, the columns are
linearly dependent, in other words, there exist coefficients c0, . . . , cr such
that

∑r
l=0 aklcl = 0 for any k > 0. This relation can be written as

〈F, zkh1(z)〉 = 〈h1(z)F, zk〉 = 0, h1(z) =
r∑

k=0

clz
l. (3.11)

Therefore, the distribution h1(z)F ∈ Hs satisfies the conditions of Lemma
3.4 and hence there exists a compactly supported distribution F (1) such that
∂F (1)

∂z = h1F . By the ellipticity of the Cauchy–Riemann operator, the distri-
bution F (1) is less singular than F , F (1) ∈ Hs+1. At the same time,
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〈F (1), zkzl〉 = (l + 1)−1
〈
F (1),

∂zkzl+1

∂z

〉

= (l + 1)−1〈h1(z)F, zkzl〉 = (l + 1)−1〈F, zkzlh1(z)〉, (3.12)

and therefore the rank of the matrix A(F (1)) does not exceed the rank of the
matrix A(F ).

We repeat this procedure sufficiently many (say, n = [−s] + 1) times and
arrive at the distribution F (n) which is, in fact, a function in L2, for which
the corresponding matrix A(F (n)) has finite rank. By Luecking’s theorem,
this may happen only if F (n) = 0.

Now, we go back to the initial distribution F . Since, by our construction,

∂F (n)

∂z
= hn(z)F (n−1),

we have hn(z)F (n−1) = 0, and therefore supp F (n−1) is a subset of the set of
zeroes of the polynomial hn(z). On the next step, since

∂F (n−1)

∂z
= hn−1(z)F (n−2),

we find that supp F (n−2) lies in the union of sets of zeroes of polynomials
hn−1(z) and hn(z). After having gone all the way back to F , we find that its
support is a finite set of points lying in the union of zero sets of polynomials
hj . A distribution with such support must be a linear combination of δ -
distributions in these points and their derivatives, F =

∑
Lqδ(z− zq), where

Lq = Lq(D) are some differential operators. Finally, to show that the number
of points zq does not exceed r, we construct for each of them the interpolating
polynomial fq(z) such that Lq(−D)|fq|2 6= 0 at the point zq while at the
points zq′ , q′ 6= q, the polynomial fq has zero of sufficiently high order, higher
than the order of Lq′ , so that Lq′(fqg)(zq′) = 0 for any smooth function g.
With such a choice of polynomials, the matrix with entries 〈F, fqfq′〉 is the
diagonal matrix with nonzero entries on the diagonal, and therefore its size
(that equals the number of the points zq) cannot be greater than the rank of
the whole matrix A(F ), i.e., cannot be greater than r. ut
Remark 3.5. The attempt to extend directly the original proof of Theorem
3.1 to the distributional case would probably meet certain complications. The
following property is crucial in this proof: the algebra generated by polyno-
mials of the form P1(Z)Q1(Z) with symmetric P1, Q1 is dense (in the sense
of the uniform convergence on compacts) in the space of symmetric contin-
uous functions. This latter property is proved above by a reduction to the
Stone–Weierstrass theorem.

Now, if F is a distribution that is not a measure, the analogy of reasoning
in the proof would require a similar density property, however not in the sense
of the uniform convergence on compacts, but in a stronger sense, the uniform
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convergence together with derivatives up to some fixed order (depending on
the order of the distribution F .) The Stone–Weierstrass theorem seems not
to help here since it deals with the uniform convergence only. Moreover, the
required more general density statement itself is wrong, which follows from
the construction below (cf. [2]).

Example 3.6. The algebra generated by the functions having the form
P1(Z)Q1(Z), where P1, Q1 are symmetric polynomials of the variables Z =
(z0, . . . , zN ) is not dense in the sense of the uniform Cl-convergence on com-
pact sets in the space of Cl-differentiable symmetric functions, as long as
l > N(N − 1). To show this, consider the differential operator V (D) =∏

j<k(Dj − Dk), Dj = ∂
∂z . It is easy to check that V (D)H is symmetric

for any antisymmetric function H(Z) and V (D)H is antisymmetric for any
symmetric function H(Z). Further on, consider any function H(Z) of the
form H(Z) = P1(Z)Q1(Z) where P1(Z), Q1(Z) are analytic polynomials. If
at least one of them is symmetric, we have

(V (D)V (D))H(0) = 0. (3.13)

In fact,

V (D)V (D)P1(Z)Q1(Z) = [(V (D)P1(Z)][V (D)Q1(Z)].

In the last expression, for the symmetric polynomial P1, the corresponding
polynomial V (D)P1(Z) is antisymmetric, and therefore equals zero for Z = 0.
Now, consider the symmetric function |V (Z)|2 = V (Z)V (Z). We have

V (D)V (D)V (Z)V (Z) = [V (D)V (Z)][V (D)V (Z)].

Note that
V (Z) =

∑
κ

Cκ
∏

z
κj

j ,

where the summing goes over multiindices κ = (κ1, . . . ,κN ), |κ| = N and
not all of real coefficients Cκ are zeros. Simultaneously,

V (D) =
∑
κ

Cκ
∏

D
κj

j

with the same coefficients. We recall now that
∏

D
κj

j

∏
z
κ′j
j = 0 if |κ| = |κ′|,

κ 6= κ′ and it equals κ! if κ = κ′. Therefore,

V (D)V (Z) =
∑
κ

C2
κκ!

is a positive constant. In this way, we have constructed the differential op-
erator V (D)V (D) of order N(N − 1) satisfying (3.13) for any function of
the form H(Z) = P1(Z)Q1(Z) with symmetric P1, Q1, and not vanishing
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on some symmetric differentiable function |V (Z)|2. Therefore, the function
|V (Z)|2 cannot be approximated by linear combinations of the functions
H(Z) = P1(Z)Q1(Z) in the sense of the uniform CN(N−1) convergence on
compacts.

Luecking’s theorem was extended in a different direction by Le [11]. For the
particular system of functions fk = zk used above for the construction of the
matrix A, it turns out that its rank may even be infinite, but the assertion of
the theorem still holds, as long as the range of the operator avoids sufficiently
many analytical functions.

We say that the set of indices J = {nj} ⊂ Z+ = {n ∈ Z, n > 0} is sparse
if the series

∑
n∈J (n + 1)−1 converges.

Theorem 3.7 ([11]). Suppose that µ is a regular complex Borel measure and
J = {nj} ⊂ Z+ is sparse, J ′ = Z+ \ J . Consider the reduced matrix AJ
consisting of ajk: j, k ∈ J ′. Suppose that the rank r of AJ is finite. Then the
support of µ consists of no more than r + 1 points.

The original formulation of this theorem in [11] is given in the terms of the
Toeplitz operator itself. Denote by M , N the space of polynomials spanned
by monomials zj with j, respectively, in J ,J ′. In Theorem 3.7, it is supposed
that the operator Tµ, being restricted to N, has range in the linear span of
M and some finite-dimensional subspace in N.

In the next section, we establish a result that generalizes Theorem 3.7 in
three directions: the multidimensional case will be considered, any distribu-
tion with compact support will replace the measure µ, and the condition of
sparseness will be considerably relaxed.

4 The Multidimensional Case

In this section, we extend our main Theorem 3.3 to the case of Toeplitz
operators in Bergman spaces of analytical functions of several variables. For
the case of a measure acting as weight, there exist two ways of proving this
result, in [5] and [21, 2]. The first approach generalizes the one used in [14]
in proving Theorem 3.1, the other one uses the induction on dimension. As
it follows from Remark 3.5, for the case of distribution the approach of [5]
is likely to meet some complications. We present here the proof given in [2],
with some modifications.

Theorem 4.1. Let F be a distribution in E ′(Cd). Consider the matrix

A(F ) = (aαβ)α,β∈Zd
+
; aαβ = 〈F, zαzβ〉, z = (z1, . . . , zd) ∈ Cd. (4.1)
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Suppose that the matrix A(F ) has finite rank r. Then card supp F 6 r and
F =

∑
Lqδ(z − zq), where Lq are differential operators and zq, 1 6 q 6 r,

are some points in Cd.

We notice first, following [21], that if the function g is analytical and
bounded in some polydisk neighborhood of supp F and Fg is the distribution
|g|2F , then rankA(Fg) 6 rankA(F ). To show this, we denote by Mg the
bounded operator acting in B2 by multiplication by g. The adjoint operator
M∗

g is, of course, bounded as well. Consider the quadratic form of the operator
TFg : for u ∈ B2,

(TFgu, u) = 〈F, gugu〉 = (TF (gu), gu) = (TF Mgu,Mgu) = (M∗
g TF Mgu, u).

So we see that the operator u 7→ TFg
u coincides with M∗

g TF Mg. The mul-
tiplication by bounded operators does not increase the rank of an operator,
and the property follows.

Thus, it suffices to prove the statement that is, actually, only formally
weaker than Theorem 4.1.

Theorem 4.2. Suppose that for any function g(z), analytic and bounded in
a polydisk neighborhood of the support of the distribution F , the conditions of
Theorem 4.1 are fulfilled with the distribution F replaced by |g(z)|2F ≡ Fg.
Then card supp F 6 r and F =

∑
16q6r Lqδ(z−zq), where Lq are differential

operators.

Proof. We use the induction on d. For d = 1 the statement of Theorem 4.2
coincides with the one of Theorem 3.3 that was proved in Section 3. We
suppose that we have established our statement in the complex dimension
d − 1 and consider the d-dimensional case. We denote the variables as z =
(z1, z′), z′ ∈ Cd−1.

For a fixed function g(z) we denote by G(g) = π∗Fg the distribution in
E ′(Cd−1) induced from Fg by the projection π : z 7→ z′: for u ∈ C∞(Cd−1),

〈G(g), u〉 = 〈Fg, 1C1 ⊗ u〉. (4.2)

Although the function g is defined only in a polydisk, the distribution (4.2)
is well defined since this polydisk contains supp F .

Consider the submatrix A′(Fg) in the matrix A(Fg) consisting only of
those aαβ = 〈|g|2F, zαzβ〉 for which α1 = β1 = 0. It follows from (4.2),
that the matrix A′(Fg) coincides with the matrix A(G(g)) constructed for
the distribution G(g) in dimension d − 1. Thus, the matrix A(G(g)), be-
ing a submatrix of a finite rank matrix, has a finite rank itself; moreover,
rankA(G(g)) 6 r. By the inductive assumption, this implies that the distri-
bution G(g) has finite support consisting of r(g) 6 r points ζ1(g), . . . , ζr(g);
ζq(g) ∈ Cd−1 (the notation reflects the fact that both the points and their
quantity may depend on the function g). Among all functions g, we can find
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the one, g = g0, for which r(g) attains its maximal value r0 6 r. Without
losing in generality, we can assume that g0 = 1.

Fix an ε > 0, sufficiently small, so that 2ε-neighborhoods of ζq(1) are
disjoint, and consider the functions ϕq(z′) ∈ C∞(Cd−1), q = 1, . . . , r0 such
that supp ϕq lies in the ε-neighborhood of the point ζq(1) and ϕq(z′) =
1 in the ε

2 -neighborhood of ζq(1). We fix an analytic function g(z) and
consider for any q the distribution Φq(t, g) ∈ E ′(Cd), Φq(t, g) = |1 +
tg(z)|2ϕq(z′)F = ϕq(z′)F1+tg. For t = 0, Φq(t, g) = ϕq(z′)F , the point
ζq(1) belongs to the support of π∗Φq(0, g), and therefore for some function
u ∈ C∞(Cd−1), 〈π∗Φq(0, g), u〉 6= 0. By continuity, for |t| small enough, we
still have 〈π∗Φq(t, g), u〉 6= 0, which means that the ε-neighborhood of the
point ζq(1) contains at least one point in the support of the distribution
G(1 + tg). Altogether, we have not less than r0 points of the support of
G(1 + tg) in the union of ε-neighborhoods of the points ζj(1). However, re-
call, the support of G(1 + tg) can never contain more than r0 points, so we
deduce that for t small enough, there are no points of the support of G(1+tg)
outside the ε-neighborhoods of the points ζq(1), for |t| small enough (depend-
ing on g.) Thus, the support of the distribution G(1 + tg) is contained in the
ε-neighborhood of the set of points ζj(1) for any g.

We introduce a function ψ ∈ C∞(Cd−1) that equals 1 outside 2ε-neighbor-
hoods of the points ζq(1) and vanishes in ε-neighborhoods of these points. By
the above reasoning, the distribution ψG(1 + tg) equals zero for any g, for t
small enough. In particular, applying this distribution to the function u = 1,
we obtain

〈ψG(1 + tg), 1〉 = 〈ψF, |1 + tg|2〉 = 〈ψF, 1 + 2t Re g + t2|g|2〉 = 0. (4.3)

By the arbitrariness of t in a small interval, (4.3) implies that 〈ψF, |g|2〉 = 0
for any g. By standard polarization, this implies that for any functions g1, g2

analytical in a polydisk neighborhood of supp F .

〈ψF, g1g2〉 = 0. (4.4)

Any polynomial p(z, z) can be represented as a linear combination of func-
tions of the form g1g2, so, (4.4) gives

〈ψF, p(z, z)〉 = 0. (4.5)

We take any function f ∈ C∞(Cd) supported in the neighborhood U of
supp F such that f = 0 on the support of ψ. We can approximate f by
polynomials of the form p(z, z) uniformly on U in the sense of Cl, where l
is the order of the distribution F . Passing to the limit in (4.5), we obtain
〈ψF, f〉 = 〈F, f〉 = 0.

The latter relation shows that supp F ⊂ ⋃
q{z : |z′ − ζq(1)| < 2ε}. Since

ε > 0 is arbitrary, this implies that supp F lies in the union of affine subspaces
z′ = ζj , j = 1, . . . , r0 of complex dimension 1.
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We repeat the same reasoning having chosen instead of z = (z1, z′) another
decomposition of the complex variable z: z = (z′′, zd). We find that for some
points ξk ∈ Cd−1, no more than r of them, the support of F lies in the union
of subspaces z′′ = ξk. Taken together, this means that, actually, supp F lies
in the intersection of these two systems of subspaces, which consists of no
more than r2 points zs. The number of points is finally reduced to r0 6 r in
the same way as in Theorem 3.3, by choosing a special system of interpolation
functions. ut

The theorem just proved can be extended to the case of a sparse range,
following the pattern of Theorem 3.7.

Definition 4.3. Let J ⊂ Zd
+ be a set of multiindices, and let γ ∈ Zd

+ be a
fixed multiindex. We say that the set J is N -sparse in the direction γ if for
any α ∈ Zd

+,
lim sup

n→∞
n−1#{(α + ([0, n]γ)) ∩ J } < N−1. (4.6)

In other words, the fact that the set J is N -sparse in direction γ means
that along any half-line starting at some point of Zd

+ and going in the direction
γ, the density of the points of J on this line is less than N−1.

For a multiindex γ = (k1, . . . , kd) we denote by n(γ) the set of indices j
such that kj = 0. Introduce the set J ′ = Zd

+ \ J and the reduced matrix
AJ (F ) consisting of aα,β : α, β ∈ J ′.
Theorem 4.4. Suppose that for a distribution F ∈ E ′(Cd) the reduced matrix
AJ (F ) has finite rank r, and for some ε > 0, the set J is 2r + 2 + ε-sparse
in some directions γl, l = 1, . . . , l such that

∪n(γl) = {1, . . . , d}. (4.7)

Then the distribution F has finite support consisting of no more than r + 1
points. In the particular case where F is a function, the condition (4.7) can
be dropped and if J is 2r+2+ ε-sparse just in one, arbitrary, direction, then
F = 0.

Remark 4.5. For the case of measures, a version of Theorem 4.4 with a
more restrictive notion of sparseness, was proved in [12].
Remark 4.6. The condition (4.7) is sharp in the sense that if it is violated,
the support of F can be infinite. Consider the set J consisting of multiindices
having zero in the first position. This set J is N -sparse for any N in any
direction γl, with a non-zero in the first position. For such directions γl, we
have 1 6∈ ∪n(γl). Let the distribution F ∈ E ′(Cd) be a measure supported in
the subspace {z1 = 0}. Then for any α, β 6∈ J , the functions zα, zβ vanish
on {z1 = 0} and thus 〈F, zαzβ〉 = 0, so the statement on the finiteness of
support becomes wrong. Of course, due to the second part of Theorem 4.4,
such examples are impossible in the case where the distribution is, in fact, a
function.
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Proof. The proof follows the structure of the proof of Theorem 3.7 in [11],
with two main ingredients replaced by their multidimensional analogies and
with the extension to distributions and a more general notion of sparse sets.

First, similar to Lemma 3.2, the following two properties are equivalent:

1. the matrix A(F ) has finite rank not greater than r;
2. for any collections of 2N = 2r + 2 multiindices α0, . . . , αr, β0, . . . , βr

φ⊗N
(∏

i∈(0,r) z
αi
i det zi

βl
)

= 0. (4.8)

The proof of this fact is quite similar to the proof of Lemma 3.2 (one can
also find details in [5, p.215]).

Now, we fix the multiindices α0, . . . , αr, β0, . . . , βr and, supposing that the
set J is 2r+2+ ε - sparse in the direction γ, consider the set of multiindices

Y = Zd
+ \

(
(∪r

j=0(J − αj))
⋃

(∪r
j=0(J − βj))

)
. (4.9)

The set Zd
+ \ Y thus consists of 2N shifts of the set J , therefore

lim inf
n→∞

{
n−1#{Y ∩ γ[0, n]}} > ε > 0.

In other words, the set of integers n such that αj + nγ, βj + nγ 6∈ J for all
j has positive density in Z+. In particular, this means that

∑

n:γn∈Y

(n + 1)−1 = ∞. (4.10)

Consider the function of the complex variable w:

Φ(w) =
〈
F⊗N ,

∏
zαj+γw

j det
(
zβk+γw

j

)〉

=
〈
F⊗N ,

∏
zαj

j det
(
zβk

j

)|
∏

zγ
j |2Nw

〉
.

The function onto which the distribution F⊗N acts, is not smooth for non-
integer w, but we take care of this in the following way. The distribution
F , having compact support, must have finite order, κ > 0. Thus, F can
be extended as a functional on κ times differentiable functions. The function
|∏ zγ

j |2Nw belongs to Cκ for 2N Rew > κ, so, in the half-plane K = {Rew >
κ
2N } the function Φ(w) is well defined, analytical, and it is continuous in K.
Therefore, if the support of F lies in the ball |z| < R, the function Ψ(w) =
R−NwΦ(w) is a bounded analytical function in K. Since, by our construction,
all αj + γn, βn + γn belong to Z+ \ J for all n ∈ Y , we have

Φ(n) = Ψ(n) = 0, n ∈ Y. (4.11)

Let
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H(ζ) = Ψ
(1 + (ζ + κ)

1− (ζ + κ)

)
.

Then H is a bounded analytical function on the unit disk. For any n ∈ Y ,
equation (4.11) implies that

H
(n− 1− κ

n + 1 + κ

)
= 0.

Now ∑

n∈Y

(
1− n− 1− κ

n + 1 + κ

)
=

∑

n∈Y

2κ + 2
n + 1 + κ

= ∞

by (4.10). The corollary to Theorem 15.23 in [22] shows that in this case H
should be indentically zero on the unit disk, and therefore Φ(w) = 0, Re w >
k. By continuity, Φ(κ) = 0, and this means, in particular that

(|zγ |2κF )⊗N
( r∏

j=0

zαj

j det(zj)βk

)
= 0.

In the reasoning above, the multiindices αj , βj are arbitrary, this means that
(4.8) holds for the distribution |zγ |2κF , and therefore, by Theorem 4.1, this
distribution must have a support consisting of a finite number of points.
Therefore, the support of F itself is contained in the union of the above
points and the subset where zγ = 0. The latter subset is the union of the
subspaces zm = 0 for those m that do not belong to n(γ). In particular, if
F is a function, this implies that F = 0. In the general case, we repeat the
reasoning in the proof for any direction γl. Since, by the conditions of the
theorem, ∪n(γl) = {1, . . . , d}, the intersection of zero sets of zγl consists only
of the point 0, and this proves our statement. ut

5 Applications

In this section, we give some applications of the results on the finite rank
Toeplitz operators in analytical Bergman spaces.

5.1 Approximation

For a subset Q ⊂ C(Ω), we denote by Z(Q) the set of common zeros of
functions in Q. Conversely, for a subset E of Ω, we denote by J(E) the ideal
in C(Ω) consisting of all functions vanishing on E. Given a subspace W in
the Bergman space B(Ω) of analytical functions, we denote by Ŵ the closure
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in C(Ω) of the span of functions of the form h(z) = fg, f ∈ B(Ω), g ∈ W in
the topology of uniform convergence on compacts in Ω.

Theorem 5.1 ([5]). Let W be a subspace in B(Ω) with finite codimension.
Then Z(W ) is a finite set and Ŵ = J(Z(W )). In particular, if Z(W ) = ∅,
then Ŵ = C(Ω).

Proof. Endowed with the topology of uniform convergence on compact sets,
the space C(Ω) is locally convex and its continuous linear functionals are
identified with complex Borel measures supported on compact sets in Ω. Let
Y be the space of measures orthogonal to Ŵ . If Y 6= ∅ there should exist a
complex Borel measure µ 6= 0 supported on a compact set in Ω such that

0 =
∫

Ω

fgdµ =
∫

Ω

(Tµf)gdλ (5.1)

for all f ∈ B, g ∈ W . This shows that TµB is contained in W⊥, which is
finite dimensional. By Theorem 3.3, µ must be supported on some finite
set in Ω, say Eµ. It follows that TµB is spanned by finitely many kernel
functions P (·, w), w ∈ Eµ. By (5.1), we have that these functions P (·, w)
lie in W⊥. Since these functions are also linearly independent, the union E
of the sets Eµ, µ ∈ Y , must be finite. By the reproducing property, E ⊂
Z(W ). Moreover, we have E = Z(W ), because point masses at the points
of Z(W ) belong to Y . Now, since each µ ∈ Y is supported in E, the ideal
J(E) = J(Z(W )) is annihilated by all µ ∈ Y . Thus, J(Z(W )) ⊂ Ŵ , and the
converse inclusion is obvious. The case Y = ∅ is easily treated by the fact
that Y = ∅ if and only if Z(W ) = ∅, which one may see from the proof
above. ut

Theorem 5.1 can be understood as saying that the linear combinations of
the functions of the form fg, f ∈ W , g ∈ B, can approximate any continuous
function uniformly on any compact not containing points from some finite set.
By means of the more general Theorem 4.4, we can extend this approximation
result in several directions.

Theorem 5.2. Let Ω ⊂ Cd, and let J ⊂ Zd
+ be some set of multiindices,

J ′ = Zd
+ \ J , satisfying the conditions of Theorem 4.4 with r < 2N + 1 for

some N . Denote by P = P(J ) the space of polynomials of the form p(z) =∑
cαzα, α ∈ J ′, Let U, V be linear subspaces in P(J ) with codimension not

greater than N . Then there are no more than 2N + 1 points wκ ∈ Ω such
that for any n, the space R of linear combinations of functions of the form
p(z)q(z), p(z) ∈ U,q(z) ∈ V , is dense in Cn(Ω) in the sense of uniform
convergence of all derivatives of order not higher than n, on any compact
K ⊂ Ω not containing the points wκ.

Compared with Theorem 5.1, this theorem takes care of a more strong
type of convergence, while the approximating set is considerably smaller.
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Proof. Suppose that on some compact K the functions p(z)q(z) are not dense
in the sense of uniform convergence on K with derivatives of order up to n.
This means that there exists a distribution F with support in K such that
〈F,p(z)q(z)〉 = 0 for all p(z) ∈ U,q(z) ∈ V .

Since V has finite codimension in P(J ), there exist no more than N poly-
nomials φ0, . . . , φN0 , N0 < N , so that P(J ) = V + Span (φ0, . . . , φN0). Simi-
larly, there exist no more than N polynomials ψ0, . . . , ψN1 , N1 < N , so that
P(J ) = U + Span (ψ0, . . . , ψN1).

We choose some basis pi(z) in U and some basis qj(z) in V . Consider
the infinite matrix C0 consisting of elements bij = 〈F,pi(z)qj(z)〉, which
are, of course, all zeros. Now, we append the matrix C0 by N0 columns
bi,−s = 〈F,pi(z)φs(z)〉, s = 0, . . . , N0 and then by N1 horizontal rows
b−t,j = 〈F, ψt(z)qj(z)〉, b−t,−s = 〈F,ψt(z)φs(z)〉, t = 0, . . . , N1, thus ob-
taining the matrix C. Each of these two operations increases the rank of the
matrix no more than by N , so rank(C) 6 2N. Now, since any monomial zk,
k ∈ J ′ is a finite linear combination of polynomials pi, ψt and any mono-
mial zl, l ∈ J ′ is a finite linear combination of polynomials q, φs, the matrix
AJ (F ) consisting of ak,l = 〈F, zkzl〉, k, l ∈ J ′, has rank not greater than
rank(C), i.e., rank(AJ (F )) 6 2N.

Now, Theorem 4.2 implies that the distribution F has support consisting
of no more than 2N + 1 points; we denote this set Z(F ). For some other
distribution G, also vanishing on all functions of the form p(z)q(z), p(z) ∈
U,q(z) ∈ V , the support Z(G), by the same reasoning also consists of no more
than 2N + 1 points. By considering a linear combination of F and G, we see
that still #{Z(F ) ∪ Z(G)} 6 2N + 1. So, the support of any distributions
vanishing on p(z)q(z), p(z) ∈ U,q(z) ∈ V, is a part of some set E ⊂ K,
that has no more than 2N + 1 points. Therefore, any function in Cn can be
approximated by the functions of the form p(z)q(z), p(z) ∈ U,q(z) ∈ V, in
Cn uniformly on any compact K ′ ⊂ K, not containing these points. Finally,
the compact K in our construction can be chosen arbitrarily large, while
the set E can never have more than 2N + 1 points and thus can be taken
independently of K. ut

We give an example of the application of Theorem 5.2. For the sake of
simplicity, we take J = ∅. For multiindices α, k ∈ Zd

+ we write α ≺ k if each
component of α is not greater than the corresponding component of k, while
at least one component is strictly less.

Example 5.3. Suppose that for any multiindex k ∈ Zd
+, |k| > m, two

polynomials pk(z) and qk(z), z ∈ Cd are given, of the form pk(z) =
zk +

∑
α≺k cα,kzα, respectively, qk(z) = zk +

∑
β≺k pβ,kzβ . These sets of

polynomials have codimension not greater than N =
(
d+m

d

)
in the space of

all polynomials. Thus, Theorem 5.2 guarantees that there are no more than
2N +2 points wκ such that any Cn− function can be approximated by linear
combinations of pk(z)ql(z) on any compact not containing these points.
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5.2 Products of Toeplitz operators

It was known since long ago that the product of two Toeplitz operators in
the Hardy space on a circle can be zero only in the case one of them is zero
(cf. [3]). This result was gradually extended to an arbitrary finite product of
operators on a circle (cf. [1]) and to the multidimensional case, i.e., operators
in the Hardy space on the torus, where the product of up to six Toeplitz
operators is taken care of (cf. [8]).

Much less understandable is the situation with Toeplitz operators in the
Bergman space; even for the case of a disk it is still not known if it is true that
for f, g ∈ L∞, the relation TfTg = 0, or, more generally rank(TfTg) < ∞,
implies vanishing of g or f . Affirmative answers to this problem, as well as to
its multidimensional versions, was obtained only in rather special cases, say,
under the assumption that the functions f and g are harmonic or m-harmonic
(cf. [9, 6] where extensive references can also be found.)

We present here some very recent results on the finite rank product prob-
lem, essentially obtained by Le [11].

Theorem 5.4. Let D be the unit disk in C1. Suppose that the function f(z) ∈
L2(D), |z| 6 1 has in the expansion in polar coordinates the form

f(reiθ) =
M∑

n=−∞
fn(r)einθ, (5.2)

and f̂M (l) =
∫ 1

0
fM (r)rldr 6= 0 for all l large enough, l > l0. If for some

distribution G ∈ E ′(D), the product TGTf has finite rank, the distribution G
must have finite support. In particular, if G is a function, then G = 0.

Proof. The proof follows mostly the one in [11], with modifications allowed
by more advanced finite rank theorems. First, recall that the Bergman space
B2 on the disk has a natural orthonormal basis

es(z) =
√

s + 1zs, s = 0, 1, . . . . (5.3)

The matrix representation of the operator Tf in this basis has the form

(Tfek, el) = Ck,l

1∫

0

fl−k(r)rk+l+1, k, l > 0,

Ckl = 2
√

(k + 1)(l + 1). By our assumption about f , we have (Tfek, el) = 0
whenever l − k < M . Thus, for k ∈ Z+, we can write
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Tfek =
k+M∑

l=0

(Tfek, el)el = Ck,k+M f̂M (2k + M + 1)ek+M

+
k+M+1∑

l=0

Ck,lf̂l−k(k + l + 1)el.

This shows that when k + M > 1 and 2k + M + 1 > l0, the function ek+M

can be expressed as a linear combination of Tfek and el, l < M + k. Suppose
that TGTf has finite rank r and let φ1, . . . , φr be some basis in the range
of TGTf . Then for any nonnegative integer k such that k + M > 1 and
2k+M+1 > l0, the function TGek+M is a linear combination of φ1, . . . , φr and
TGel, l 6 k+M . We substitute consecutively this expression for TGek+M into
the similar expression for TGek′+M , for k′ > k. Thus, all functions TGek′+M ,
k′+M > 1, 2k′+M +1 > l0, is expressed as linear combinations of functions
TGek+M with 2k +M +1 6 l0 and the finite set of functions φ1, . . . , φr. This
means that the matrix with entries (TGek, el) has finite rank. We can apply
Theorem 4.4 that grants the required properties for G. ut

Since for any monomial zkzl, r̂k+l(m) is never zero, the conditions of
Theorem 5.4 are fulfilled for any f having the form f(z) = p(z, z)+h(z) where
p is a nonzero polynomial of z, z and h is a bounded analytical function.

Another type of results on finite rank products of Toeplitz operators in the
analytical Bergman space in the unit disk or polydisk, established in [11, 12],
covers the case where all Toeplitz weights, except one, are functions of a
special form. We present here the formulation of the general theorem proved
in [12], generalized to cover the case of distributional weights.

Theorem 5.5. Let f1, . . . , fm1+m2 be bounded functions in the polydisk Dd ⊂
Cd such that each of them is radial, fj(z1, . . . , zd) = fj(|z1|, . . . , |zd|) and
none is identically zero. For a collection of multiindices αj , βj ∈ Zd

+, j =
1, . . . , m1 + m2 we set gj(z) = fj(z)zαjzβj . Suppose that F is a distribution
with compact support in Dd and the operator

A = Tg1 . . . Tgm1
TFTgm1+1 . . . Tgm1+m2

(5.4)

has finite rank. Then F has finite support. In particular, if F is a function,
F is zero.

The proof is based upon the consideration of the kernel of the product
of the operators S1 = Tg1 . . . Tgm1

and the range of S2 = Tgm1+1 . . . Tgm1+m2
.

The action of these operators is explicitly described in the natural basis in
the Bergman space (and it is here the geometry of the polydisk is crucial.)
The set of multiindices numbering the basis functions in the kernel of S1 and
in the cokernel of S2 turns out to be sparse. Therefore, the finiteness of the
rank of S1TFS2 leads to the finiteness of the rank of the properly restricted
operator TF . The reasoning concludes by the application of Theorem 4.4.
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To demonstrate the idea, not going into complicated details, we present
the proof, borrowed from [11, 12], for the most simple case, when d = 1,
m1 = 1, m2 = 0, so the operator A in (5.4) has the form A = TgTF

Proof. As in the proof of Theorem 5.4, we consider the standard orthogonal
basis es in the Bergman space, given by (5.3). In this base, the action of the
operator Tg for g(z) = f(|z|)zαzβ is easily calculated,

Tges =

{
0, s < α− β,

Cf̂(2s + 2α + 1)es+α−β , s > α− β,
(5.5)

with some positive constants C, depending on all indices and exponents
in (5.5).

Denote J = {s : s < α + β}⋃{s : f̂(2s + 2α + 1) = 0}. Since the function
f is nonzero, the set J is sparse by Müntz–Sász’s theorem. For s 6∈ J , we
see from (5.5) that Tges 6= 0 and es+α−β is a multiple of Tges. Suppose that
ϕ ∈ B is a function such that Tgϕ = 0. Then

0 = Tgϕ = Tg

( ∑
s

(ϕ, es)es

)
=

∑
s

(ϕ, es)Tges.

By (5.5), this implies that (ϕ, es) = 0 for all s 6∈ J . Therefore, Ker Tg is
contained in the closed span of {es, s ∈ J }. It follows that the rank of the
matrix (TF es, et), s, t 6∈ J is not greater than the rank of TgTF , thus it is
finite. Finally, Theorem 4.4 applies. ut

5.3 Sums of products of Toeplitz operators

Another interesting problem in the theory of Bergman spaces consists in
determining the condition for some algebraic expression involving Toeplitz
operators to be a Toeplitz operator again. The results existing by now concern
only Toeplitz operators with weights of some special form.

In [7], this problem was considered in the following setting. Suppose that
uj , vj , j = 1, . . . , n, and w are m–harmonic functions in the polydisk Dm ⊂
Cm.

Theorem 5.6 ([7]). The necessary and sufficient condition for the operator
S = Tw +

∑ TujTvj to have finite rank, S =
∑r

l=1(·, gl)fl with some analytical
functions fl, gl is

∑
ujvj + w =

m∏

k=1

(1− |zk|2)2
∑

flgl

and
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w +
∑

PujPvj is m–harmonic.

The proof of this result, as well as other ones in [7], is based upon the
finite rank theorems.

5.4 Landau Hamiltonian and Landau–Toeplitz
operators

This topic was the source of the initial interest of the author in Bergman–
Toeplitz operators. About the Landau Hamiltonian one can find a detailed
information in [18, 19, 4] and the references therein. It is a second order
differential operator H in L2(C1) = L2(R2) that describes the dynamics of
a quantum particle confined to a plane, under the action of the uniform
magnetic field B acting orthogonal to the plane. The operator has spectrum
consisting of eigenvalues Λq = (2q + 1)B, q = 0, 1 . . . , called Landau lev-
els, with corresponding spectral subspaces Xq having infinite dimension. The
subspace X0 is closely related with the Fock space: X0 consists of the func-
tions u(z) ∈ L2, z ∈ C1, having the form u(z) = exp(−B|z2|

4 )f(z), where f(z)
is an entire analytical function.

The other spectral subspaces Xq are obtained from X0 by the action of
the so called creation operator Q = (2i)−1(∂ + B

2 (x2 − ix1)):

Xq = Q
q
X0. (5.6)

Under the perturbation by the operator of multiplication by a real valued
function V (x), tending to zero at infinity, the spectrum, generally, splits into
clusters around Landau levels, and a lot of interesting results were obtained,
describing in detail the properties of these clusters. In particular, for the
case of the perturbation V having compact support, the infiniteness of the
clusters was proved only under the condition that V has constant sign (or it’s
minor generalizations). It remained unclear whether it is possible that some
perturbation would not split some (or all) clusters.

The methods of the papers cited above relate this question with the fol-
lowing one: is it possible that for some function V with compact support,
the Landau–Toeplitz operator Tq(V ) in Xq has finite rank. Here Tq(V ) is
the operator Tq(V )u = PqV u in Xq, where Pq is the orthogonal projection
onto Xq. More exactly, the eigenvalues of Tq(V ) give the main contribution
to the spectrum of H + V near Λq. If Tq(V ) has finite rank, this does not
immediately mean that the Landau level Λq does not split, but only that it
may split by the interaction with Lq′ , q′ 6= q. In such a case, we say that
there is no principal splitting.

The case q = 0 can be treated directly by means of Luecking’s theorem.
The subspace X0 consists of analytical function multiplied by a Gaussian
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weight. Therefore, the infinite matrix A(V ) constructed by means of the
functions fj = exp(−B|z2|

4 )zj is the same as the matrix A(F ) for the func-

tion F = exp(−B|z2|
2 )V , constructed by means of monomials gj = zj ; these

two matrices have a finite rank simultaneously. Thus, by Theorem 3.1, the
function F , and consequently the function V , should be zero. In the initial
terms, this means that the lowest Landau level Λ0 necessarily principally
splits into an infinite cluster, as soon as the perturbation V is nonzero.

A more advanced technique is needed for higher Landau levels. The sub-
spaces Xq in which the Toeplitz operators Tq(V ) act, do not fit into the
framework of Luecking’s theorem. We can, however, use the relation (5.6)
between different Landau subspaces.

The following fact was established in [4, Corollary 9.3].

Proposition 5.7. Let V be a bounded function with compact support. Then
for any q the Toeplitz operator Tq(V ) is unitary equivalent to the operator
T0(W ), where W = Dq(δ)V , Dq being a polynomial of degree q with positive
coefficients.

To be exact, the statement was proved in [4] for smooth functions V ,
but the proof extends automatically to the case of bounded functions V ,
and, of course, the expression Dq(δ)V should be understood in the sense of
distribution.

Now, suppose that for some q the operator Tq(V ) has finite rank. By
Proposition 5.7, the Toeplitz operator T0(W ) has finite rank as well, and
we can apply Theorem 3.3. So, the distribution W = Dq(δ)V must be a
combination of a finite number of the δ-distributions and their derivatives.
Therefore, the Fourier transform of W is a polynomial, the Fourier transform
of V must be a rational function, and such V cannot be a function with
compact support, by the analytic hypoellipticity.

We arrived at the following result.

Theorem 5.8. Suppose that under the perturbation of the Landau Hamil-
tonian by a bounded function V with compact support there is no principal
splitting for one of Landau levels. Then the perturbation is zero, and therefore
there is no principal splitting on other Landau levels either.

6 Other Bergman Spaces

The analytical Bergman spaces, considered above, have a vast advantage, the
multiplicative structure that is used all the time. For other types of Bergman
spaces, without the multiplicative structure, the results are therefore less
extensive. An exception is constituted by the harmonic Bergman spaces in
an even-dimensional space, due to their close relation to analytical functions.
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6.1 Harmonic Bergman spaces

The aim of this section is to establish finite rank results for Toeplitz oper-
ators in Bergman spaces of harmonic functions. The results presented here
generalize the ones in [2].

We start with the even-dimensional case, d = 2m. Here the problem with
harmonic spaces reduces easily to the analytical Bergman spaces.

For a distribution F ∈ E ′(Rd) we consider a matrix H(F ) consisting of ele-
ments 〈F, fjfk〉, where fj is some complete system of homogeneous harmonic
polynomials in Rd = Cm. It is convenient (but not obligatory) to suppose that
real and imaginary parts of analytic monomials, Re(zα), Im(zα), α ∈ Zd

+, are
among the polynomials fj . For some subset J ⊂ Zd

+, we denote by HJ (F )
the matrix with entries 〈F, fjfk〉, with Re(zα), Im(zα), α ∈ J removed.

Theorem 6.1. Let d = 2m be an even integer. Suppose that for some N ,
the set J satisfies the conditions of Theorem 4.4, and for a distribution F ∈
E ′(Rn) the matrix HJ (F ) has rank r 6 N . Then the distribution F is a
sum of m 6 r + 1 terms, each supported at one point: F =

∑
Lqδ(x − xq),

xq ∈ Rd, Lq are differential operators in Rd.

Proof. We identify the space Rd with the complex space Cm. Since the func-
tions zα, zβ are harmonic, the matrix AJ (F ) (defined in Section 4) can be
considered as a submatrix of HJ (F ), and therefore it has rank not greater
than r. It remains to apply Theorem 4.4 to establish that the distribution F
has the required form, with no more than r + 1 points xq. ut

The same reasoning establishes similar properties for the Bergman spaces
of pluriharmonic and m-harmonic functions.

The odd-dimensional case requires considerably more work, and the results
are less complete. We use again a kind of dimension reduction, as in Theorem
3.3, however, unlike the analytic case, we need projections of the distribu-
tion to one-dimensional subspaces. We have to restrict our considerations to
distributions being regular complex Borel measures (so we use the notation
µ instead of F ) and from now on we will not consider the generalizations
related with the removal of sparse subsets J .

Let S denote the unit sphere in Rd, S = {ζ ∈ Rd : |ζ| = 1}, and let
σ be the Lebesgue measure on S. For ζ ∈ S, we denote by Lζ the one-
dimensional subspace in Rd passing through ζ, Lζ = ζR1. For a measure
with compact support µ on (Rd) we define the measure µζ on (R1) by setting
〈µζ , φ〉 = 〈µ, φz〉, where φz ∈ C∞(Rd) is φz(x) = φ(x·z). The measure µζ can
be understood as result of projecting of µ to Lζ with further transplantation
of the projection, π

Lζ∗ µ, from the line Lζ to the standard line R1. The Fourier
transform Fµζ of µζ is closely related with Fµ:

F(µζ)(t) = (Fµ)(tζ). (6.1)
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The following fact in the harmonic analysis of measures was proved in [2].

Proposition 6.2. For a finite complex Borel measure µ with compact support
in Rd the following three statements are equivalent:

a) µ is discrete,
b) µζ is discrete for all ζ ∈ S,
c) µζ is discrete for σ-almost all ζ ∈ S.

The proof of Proposition 6.2 can be found in [2, Corollary 5.3].
Now, we return to our finite rank problem.

Theorem 6.3. Let d > 3 be an odd integer, d = 2m + 1. Let µ be a finite
complex Borel measure in Rd with compact support. Suppose that the matrix
H(µ) has finite rank r. Then supp µ consists of no more than r points.

Proof. Fix some ζ ∈ S and choose some d − 1 = 2m-dimensional lin-
ear subspace L ⊂ Rd containing Lζ . We choose the co-ordinate system
x = (x1, . . . , xd) in Rd so that the subspace L coincides with {x : xd = 0}.
The even-dimensional real space L can be considered as the m-dimensional
complex space Cm with co-ordinates z = (z1, . . . , zm), zj = x2j−1 + ix2j ,
j = 1, . . . ,m. The functions (z, xd) 7→ zα, (z, xd) 7→ zβ , α, β ∈ (Z+)d,
are harmonic polynomials in Cd × R1. Moreover, by definition, 〈µ, zαzβ〉 =
〈πCn

∗ µ, zαzβ〉. Hence the matrix A(πC
n

∗ µ) is a submatrix of the matrix H(µ),
and the former has not greater rank than the latter, rank(A(πC

n

∗ µ)) 6 r. So
we can apply Theorem 6.1 and find that the measure πC

m

∗ µ is discrete and
its support contains not more than r points. Now, we project the measure
πC

n

∗ µ to the real one-dimensional linear subspace Lζ in L. We obtain the
same measure as if we had projected µ to Lζ from the very beginning, and
not in two steps i.e., π

Lζ∗ µ. As a projection of a discrete measure, π
Lζ∗ µ is

discrete and has no more than r points in the support. By our definition of
the measure µζ as π

Lζ∗ µ transplanted to R1, this means that µζ is discrete.
Due to the arbitrariness of the choice of ζ ∈ S, we find that all measures µζ

are discrete. We can apply Proposition 6.2 which implies that the measure
µ is discrete itself. Finally, in order to show that the number of points in
supp µ does not exceed r, we chose ζ ∈ S such that no two points in supp µ
project to the same point in Lζ . Then the point masses of µ cannot cancel
each other under the projection, and thus card supp µ = card supp µζ 6 r.

The number of points in the support of µ is estimated in the same way as
in Theorem 3.3. ut

The analysis of the reasoning in the proof shows that the only essential
obstacle for extending Theorem 6.3 to the case of distributions is the limi-
tation set by Proposition 6.2. If we were able to prove this proposition for
distributions, all other steps in the proof of Theorem 6.3 would go through
without essential changes. However, it turns out that not only the proof of
Proposition 6.2 cannot be carried over to the distributional case, but, more-
over, the corollary itself becomes wrong. The example, that can be found in
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[2], does not disprove Theorem 6.3 for distributions, however it indicates that
the proof, if exists, should involve some other ideas.

6.2 Helmholtz Bergman spaces

We consider now the Helmholtz equation

∆u + k2u = 0 (6.2)

in Ω ⊂ Rd, where k > 0 (we set k2 = 1, without loosing in generality). Let
Ω be a bounded domain, and let F be a distribution with compact support
in Ω. Denote by H = H(Ω) the space of solutions of (6.2) in Ω belonging
to L2(Ω) (we consider the Lebesgue measure here). We call such solutions
Helmholtz functions. For a distribution F ∈ E ′(Ω) we, as usual, define the
Toeplitz operator TF : H → H, by means of the quadratic form (Tfu, v) =
〈F, uv〉, u, v ∈ H. For any two systems of linearly independent functions
Σ1 = {fj}, Σ2 = {gk} ⊂ H, we consider the matrix A = A(F ;Σ1, Σ2) :

A(F ; Σ1, Σ2) = (〈F, fj(x)gk(x)〉), fj ∈ Σ1, gk ∈ Σ2. (6.3)

If the Toeplitz operator TF has finite rank r, the matrix (6.3) has rank not
greater than r for any Σ1, Σ2. Moreover,

rank TF = max
Σ1,Σ2

rank(A(F ;Σ1, Σ2)).

Theorem 6.4. Let d > 3, and let F be a function with compact support.
Suppose that the Toeplitz operator TF in the space of Helmholtz functions has
finite rank. Then F = 0.

Proof. Consider the systems Σ1, Σ2 consisting of functions having the form
fj(x) = e−ix1hj(x′), gk(x) = eix1hk(x′), where hj(x′) is an arbitrary system
of harmonic functions of the variable x′ in the subspace L ⊂ Rd : x1 = 0.
Then the expression in (6.3) takes the form

〈F, fj(x)gk(x)〉 =
∫ ∫

F (x1, x
′)e−2ix1dx1hj(x′)hk(x′)dx′. (6.4)

This matrix has finite rank, not greater than r. Now, we are in the conditions
of Theorem 6.3 or Theorem 6.1, depending on whether d is even or odd, in
dimension d − 1 > 2, applied to the function F̃ (x′) =

∫
F (x1, x

′)e−2ix1dx1,
i.e., the partial Fourier transform of F in x1 variable, calculated in the point
ξ1 = 2. Since the matrix A(F ; Σ1, Σ2) has finite rank for arbitrary system
of harmonic functions hj(x′), by the above finite rank theorems about har-
monic Bergman spaces, the function F̃ (x′) must be zero. We make the Fourier
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transform of F̃ in the remaining variables and find that the Fourier transform
F̂ (ξ) of F (x) equals zero for all ξ having the first component equal to 2.

Next we fix some ϕ ∈ Rd, |ϕ| = 1 and consider the system Σ1 = Σ2

consisting of the functions having the form fj(x) = e−iϕxhj(x′), gk(x) =
eiϕxhk(x′) where x′ is the variable in the subspace L(ϕ) ⊂ Rd, orthogonal to
ϕ, and hj are arbitrary harmonic functions. We repeat the reasoning above
to obtain that F̂ (ξ) = 0 for all ξ having the component in the direction of ϕ
equal to 2. Note that for any ξ ∈ Rd, |ξ| > 2, it is possible to find ϕ, |ϕ| = 1,
such that ξ has ϕ-component equal to 2. Therefore, we find that F̂ (ξ) = 0
for all |ξ| > 2. So, we conclude that F̂ has compact support. But, recall, F
also has compact support. Therefore, F must be zero. ut

6.3 An application: the Born approximation

In the quantum scattering theory, one of the main objects to consider is
the scattering matrix; details can be found in many books on the scattering
theory, for example, [23, 20]. We consider the Born approximation, which (up
to a constant factor) is the integral operator K with kernel

K(ϕ, ς) =
∫

Rd

F (x)eix(ϕ−ς)dx, (6.5)

where |ϕ|2 = |ς|2 = E > 0, F (x) is the potential (decaying at infinity suf-
ficiently fast) and the operator acts on the sphere Sd−1 : |ϕ|2 = E. Further
on, we suppose that E = 1.

The expression (6.5) coincides with the quadratic form of the Toeplitz
operator TF in the space of solutions of the Helmholtz equation, considered on
the systems of functions eiϕx, eiςx. We consider the case where the operator
K has finite rank. This implies that the matrix (6.3) has finite rank. So,
applying Theorem 6.4, we obtain the following result.

Theorem 6.5. Let d > 3, and let F be a function with compact support.
Suppose that the Born approximation operator K has finite rank. Then F = 0.
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Resolvent Estimates for
Non-Selfadjoint Operators via
Semigroups

Johannes Sjöstrand

Dedicated to V.G. Maz’ya

Abstract We consider a non-selfadjoint h-pseudodifferential operator P in
the semiclassical limit (h → 0). If p is the leading symbol, then under suitable
assumptions about the behavior of p at infinity, we know that the resolvent
(z−P )−1 is uniformly bounded for z in any compact set not intersecting the
closure of the range of p. Under a subellipticity condition, we show that the re-
solvent extends locally inside the range up to a distance O(1)((h ln 1

h )k/(k+1))
from certain boundary points, where k ∈ {2, 4, . . .}. This is a slight improve-
ment of a result by Dencker, Zworski, and the author, and it was recently
obtained by W. Bordeaux Montrieux in a model situation where k = 2. The
method of proof is different from the one of Dencker et al, and is based on
estimates of an associated semigroup.

1 Introduction

In this paper, we are interested in bounds on the resolvent (z−P )−1 of a non-
selfadjoint h-pseudodifferential operator with leading symbol p as h → 0, for
z in a neighborhood of certain points on the boundary of the range of p. The
interest in such questions arouse with that in pseudospectra of non-selfadjoint
operators (cf. [22, 23]). Under reasonable hypotheses, we know that (z−P )−1

is uniformly bounded for h > 0 small enough and for z in any fixed compact
set in C, disjoint from the closure of the range of p. On the other hand, by a
quasimode construction of Davies [5], that was generalized by Zworski [24] by
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reduction to an old quasimode construction of Hörmander (cf. also [7] for a
more direct approach), we also know that if C 3 z = p(ρ), where ρ is a point
in phase space where i−1{p, p} > 0 and {·, ··} denotes the Poisson bracket,
then we have quasimodes for P−z in the sense that there exist u = uh ∈ C∞0 ,
normalized in L2, such that the L2 norm of (P − z)uh is O(h∞), implying,
somewhat roughly, that the norm of the resolvent (whenever it is defined)
cannot be bounded by a negative power of h.

A natural question is then what happens when z is close to the boundary
of the range of p. Boulton [1] and Davies [6] obtained some results about this
in the case of the non-selfadjoint harmonic operator on the real line. As with
the quasimode construction, this question is closely related to classical results
in the general theory of linear PDE, and with Dencker and Zworski (cf. [7])
we were able to find quite general results closely related to the classical topic
of subellipticity for pseudodifferential operators of principal type, studied
by Egorov, Hörmander, and others (cf. [12]). This topic, in turn, is closely
related to the oblique derivative problem and degenerate elliptic operators,
where Maz’ya has made important contributions (cf. [16, 17]).

In [7], we obtained resolvent estimates at certain boundary points
(A) under a nontrapping condition, and
(B) under a stronger “subellipticity condition.”
In case (A), we could apply quite general and simple arguments related

to the propagation of regularity and, in case (B), we were able to adapt
general Weyl–Hörmander calculus and Hörmander’s treatment of subelliptic-
ity for operators of principal type (cf. [12]). In the first case, we found that
the resolvent extends and has temperate growth in 1/h in discs of radius
O(h ln 1/h) centered at the appropriate boundary points, while in case (B),
we got the corresponding extension up to distance O(hk/(k+1)), where the
integer k > 2 is determined by a condition of “subellipticity type.”

However, the situation near boundary points of type (B) is more spe-
cial than the general subellipticity situations considered by Egorov and
Hörmander, and the purpose of the present paper is to develop such an
approach by studying an associated semigroup basically as a Fourier inte-
gral operator with complex phase in the spirit of Maslov [14], Kucherenko
[13], and Melin–Sjöstrand [18] (cf. also the more recent works by Menikoff
and Sjöstrand [20], Matte [15] extending the approach of [18] to inhomoge-
neous cases.) Finally, it turned out to be more convenient to use Bargmann–
FBI transforms in the spirit of [21] and [9]. The semigroup method led to
a strengthened result in case (B): The resolvent can be extended to a disc
of radius O((h ln 1/h)k/(k+1)) around the appropriate boundary points. This
improvement was obtained recently by Bordeaux Montrieux [1] for the model
operator hDx + g(x) when g ∈ C∞(S1) and the points of maximum or mini-
mum are all nondegenerate. In that case, k = 2 and Bordeaux Montrieux also
constructed quasimodes for values of the spectral parameter that are close to
the boundary points.

We next state the results and outline the proof in case (B).
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Let X be equal to Rn or a compact smooth manifold of dimension n. In
the first case, let m ∈ C∞(R2n; [1, +∞[) be an order function (cf. [8] for
more details about the pseudodifferential calculus) in the sense that for some
C0, N0 > 0

m(ρ) 6 C0〈ρ− µ〉N0m(µ), ρ, µ ∈ R2n, (1.1)

where 〈ρ− µ〉 = (1 + |ρ− µ|2)1/2. Let P = P (x, ξ; h) ∈ S(m), meaning that
P is smooth in x, ξ and satisfies

|∂α
x,ξP (x, ξ; h)| 6 Cαm(x, ξ), (x, ξ) ∈ R2n, α ∈ N2n, (1.2)

where Cα is independent of h. We also assume that

P (x, ξ; h) ∼ p0(x, ξ) + hp1(x, ξ) + . . . in S(m) (1.3)

and write p = p0 for the principal symbol. Impose the ellipticity assumption

∃w ∈ C, C > 0 such that |p(ρ)− w| > m(ρ)/C ∀ρ ∈ R2n. (1.4)

In this case, let

P = Pw(x, hDx; h) = Op(P (x, hξ;h)) (1.5)

be the Weyl quantization of the symbol P (x, hξ; h) that we can view as a
closed unbounded operator on L2(Rn).

In the second case where X is a compact manifold, let P ∈ Sm
1,0(T

∗X) (the
classical Hörmander symbol space) of order m > 0, meaning that

|∂α
x ∂β

ξ P (x, ξ;h)| 6 Cα,β〈ξ〉m−|β|, (x, ξ) ∈ T ∗X, (1.6)

where Cα,β are independent of h. Assume that we have an expansion as in
(1.3), now in the sense that

P (x, ξ; h)−
N−1∑

0

hjpj(x, ξ) ∈ hNSm−N
1,0 (T ∗X), N = 1, 2, . . . (1.7)

and we quantize the symbol P (x, hξ;h) in the standard (nonunique) way, by
doing it for various local coordinates and paste the quantizations together by
means of a partition of unity. If m > 0, we impose the ellipticity condition

∃C > 0 such that |p(x, ξ)| > 〈ξ〉m
C

, |ξ| > C. (1.8)

Let Σ(p) = p∗(T ∗X), and let Σ∞(p) be the set of accumulation points of
p(ρj) for all sequences ρj ∈ T ∗X, j = 1, 2, 3, . . . that tend to infinity. The
following theorem is a partial improvement of the results in [7].
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Theorem 1.1. We adopt the general assumptions above. Let z0 ∈ ∂Σ(p) \
Σ∞(p), and let dp 6= 0 at every point of p−1(z0). Then for every such a point
ρ there exists θ ∈ R (unique up to a multiple of π) such that d(e−iθ(p− z0))
is real at ρ. We write θ = θ(ρ). Consider the following two cases.

(A) For every ρ ∈ p−1(z0) the maximal integral curve of HRe(e−iθ(ρ)p)

passing through the point ρ is not contained in p−1(z0).
(B) There exists an integer k > 1 such that for every ρ ∈ p−1(z0) there

exists j ∈ {1, 2, . . . , k} such that p∗(exp tHp(ρ)) = atj + O(tj+1), as t → 0,
where a = a(ρ) 6= 0. Here, p also denotes an almost holomorphic extension to
a complex neighborhood of ρ, and p∗(µ) = p(µ). Equivalently, Hj

p(p)(ρ)/(j!) =
a 6= 0.

Then, in case (A), there exists a constant C0 > 0 such that for every
constant C1 > 0 there is a constant C2 > 0 such that the resolvent (z−P )−1

is well defined for |z − z0| < C1h ln 1
h , h < 1

C2
and satisfies the estimate

‖(z − P )−1‖ 6 C0

h
exp

(C0

h
|z − z0|

)
. (1.9)

In case (B), there exists a constant C0 > 0 such that for every constant
C1 > 0 there is a constant C2 > 0 such that the resolvent (z − P )−1 is well
defined for |z − z0| < C1(h ln 1

h )k/(k+1), h < 1
C2

and satisfies the estimate

‖(z − P )−1‖ 6 C0

h
k

k+1
exp

(C0

h
|z − z0|

k+1
k

)
. (1.10)

In [7], we obtained (1.9) and (1.10) for z = z0, implying that the resolvent
exists and satisfies the same bound for |z − z0| 6 hk/(k+1)/O(1) in case (B)
and with k/(k + 1) replaced by 1 in case (A). In case (A), we also showed
that the resolvent exists with norm bounded by a negative power of h in any
disc D(z0, C1h ln(1/h)). (The condition in case (B) was formulated a little
differently in [7], but as we shall see later on, the two conditions lead to the
same microlocal models and hence they are equivalent.) Actually, the proof
in [7] also gives (1.9), so even if the methods of the present paper also most
likely lead to that bound, we shall not elaborate the details in that case.

Let us now consider the special situation of potential interest for evolution
equations, namely, the case where

z0 ∈ iR, (1.11)

Re p(ρ) > 0 in neigh (p−1(z0), T ∗X). (1.12)

Theorem 1.2. We adopt the general assumptions above. Let z0 ∈ ∂Σ(p) \
Σ∞(p), and let (1.11) and (1.12) hold. Assume that dp 6= 0 on p−1(z0), so
that d Im p 6= 0, d Re p = 0 on that set. Consider the two cases of Theorem 1.1:
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(A) For every ρ ∈ p−1(z0) the maximal integral curve of HIm p passing through
the point ρ contains a point where Re p > 0.

(B) There exists an integer k > 1 such that for every ρ ∈ p−1(z0), we have
Hj

Im p Re p(ρ) 6= 0 for some j ∈ {1, 2, . . . , k}.
Then, in case (A), there exists a constant C0 > 0 such that for every

constant C1 > 0 there is a constant C2 > 0 such that the resolvent (z−P )−1

is well defined for

| Im(z − z0)| < 1
C0

,
−1
C0

< Re z < C1h ln
1
h

, h <
1
C2

and satisfies the estimate

‖(z − P )−1‖ 6





C0

|Re z| , Re z 6 −h,

C0

h
exp

(C0

h
Re z

)
, Re z > −h.

(1.13)

In case (B), there exists a constant C0 > 0 such that for every constant
C1 > 0 there is a constant C2 > 0 such that the resolvent (z − P )−1 is well
defined for

| Im(z − z0)| < 1
C0

,
−1
C0

< Re z < C1

(
h ln

1
h

) k
k+1

, h <
1
C2

(1.14)

and satisfies the estimate

‖(z − P )−1‖ 6





C0

|Re z| , Re z 6 −h
k

k+1 ,

C0

h
k

k+1
exp

(C0

h
(Re z)

k
k+1

+

)
, Re z > −h

k+1
k .

(1.15)

Case (A) in the theorems is practically identical with the corresponding
results in [7] and can be obtained by inspection of the proof there, and from
now on we concentrate on case (B). Away from the set p−1(z0), we can
use ellipticity, so the problem is to obtain microlocal estimates near a point
ρ ∈ p−1(z0). After a standard factorization of P − z in such a region, we can
further reduce the proof of the first theorem to that of the second one.

The main (quite standard) idea of the proof of Theorem 1.2 is to study
exp(−tP/h) (microlocally) for 0 6 t ¿ 1 and to show that, in this case,

∥∥∥ exp− tP

h

∥∥∥ 6 C exp
(
− tk+1

Ch

)
(1.16)

for some constant C > 0. Noting that this implies ‖ exp− tP
h ‖ = O(h∞) for

t > hδ when δ(k + 1) < 1 and using the formula



364 J. Sjöstrand

(z − P )−1 = − 1
h

∫ ∞

0

exp
( t(z − P )

h

)
dt, (1.17)

we obtain (1.15). (This has some relation to the works of Cialdea and Maz’ya
[3, 4], where the Lp dissipativity of second order operators is characterized.)

The most direct way of studying exp(−tP/h), or rather a microlocal ver-
sion of that operator, is to view it as a Fourier integral operator with complex
phase (cf. [14, 13, 18, 15]) of the form

U(t)u(x) =
1

(2πh)n

∫∫
e

i
h (φ(t,x,η)−y·η)a(t, x, η;h)u(y)dydη, (1.18)

where the phase φ should have a nonnegative imaginary part and satisfy the
Hamilton–Jacobi equation

i∂tφ + p(x, ∂xφ) = O((Im φ)∞) locally uniformly (1.19)

with the initial condition
φ(0, x, η) = x · η. (1.20)

The amplitude a will be bounded with all its derivatives and has an asymp-
totic expansion where the terms are determined by transport equations. This
can indeed be carried out in a classical manner, for instance, by adapting the
method of [18] to the case of inhomogeneous symbols following a reduction
used in [20, 15]. It is based on making estimates on the function

Sγ(t) = Im
( ∫ t

0

ξ(s) · dx(s)
)
− Re ξ(t) · Im x(t) + Re ξ(0) · Im x(0)

along the complex integral curves γ : [0, T ] 3 s 7→ (x(s), ξ(s)) of the Hamil-
ton field of p. Note that here and already in (1.19), we need to take an
almost holomorphic extension of p. Using property (B), one can show that
Imφ(t, x, η) > C−1tk+1, and from that we can obtain (a microlocalized ver-
sion of) (1.16) quite easily.

Finally, we preferred a variant that we shall now outline. Let

Tu(x) = Ch−
3n
4

∫
e

i
h φ(x,y)u(y)dy

be an FBI – or (generalized) Bargmann–Segal transform that we treat in the
spirit of Fourier integral operators with complex phase as in [21]. Here, φ
is holomorphic in a neighborhood of (x0, y0) ∈ Cn ×Rn and −φ′y(x0, y0) =
η0 ∈ Rn, Im φ′′y,y(x0, y0) > 0, det φ′′x,y(x0, y0) 6= 0. Let κT be the associated
canonical transformation. Then microlocally, T is bounded L2 → HΦ0 :=
Hol (Ω) ∩ L2(Ω, e−2Φ0/hL(dx)) and has (microlocally) a bounded inverse,
where Ω is a small complex neighborhood of x0 in Cn. Here, the weight Φ0

is smooth and strictly plurisubharmonic. If
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ΛΦ0 :=
{(

x,
2
i

∂Φ0

∂x

)
; x ∈ neigh (x0)

}
,

then (in the sense of germs) ΛΦ0 = κT (T ∗X).
The conjugate operator P̃ = TPT−1 can be defined locally modulo O(h∞)

(cf. also [11]) as a bounded operator from HΦ → HΦ provided that the weight
Φ is smooth and satisfies Φ′−Φ′0 = O(hδ) for some δ > 0. (Within the analytic
framework, this condition can be relaxed.) Egorov’s theorem applies in this
situation, so the leading symbol p̃ of P̃ is given by p̃ ◦ κT = p. Thus (under
the assumptions of Theorem 1.2), we have Re p̃|ΛΦ0

> 0, which, in turn, can

be used to see that for 0 6 t 6 hδ we have e−tP̃ /h = O(1): HΦ0 → HΦt
,

where Φt 6 Φ0 is determined by the real Hamilton–Jacobi problem

∂Φt

∂t
+ Re p̃

(
x,

2
i

∂Φt

∂x

)
= 0, Φt=0 = Φ0. (1.21)

Now, the bound (1.16) follows from the estimate

Φt 6 Φ0 − tk+1

C
(1.22)

where C > 0. An easy proof of (1.22) is to represent the I-Lagrangian
manifold ΛΦt

as the image under κT of the I-Lagrangian manifold ΛGt
=

{ρ+ iHGt(ρ); ρ ∈ neigh (ρ0, T
∗X)}, where HGt denotes the Hamilton field of

Gt. It turns out that the Gt are given by the real Hamilton–Jacobi problem

∂Gt

∂t
+ Re(p(ρ + iHGt

(ρ))) = 0, G0 = 0, (1.23)

and there is a simple minimax type formula expressing Φt in terms of Gt, so
it suffices to show that

Gt 6 −tk+1/C. (1.24)

This estimate is quite simple to obtain: (1.23) first implies that Gt 6 0,
so (∇Gt)2 = O(Gt). Then, if we Taylor expand (1.23), we get

∂Gt

∂t
+ HIm p(Gt) +O(Gt) + Re p(ρ) = 0

and we obtain (1.24) from a simple differential inequality and an estimate for
certain integrals of Re p.

The use of the representation with Gt is here very much taken from the
joint work [9] with Helffer.

In Section 5, we discuss some examples.
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2 IR-Manifolds Close to R2n and Their
FBI-Representations

Much of this section is just an adaptation of the discussion in [9] with the dif-
ference that we here use the simple FBI-transforms of generalized Bargmann
type from [21], rather than the more complicated variant that was necessary
to treat a neighborhood of infinity in the resonance theory of [9].

We shall work locally. Let G(y, η) ∈ C∞(neigh ((y0, η0),R2n)) be real-
valued and small in the C∞ topology. Then

ΛG = {(y, η) + iHG(y, η); (y, η) ∈ neigh ((y0, η0))},

HG =
∂G

∂η

∂

∂y
− ∂G

∂y

∂

∂η

is an I-Lagrangian manifold, i.e., a Lagrangian manifold for the real symplec-
tic form Im σ, where σ denotes the complex symplectic form

∑n
1 dη̃j ∧ dỹj .

Here, for notational reasons we reserve the notation (y, η) for the real cotan-
gent variables and let the tilde indicate that we take the corresponding com-
plexified variables.

We may also represent ΛG by means of a nondegenerate phase function in
the sense of Hörmander in the following way. Consider

ψ(ỹ, η) = −η · Im ỹ + G(Re ỹ, η),

where ỹ is complex and η is real according to the convention above. Then

∇ηψ(ỹ, η) = − Im ỹ +∇ηG(Re ỹ, η),

and, since G is small, we see that d ∂ψ
∂η1

, . . . , d ∂ψ
∂ηn

are linearly independent. So
ψ is indeed a nondegenerate phase function if we drop the classical require-
ment of homogeneity in the η variables.

Let Cψ = {(ỹ, η) ∈ neigh ((y0, η0),Cn × Rn); ∇ηψ = 0}. Consider the
corresponding I-Lagrangian manifold

Λψ =
{(

ỹ,
2
i

∂ψ

∂ỹ
(ỹ, η)

)
; (ỹ, η) ∈ Cψ

}
.

Here, we adopt the convention that
∂

∂ỹ
denotes the holomorphic derivative

since ỹ are complex variables:

∂

∂ỹ
=

1
2

( ∂

Re ỹ
+

1
i

∂

∂ Im ỹ

)
.

Let us first check that Λψ is I-Lagrangian, using only that ψ is a nondegener-
ate phase function: That Λψ is a submanifold with the correct real dimension
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= 2n is classical since we can identify
2
i

∂ψ
∂ỹ with ∇Re ỹ,Im ỹψ. Further,

− Im (η̃ · dỹ)|Λψ

' − Im
(2

i

∂ψ

∂ỹ
· dỹ

)
|Cψ

= − 1
2i

(2
i

∂ψ

∂ỹ
dỹ +

2
i

∂ψ

∂ỹ
dỹ

)

|Cψ

=
(∂ψ

∂ỹ
dỹ +

∂ψ

∂ỹ
dỹ

)

|Cψ

= dψ|Cψ

which is a closed form, and, using that Im σ = d Im(η̃ · dỹ), we get

−Im σ|Λψ
= 0.

We next check for our specific phase ψ that Λψ = ΛG: If (ỹ, 2
i

∂ψ
∂ỹ (ỹ, η)) is

a general point on Λψ, then Im ỹ = ∇ηG(Re ỹ, η) and

2
i

∂ψ

∂ỹ
(ỹ, η) =

2
i

1
2

( ∂

∂ Re ỹ
+

1
i

∂

∂ Im ỹ

)
(−η · Im ỹ + G(Re ỹ, η))

= −
( ∂

∂ Im ỹ
+ i

∂

∂ Re ỹ

)
(−η · Im ỹ + G(Re ỹ, η))

= η − i∇yG(Re ỹ, η).

Hence (
ỹ,

2
i

∂ψ

∂η̃

)
= (y, η) + iHG(y, η)

if we choose y = Re ỹ. 2

Now, consider an FBI (or generalized Bargmann–Segal) transform

Tu(x; h) = h−
3n
4

∫
eiφ(x,y)/ha(x, y; h)u(y)u(y)dy,

where φ is holomorphic near (x0, y0) ∈ Cn ×Rn, Im φ′′y,y > 0, det φ′′x,y 6= 0,
−∂φ

∂y = η0 ∈ Rn, and a is holomorphic in the same neighborhood with a ∼
a0(x, y) + ha1(x, y) + . . . in the space of such functions with a0 6= 0. We can
view T as a Fourier integral operator with complex phase, and the associated
canonical transformation is

κ = κT :
(
y,−∂φ

∂y
(x, y)

)
7→

(
x,

∂φ

∂x
(x, y)

)

from a complex neighborhood of (y0, η0) to a complex neighborhood of

(x0, ξ0), where ξ0 =
∂φ

∂x
(x0, y0). Complex canonical transformations preserve

the class of I-Lagrangian manifolds and (locally)

κ(R2n) = ΛΦ0 =
{(

x,
2
i

∂Φ0

∂x
(x)

)
; x ∈ neigh (x0,Cn)

}
,
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where Φ0 is smooth and strictly plurisubharmonic. Actually,

Φ0(x) = sup
y∈Rn

− Im φ(x, y), (2.1)

where the supremum is attained at the nondegenerate point of maximum
yc(x) (cf. [21]).

Proposition 2.1. We have κ(ΛG) = ΛΦG
, where

ΦG(x) = v.c.ỹ,η − Im φ(x, ỹ)− η · Im ỹ + G(Re ỹ, η), (2.2)

and the critical value is attained at a nondegenerate critical point. Here,
v.c.ỹ,η(. . .) means “critical value with respect to ỹ, η of . . . . ”

Proof. At a critical point, we have

Im ỹ = ∇ηG(Re ỹ, η),
∂

∂ Im ỹ
Imφ(x, ỹ) + η = 0,

− ∂

∂ Re ỹ
Im φ(x, ỹ) + (∇yG)(Re ỹ, η) = 0.

If f(z) is a holomorphic function, then

∂

∂ Im z
Im f = Re

∂f

∂z
,

∂

∂ Re z
Im f = Im

∂f

∂z
, (2.3)

so the equations for our critical point become

Im ỹ = ∇ηG(Re ỹ, η),

η = −Re
∂φ

∂ỹ
(x, ỹ),

−∇yG(Re ỹ, η) = − Im
∂φ

∂ỹ

or, equivalently,

(
ỹ,−∂φ

∂ỹ
(x, ỹ)

)
= (Re ỹ, η) + iHG(Re ỹ, η),

which says that the critical point (ỹ, η) is determined by the condition that
κT maps the point (ỹ, η̃) ∈ ΛG to a point (x, ξ), situated over x. It is clear
that the critical point is nondegenerate. We check it when G = 0. The Hessian
matrix with respect to the variables Re y, Im y, η becomes
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

− Im φ′′y,y B 0

tB C −1
0 −1 0




which is nondegenerate independently of B and C.
If Φ(x) denotes the critical value in (2.2), it remains to check that 2

i
∂Φ
∂x = ξ

where ξ = ∂φ
∂x (x, ỹ), (ỹ, η) denoting the critical point. However, since Φ is a

critical value, we get

2
i

∂Φ

∂x
=

2
i

∂

∂x
(− Im φ(x, ỹ)) =

∂φ

∂x
(x, ỹ). ut

Note that, when G = 0, the formula (2.2) produces the same function as
(2.1).

Write ỹ = y + iθ and consider the function

f(x; y, η; θ) = − Im φ(x, y + iθ)− η · θ, (2.4)

which appears in (2.2).

Proposition 2.2. f is a nondegenerate phase function with θ as fiber vari-
ables which generates a canonical transformation which can be identified
with κT .

Proof. Since
∂

∂θ
f = −Re

∂φ

∂ỹ
(x, y + iθ)− η,

f is nondegenerate. The canonical relation has the graph

{(x,
∂φ

∂x
; y, η,

∂

∂y
Im φ(x, y + iθ), θ); η = −Re

∂φ

∂ỹ
(x, y + iθ)}

= {(x,
∂φ

∂x
(x, y + iθ); y,−Re

∂φ

∂ỹ
(x, y + iθ), Im

∂φ

∂ỹ
(x, y + iθ), θ)},

and up to reshuffling of the components on the preimage side and changes of
sign, we recognize the graph of κT . ut

Now, we have the following easily verified fact.

Proposition 2.3. Let f(x, y, θ) ∈ C∞(neigh (x0, y0, θ0),Rn ×Rn ×RN ) be
a nondegenerate phase function with (x0, y0, θ0) ∈ Cφ generating a canonical
transformation which maps (y0, η0) = (y0,−∇yf(x0, y0, θ0)) to (x0,∇xf(x0,
y0, θ0)). If g(y) is smooth near y0 with ∇g(y0) = η0 and

h(x) = v.c.y,θf(x, y, θ) + g(y)

is well defined with a nondegenerate critical point close to (y0, θ0) for x close
to x0, then we have the inversion formula

g(y) = v.c.x,θ − f(x, y, θ) + h(x)
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for y ∈ neigh (y0), where the critical point is nondegenerate and close to
(x0, θ0).

Combining the three propositions, we get

Proposition 2.4.

G(y, η) = v.c.x,θ Imφ(x, y + iθ) + η · θ + ΦG(x). (2.5)

If (Φ̃, G̃) is a second pair of functions close to Φ0, 0 and related through
(2.2) and (2.5), then

G 6 G̃ if and only if Φ 6 Φ̃. (2.6)

Indeed, if, for instance, Φ 6 Φ̃, we introduce Φt = tΦ̃ + (1 − t)Φ so that
∂tΦt > 0. If Gt is the corresponding critical value as in (2.5), then ∂tGt =
(∂tΦt)(xt) > 0, where (xt, θt) is the critical point.

3 Evolution Equations on the Transform Side

Let P̃ (x, ξ; h) be a smooth symbol defined in neigh ((x0, ξ0);ΛΦ0), with an
asymptotic expansion

P̃ (x, ξ; h) ∼ p̃(x, ξ) + hp̃1(x, ξ) + . . . in C∞(neigh ((x0, ξ0), ΛΦ0)).

The same letter denotes an almost holomorphic extension to a complex neigh-
borhood of (x0, ξ0):

P̃ (x, ξ; h) ∼ p̃(x, ξ) + hp̃1(x, ξ) + . . . in C∞(neigh ((x0, ξ0),C2n),

where p̃, p̃j are smooth extensions such that

∂p̃, ∂p̃j = O(dist ((x, ξ), ΛΦ0)
∞).

Then, as developed in [11] and later in [19], if u = uh is holomorphic
in a neighborhood V of x0 and belongs to HΦ0(V ) in the sense that
‖u‖L2(V,e−2Φ0/hL(dx)) is finite and of temperate growth in 1/h as h tends
to zero, then we can define P̃ u = P̃ (x, hDx;h)u in any smaller neighborhood
W b V by the formula

P̃ u(x) =
1

(2πh)n

∫∫

Γ (x)

e
i
h (x−y)·θP̃

(x + y

2
, θ; h

)
u(y)dydθ, (3.1)

where Γ (x) is a good contour (in the sense of [21]) of the form

θ =
2
i

∂Φ0

∂x

(x + y

2

)
+

i

C1
(x− y), |x− y| 6 1/C2, C1, C2 > 0.
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Then ∂P̃ is negligible HΦ0(V ) → L2
Φ0

(W ), i.e., of norm O(h∞) and modulo
such negligible operators, P̃ is independent of the choice of a good contour.
Solving a ∂-problem (assuming, as we may, that our neighborhoods are pseu-
doconvex), we can always correct P̃ with a negligible operator such that (after
an arbitrarily small decrease of W )

P̃ = O(1) : HΦ0(V ) → HΦ0(W ).

Also, if Φ = Φ0 +O(h ln 1
h ) in C2, then it is clear that

P̃ = O(h−N0) : HΦ(V ) → HΦ(W )

for some N0. Using the Stokes formula, we can show that P̃ will change only
by a negligible term if we replace Φ0 by Φ in the definition of Γ (x). Then it
follows that P̃ = O(1) : HΦ(V ) → HΦ(W ).

Before discussing evolution equations, let us recall [19] that the identity
operator HΦ0(V ) → HΦ0(W ) has up to a negligible operator the form

Iu(x) = h−n

∫∫
e

2
h Ψ0(x,y)a(x, y; h)u(y)e−

2
h Φ0(y)dydy, (3.2)

where Ψ0(x, y) and a(x, y; h) are almost holomorphic on the antidiagonal
y = x with Ψ0(x, x) = Φ0(x), a(x, y;h) ∼ a0(x, y) + ha1(x, y) + . . ., and
a0(x, x) 6= 0. More generally, a pseudodifferential operator like P̃ takes the
form

P̃ u(x) = h−n

∫∫
e

2
h Ψ0(x,y)q(x, y; h)u(y)e−

2
h Φ0(y)dydy (3.3)

q0(x, x) = p̃
(
x,

2
i

∂Φ0

∂x
(x)

)
a0(x, x),

where q0 denotes the first term in the asymptotic expansion of the symbol q.
In this discussion, Φ0 can be replaced by any other smooth exponent Φ which
is O(hδ) close to Φ0 in C∞, and we make the corresponding replacement of
Ψ0. Also recall that because of the strict plurisubharmonicity of Φ we have

2Re Ψ(x, y)− Φ(x)− Φ(y) ³ −|x− y|2, (3.4)

so the uniform boundedness HΦ → HΦ follows from the domination of the
modulus of the effective kernel by a Gaussian convolution kernel.

Next, consider the evolution problem

(h∂t + P̃ )Ũ(t) = 0, Ũ(0) = 1, (3.5)

where t is restricted to the interval [0, hδ] for some arbitrarily small, but fixed
δ > 0. We review how to solve this problem approximately by a geometrical
optics construction. Look for Ũ(t) of the form
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Ũ(t)u(x) = h−n

∫∫
e

2
h Ψt(x,y)at(x, y; h)u(y)e−2Φ0(y)/hdydy, (3.6)

where Ψt and at depend smoothly on all the variables and Ψt=0 = Ψ0, at=0 =
a0 in (3.3), so that Ũ(0) = 1 up to a negligible operator.

Note that, formally, Ũ(t) is the Fourier integral operator

Ũ(t)u(x) = h−n

∫∫
e

2
h (Ψt(x,θ)−Ψ0(y,θ))at(x, θ; h)u(y)dydθ, (3.7)

where we choose the integration contour θ = y. Writing 2Ψt(x, θ) = iφt(x, θ)
leads to more customary notation and we impose the eikonal equation

i∂tφ + p̃(x, φ′x(x, θ)) = 0. (3.8)

Of course, we are manipulating C∞ functions in the complex domain, so we
cannot hope to solve the eikonal equation exactly, but we can do so to infinite
order at t = 0, x = y = θ. If we put

Λφt(·,θ) = {(x, φ′x(t, x, θ))}, (3.9)

we have to ∞ order at t = 0, θ = x:

Λφt(·,θ) = exp(tĤ 1
i p̃)(Λφ0(·,θ)). (3.10)

with Ĥp̃ = Hp̃ +Hp̃ denoting the real vector field associated to the (1,0)-field
Hp, and similarly for Ĥ 1

i p̃. (We sometimes neglect the hat when integrating
the Hamilton flows.) At a point where ∂p̃ = 0, we have

Ĥp̃ = HRe σ
Re p̃ = HIm σ

Im p̃ , Ĥip̃ = −HRe σ
Im p̃ = HIm σ

Re p̃ , (3.11)

where the other fields are the Hamilton fields of Re p̃ and Im p̃ with respect
to the real symplectic forms Re σ and Im σ respectively (cf. [21, 19]). Thus,
(3.10) can be written as

Λφt(·,θ) = exp(tH− Im σ
Re p̃ )(Λφ0(·,θ)). (3.12)

A complex Lagrangian manifold is also an I-Lagrangian manifold (i.e., a
Lagrangian manifold for Im σ), so (3.12) can be viewed as a relation between
I-Lagrangian manifolds and it defines the I-Lagrangian manifold Λφt(·,θ) in an
unambiguous way, once we have fixed an almost holomorphic extension of p̃
and especially the real part of that function. The general form of a smooth I-
Lagrangian manifold Λ, for which the x-space projection Λ 3 (x, ξ) 7→ x ∈ Cn

is a local diffeomorphism, is locally Λ = ΛΦ where Φ is real and smooth, and
we define

ΛΦ =
{(

x,
2
i

∂Φ

∂x

)
; x ∈ Ω

}
, Ω ⊂ Cn open.
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With a slight abuse of notation, we can therefore identify the C-Lagrangian
manifold Λφ0 with the I-Lagrangian manifold Λ− Im φ0 since for holomorphic
functions (or, more generally, where ∂xφ0 = 0), we have

∂φ0

∂x
=

2
i

∂ − Im φ0

∂x
.

Formula (3.4) shows that

Φ0(x) + Φ0(θ)− (− Im φ0(·, θ)) ³ |x− θ|2.

Thus, if we define
ΛΦt

= exp(tH− Im σ
Re p̃ )(ΛΦ0) (3.13)

and fix the t-dependent constant in this definition of Φt by imposing the real
Hamilton–Jacobi equation,

∂tΦt + Re p̃
(
x,

2
i

∂Φt

∂x

)
= 0, Φt=0 = Φ0, (3.14)

and noticing that the real part of (3.8) is a similar equation for − Im φt,

∂t(− Im φ) + Re p̃
(
x,

2
i

∂

∂x
(− Im φ)

)
= 0, (3.15)

we get
Φt(x) + Φ0(θ)− (− Imφt(x, θ)) ³ |x− xt(θ)|2, (3.16)

where
(xt(θ), ξt(θ)) := exp(tH− Im σ

Re p̃ )
(
θ,

2
i

∂Φ0

∂x
(θ)

)
.

Determining at by solving a sequence of transport equations, we arrive at
the following result.

Proposition 3.1. The operator Ũ(t) constructed above is O(1) : HΦ0(V ) →
HΦt(W ), (W b V being small pseudoconvex neighborhoods of a fixed point
x0) uniformly for 0 6 t 6 hδ, and it solves the problem (3.5) up to negligible
terms. This local statement makes sense since, by (3.16), we have

2Re Ψt(x, y)− Φt(x)− Φ0(y) ³ −|x− xt(y)|2. (3.17)

Using standard arguments, we also obtain up to negligible errors

h∂tŨ(t) + Ũ(t)P̃ = 0, 0 6 t 6 hδ. (3.18)

Let us quickly outline an alternative approach leading to the same weights
Φt (cf [19]).

Consider formally

(e−tP̃ /hu|e−tP̃ /hu)HΦt
= (ut|ut)HΦt

, u ∈ HΦ0 ,
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and try to choose Φt so that the time derivative of this expression vanishes
to leading order. We get

0 ≈ h∂t

∫
utute

−2Φt/hL(dx)

= −
(

(P̃ ut|ut)HΦt
+ (ut|P̃ ut)HΦt

+
∫

2
∂Φt

∂t
(x)|u|2e−2Φt/hL(dx)

)
.

Here,

(P̃ ut|ut)HΦt
=

∫
(p̃|ΛΦt

+O(h))|ut|2e−2Φt/hL(dx),

and similarly for (ut|P̃ ut)HΦt
, so we would like to have

0 ≈
∫ (

2
∂Φt

∂t
+ 2 Re p̃|ΛΦt

+O(h)
)
|ut|2e−2Φt/hL(dx).

We choose Φt to be the solution of (3.14). Then the preceding discussion
again shows that e−tP̃ /h = O(1) : HΦ0 → HΦt

.

Since Re p̃ is constant along the integral curves of H− Im σ
Re p̃ , from (3.14) we

see that the second term in (3.14) is > 0, so

Φt 6 Φ0, t > 0, (3.19)

when
Re p̃|ΛΦ0

> 0. (3.20)

Recall that we limit our discussion to the interval 0 6 t 6 hδ.
The author found it simpler to get a detailed understanding by working

with the corresponding functions Gt in the following way.
Let p be defined by p = p̃ ◦κT . Define Gt up to a t-dependent constant by

ΛΦt = κT (ΛGt).

Then we also have ΛGt = exp tHp(Λ0), where Λ0 = R2n. In order to fix the
t-dependent constant, we use one of the equivalent formulas (cf (2.2) and
(2.5)):

Φt(x) = v.c.ỹ,η(− Imφ(x, ỹ)− η · Im ỹ + Gt(Re ỹ, η)), (3.21)

Gt(y, η) = v.c.x,θ(Im φ(x, y + iθ) + η · θ + Φt(x)). (3.22)

If (x(t, y, η), θ(t, y, η)) is the critical point in the last formula, we get

∂Gt

∂t
(y, η) =

∂Φt

∂t
(x(t, y, η)) = −Re p̃

(
x,

2
i

∂Φt

∂x

)
|x=x(t,y,η)

. (3.23)

As we have seen, the critical points in (3.21) and (3.22) are directly related
to κT , so (3.23) leads to
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∂Gt

∂t
(y, η) + Re p((y, η) + iHGt

(y, η)) = 0. (3.24)

Note that Gt 6 0 by (2.6) and (3.19).
Since we consider (3.24) only when Gt and its gradient are small, we can

Taylor expand (3.24) and get

∂Gt

∂t
(y, η) + Re p(y, η) + Re(iHGt

p(y, η)) +O((∇Gt)2) = 0, (3.25)

which simplifies to

∂Gt

∂t
(y, η) + HIm pGt +O((∇Gt)2) = −Re p(y, η). (3.26)

Now, Gt 6 0, so (∇Gt)2 = O(Gt) and we obtain

( ∂

∂t
+ HIm p

)
Gt +O(Gt) = −Re p, G0 = 0. (3.27)

Viewing this as a differential inequality along the integral curves of HIm p, we
obtain

−Gt(exp(tHIm p)(ρ)) ³
∫ t

0

Re p(exp sHIm p(ρ))ds (3.28)

for all ρ = (y, η) ∈ neigh (ρ0,R2n), ρ0 = (y0, η0).
Now, introduce the following assumption corresponding to case (B) in

Theorem 1.2:

Hj
Im p(Re p)(ρ0)

{
= 0, j 6 k − 1,

> 0, j = k,
(3.29)

where k necessarily is even (since Re p > 0). We will work in a sufficiently
small neighborhood of ρ0. Put

J(t, ρ) =
∫ t

0

Re p(exp sHIm p(ρ))ds, (3.30)

so that
0 6 J(t, ρ) ∈ C∞(neigh (0, ρ0), [0,+∞[×R2n)

and

∂j+1
t J(0, ρ0) = Hj

Im p(Re p)(ρ0)

{
= 0, j 6 k − 1,

> 0, j = k.
(3.31)

Proposition 3.2. Under the above assumptions, there is a constant C > 0
such that

J(t, ρ) > tk+1

C
, (t, ρ) ∈ neigh ((0, ρ0), ]0, +∞[×R2n). (3.32)
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Proof. Assume that (3.32) does not hold. Then there is a sequence (tν , ρν) ∈
[0, +∞[×R2n converging to (0, ρ0) such that

J(tν , ρν)
tk+1
ν

→ 0.

Since J(t, ρ) is an increasing function of t, we get

sup
06t6tν

J(t, ρν)
tk+1
ν

→ 0.

Introduce the Taylor expansion

J(t, ρν) = a(0)
ν + a(1)

ν t + . . . + a(k+1)
ν tk+1 +O(tk+2)

and define

uν(s) =
J(tνs, ρν)

tk+1
ν

, 0 6 s 6 1.

Then, on one hand,
sup

06s61
uν(s) → 0, ν →∞,

and, on the other hand,

uν(s) =
a
(0)
ν

tk+1
ν

+
a
(1)
ν

tkν
s + . . . + a(k+1)

ν sk+1

︸ ︷︷ ︸
=:pν(s)

+O(tνsk+2),

so
sup

06s61
pν(s) → 0, ν →∞.

The corresponding coefficients of pν have to tend to 0, and, in particular,

a(k+1)
ν =

1
(k + 1)!

(∂k+1
t J(0, ρν) → 0

which contradicts (3.31). ut
Combining (3.28) and Proposition 3.2, we get the following assertion.

Proposition 3.3. Under the assumption (3.29), there exists C > 0 such that

Gt(ρ) 6 − tk+1

C
, (t, ρ) ∈ neigh ((0, ρ0), [0,∞[×R2n). (3.33)

We can now return to the evolution equation for P̃ and the t-dependent
weight Φt in (3.14). From (3.33), (3.21), we get

Proposition 3.4. Under the assumption (3.29), we have
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Φt(x) 6 Φ0(x)− tk+1

C
, (t, x) ∈ neigh ((0, x0), [0,∞[×R2n). (3.34)

4 The Resolvent Estimates

Let P be an h-pseudodifferential operator satisfying the general assumptions
of the introduction.

Let z0 ∈ (∂Σ(p)) \Σ∞(p). We first treat the case of Theorem 1.2 so that,

z0 ∈ iR, (4.1)

Re p(ρ) > 0 in neigh (p−1(z0), T ∗X), (4.2)

∀ρ ∈ p−1(z0), ∃j 6 k such that Hj
Im p Re p(ρ) > 0. (4.3)

Proposition 4.1. There exists C0 > 0 such that for all C1 > 0 there is
C2 > 0 such that we have for z, h as in (1.14), h < 1/C2, u ∈ C∞0 (X)

|Re z|‖u‖ 6 C0‖(z − P )u‖ when Re z 6 −h
k

k+1 , (4.4)

h
k

k+1 ‖u‖ 6 C0 exp
(C0

h
(Re z)

k+1
k

+

)
‖(z − P )u‖ when Re z > −h

k
k+1 .

Proof. The required estimate is easy to obtain microlocally in the region
where P − z0 is elliptic, so we see that it suffices to show the following
statement.

For every ρ0 ∈ p−1(z0) there exists χ ∈ C∞0 (T ∗X) equal to 1 near ρ0 and
such that for z and h as in (1.14) and letting χ also denote the corresponding
h-pseudodifferential operator, we have

|Re z|‖χu‖ 6 C0‖(z − P )u‖+ CNhN‖u‖ when Re z 6 −h
k

k+1 , (4.5)

h
k

k+1 ‖χu‖ 6 C0 exp
(C0

h
(Re z)

k+1
k

+

)
‖(z − P )u‖+ CNhN‖u‖, (4.6)

when Re z > −h
k

k+1 ,

where N ∈ N can be chosen arbitrarily.
When Re z 6 −hk/(k+1), this is an easy consequence of the semiclassical

sharp G̊arding inequality (cf., for instance, [8]), so from now on we assume
that Re z > −hk/(k+1).

If T is an FBI transform and P̃ denotes the conjugate operator TPT−1,
it suffices to show that

‖u‖HΦ0 (V1) 6 h−
k

k+1 C0 exp
(C0

h
(Re z)

k+1
k

+

)
‖(P̃ − z)u‖HΦ0 (V2)

+O(h∞)‖u‖HΦ0 (V3), (4.7)
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u ∈ HΦ0(V3), where V1 b V2 b V3 are neighborhoods of x0 given by (x0, ξ0) =
κT (ρ0) ∈ ΛΦ0 .

From Proposition 3.4 and the fact that Ũ(t) : HΦ0(V2) → HΦt(V1), we see
that

‖Ũ(t)u‖HΦ0 (V1) 6 Ce−tk+1/C‖u‖HΦ0 (V2). (4.8)

Choose δ > 0 small enough so that δ(k + 1) < 1 and put

R̃(z) =
1
h

∫ hδ

0

e
tz
h Ũ(t)dt. (4.9)

We shall verify that R̃ is an approximate left inverse to P̃ − z, but first
we study the norm of this operator in HΦ0 , starting with the estimate in
L(HHΦ0 (V2), HHΦ0 (V1)):

‖e tz
h Ũ(t)‖ 6 C exp

1
h

(
t Re z − tk+1

C

)
(4.10)

and note that the right-hand side is O(h∞) for t = hδ since δ(k + 1) < 1 and
h−1 Re z 6 O(1) ln 1

h .
We get

‖R̃(z)‖ 6 C

h

∫ +∞

0

exp
1
h

(
tRe z − tk+1

C

)
dt =

C
k+2
k+1

h
k

k+1
I
(C

1
k+1

h
k

k+1
Re z

)
, (4.11)

where
I(s) =

∫ ∞

0

est−tk+1
dt. (4.12)

Lemma 4.2. We have

I(s) = O(1) when |s| 6 1, (4.13)

I(s) =
O(1)
|s| when s 6 −1, (4.14)

I(s) 6 O(1)s−
k−1
2k exp

(
k

(k + 1)
k+1

k

s
k+1

k

)
when s > 1. (4.15)

Proof. The first two estimates are straight forward, and we concentrate on
the last one, where we may also assume that s À 1. A computation shows
that the exponent fs(t) = st − tk+1 on [0, +∞[ has a unique critical point
t = t(s) = (s/(k + 1))1/k which is a nondegenerate maximum,

f ′′s (t(s)) = −k(k + 1)
1
k s

k−1
k ,

with critical value
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fs(t(s)) =
k

(k + 1)
k+1

k

s
k+1

k .

It follows that the upper bound in (4.15) is the one we would get by applying
the formal stationary phase formula.

Now,

f ′′s (t) = −(k + 1)ktk−1 . f ′′s (t(s)) for
t(s)
2

6 t < +∞,

so ∫ ∞

t(s)/2

est−tk+1
dt

satisfies the required upper bound.
On the other hand, we have

fs(t(s))− fs(t) > s
k+1

k

C
for 0 6 t 6 t(s)

2
, s À 1,

so ∫ t(s)
2

0

est−tk+1
dt 6 O(1)s

1
k exp

(
fs(t(s))− s

k+1
k

C

)
,

and (4.15) follows. ut
Applying this to (4.11), we get the following assertion.

Proposition 4.3. We have

‖R̃(z)‖ 6 C

h
k

k+1
, |Re z| 6 O(1)h

k
k+1 , (4.16)

‖R̃(z)‖ 6 C

|Re z| , −1 ¿ Re z 6 −h
k

k+1 , (4.17)

‖R̃(z)‖ 6 C

h
k

k+1
exp

(
Ck

(Re z)
k+1

k

h

)
, h

k
k+1 6 Re z ¿ 1. (4.18)

From the beginning of the proof of Lemma 4.2, or more directly from
(4.10), we see that

‖e tz
h Ũ(t)‖ 6 C exp

Ck

h
(Re z)

k+1
k

+ ,

which is bounded by some negative power of h since we have imposed the
restriction

Re z 6 O(1)(h ln
1
h

)
k

k+1 .

Working locally, we then see that modulo a negligible operator
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R̃(z)(P̃ − z) ≡ 1
h

∫ hδ

0

e
tz
h (−h∂t − z)Ũ(t)dt ≡ 1,

where the last equivalence follows from an integration by parts and the fact
that the integrand is negligible for t = hδ. Combining this with Proposition
4.3, we get (4.7), and this completes the proof of Proposition 4.1. ut

We can now finish the proof of Theorem 1.2.

Proof of Theorem 1.2. Using standard pseudodifferential machinery (cf., for
instance, [8]), we first note that P has discrete spectrum in a neighborhood
of z0 and P − z is a Fredholm operator of index 0 from D(P ) to L2 when
z varies in a small neighborhood of z0. On the other hand, Proposition 4.1
implies that P − z is injective and hence bijective for Re z 6 O(kk/(k+1)),
and we also get the corresponding bounds on the resolvent. ut
Proof of Theorem 1.1. For the sake of simplicity, we can assume that z0 = 0
and consider a point ρ0 ∈ p−1(0). After conjugation with a microlocally
defined unitary Fourier integral operator, we may assume that ρ0 = (0, 0)
and dp(ρ0) = dξn. Then from the Malgrange preparation theorem we get
near ρ = (0, 0), z = 0

p(ρ)− z = q(x, ξ, z)(ξn + r(x, ξ′, z)), ξ′ = (ξ1, . . . , ξn−1), (4.19)

where q, r are smooth and q(0, 0, 0) 6= 0, and as in [7], we note that ei-
ther Im r(x, ξ′, 0) > 0 in a neighborhood of (0, 0) or Im r(x, ξ′, 0) 6 0 in a
neighborhood of (0, 0). Indeed; otherwise, there would exist sequences ρ+

j ,
ρ−j in Rn ×Rn−1 converging to (0, 0) such that ± Im r(ρ±j ) > 0. It is then
easy to construct a simple closed curve γj in a small neighborhood of ρ0,
passing through the points (ρ±j , 0), such that the image of γj under the map
(x, ξ) 7→ ξn +r(x, ξ′, 0) is a simple closed curve in C\{0}, with winding num-
ber 6= 0. Then the same holds for the image of γj under p, and we see that
R(p) contains a full neighborhood of 0, in contradiction with the assumption
that 0 = z0 ∈ ∂Σ(p).

In order to fix the ideas, let us assume that Im r 6 0 near ρ0 when z = 0,
so that Re(i(ξn + r(x, ξ′, 0))) > 0. From (4.19) we get the pseudodifferential
factorization

P (x, hDx;h)− z =
1
i
Q(x, hDx, z;h)P̂ (x, hDx, z; h) (4.20)

microlocally near ρ0 when z is close to 0. Here, Q and P̂ have the leading
symbols q(x, ξ, z) and i(ξn + r(x, ξ′, z)) respectively.

We can now obtain a microlocal a priori estimate for P̂ as before. Let
us first check that the assumption in (B) of Theorem 1.1 amounts to the
statement that for z = z0 = 0
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Hj
Re p̂ Im p̂(ρ0) > 0 (4.21)

for some j ∈ {1, 2, . . . , k}. In fact, the assumption in Theorem 1.1 (B) is
obviously invariant under multiplication of p by nonvanishing smooth factors,
so we drop the hats and assume from the start that p = p̂ and Im p > 0. Put
ρ(t) = exp tHp(ρ0) and r(t) = exp tHRe p(ρ0). Let j > 0 be the order of
vanishing of Im p(r(t)) at t = 0. From ρ̇(t) = Hp(ρ(t)) and ṙ(t) = HRe p(r(t))
we get

d

dt
(ρ− r) = iHIm p(r) +O(ρ− r),

so

ρ(t)− r(t) =
∫ t

0

O(∇ Im p(r(s)))ds.

Here, if p2 = 1
2i (p− p∗) is the almost holomorphic extension of Im p, we get

p∗(ρ(t)) = ip2(ρ(t))

= ip2(r(t)) + i∇p2(r(t)) · (ρ(t)− r(t)) +O((ρ(t)− r(t))2)

= ip2(r(t)) + i∇p2(r(t)) ·
∫ t

0

O(∇p2(r(s)))ds

+O(1)
( ∫ t

0

O(∇p2(r(s)))ds
)2

.

Here, ∇p2(r(t)) = O(p2(r(t))1/2) = O(tj/2), so p∗(ρ(t)) = ia(ρ0)tj +O(tj+1).
Then, if we conjugate with a Bargmann–FBI transform as above, we can

construct an approximation Ũ(t) of exp(−t
˜̂
P/h) such that

‖Ũ(t)‖ 6 C0e
(C0t|z−z0|−tk+1/C0)/h

when |z − z0| = O((h ln 1
h )k/(k+1)).

From this we obtain a microlocal a priori estimate for P̂ analogous to the
one for P − z in Proposition 4.1, and the proof can be completed in the same
way as for Theorem 1.2. ut

5 Examples

Consider
P = −h2∆ + iV (x), V ∈ C∞(X;R), (5.1)

where either X is a smooth compact manifold of dimension n or X = Rn. In
the second case, we assume that p = ξ2 + iV (x) belongs to a symbol space
S(m), where m > 1 is an order function. It is easy to give quite general suffi-
cient conditions for this to happen, let us just mention that if V ∈ C∞b (R2)
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then we can take m = 1 + ξ2 and if ∂αV (x) = O((1 + |x|)2) for all α ∈ Nn

and satisfies the ellipticity condition |V (x)| > C−1|x|2 for |x| > C, for some
constant C > 0, then we can take m = 1 + ξ2 + x2.

We have Σ(p) = [0,∞[+iV (X). When X is compact, Σ∞(p) is empty and,
when X = Rn, we have Σ∞(p) = [0,∞[+iΣ∞(V ), where Σ∞(V ) is the set
of accumulation points at infinity of V .

Let z0 = x0 + iy0 ∈ ∂Σ(p) \Σ∞(p).

• In the case x0 = 0, we see that Theorem 1.2 (B) is applicable with k = 2
provided that y0 is not a critical value of V .

• Now assume that x0 > 0 and y0 is either the maximum or the minimum of
V . In both cases, assume that V −1(y0) is finite and each element of that
set is a nondegenerate maximum or minimum. Then Theorem 1.2 (B) is
applicable to ±iP . By allowing a more complicated behavior of V near
its extreme points, we can produce examples, where 1.2 (B) applies with
k > 2.

Now, consider the non-selfadjoint harmonic oscillator

Q = − d2

dy2
+ iy2 (5.2)

on the real line, studied by Boulton [2] and Davies [6]. Consider a large
spectral parameter E = iλ + µ, where λ À 1 and |µ| ¿ λ. The change
of variables y =

√
λx permits us to identify Q with Q = λP , where P =

−h2 d2

dx2 + ix2 and h = 1/λ → 0. Hence Q − E = λ(P − (1 + iµ
λ )) and

Theorem 1.2 (B) is applicable with k = 2. We conclude that (Q − E)−1 is
well defined and of polynomial growth in λ (which can be specified further)
respectively O(λ−

1
3 ) when

µ

λ
6 C1(λ−1 ln λ)

2
3 and

µ

λ
6 C1λ

− 2
3 respectively

for any fixed C1 > 0, i.e., when

µ 6 C1λ
1
3 (ln λ)

2
3 and µ 6 C1λ

1
3 respectively. (5.3)

We end by making a comment about the Kramers–Fokker–Planck operator

P = hy · ∂x − V ′(x) · h∂y +
1
2
(y − h∂y) · (y + h∂y) (5.4)

on R2n = Rn
x × Rn

y , where V is smooth and real-valued. The associated
semiclassical symbol is

p(x, y; ξ, η) = i(y · ξ − V ′(x) · η) +
1
2
(y2 + η2)
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on R4n, and we note that Re p1 > 0. Under the assumption that the Hessian
V ′′(x) is bounded with all its derivatives, |V ′(x)| > C−1 when |x| > C for
some C > 0, and that V is a Morse function, Hérau, Stolk, and the author [10]
showed among other things that the spectrum in any given strip i[ 1

C1
, C1]+R

is contained in a half-strip

i
[ 1
C1

, C1

]
+

[h2/3

C2
,∞

[
(5.5)

for some C2 = C2(C1) > 0 and that the resolvent is O(h−2/3) in the com-
plementary half-strip. (We refrain from recalling more detailed statements
about spectrum and absence of spectrum in the regions, where | Im z| is large
and small respectively.)

The proof of this result employed exponentially weighted estimates based
on the fact that H2

p2
p1 > 0 when p2 ³ 1, p1 ¿ 1. This is of course reminiscent

of Theorem 1.2 (B) with k = 2 or rather the corresponding result in [7], but
actually more complicated since our operator is not elliptic near ∞ and we
even have that iR \ {0} is not in the range of p, but only in Σ∞(p). It seems
likely that the estimates on the spectrum of the KFP-operator above can be
improved so that we can replace h by h ln(1/h) in the confinement (5.5) of
the spectrum of P in the strip i[1/C1, C1] + R and that there are similar
improvements for large and small values of | Im z|. This would be obtained
by either a closer look at the proof in [10] or an adaptation of the proof above
when k = 2.
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